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PREFACE 


The historical background of this work is sketched in Chapter I, section 
and need not be repeated here. It should, however, be complemented by cert; 
remarks of a more personal nature, particularly as regards the author's indebt( 
ness to his mathematical colleagues. 

It has become more or less apparent to students of cultural evolution that ^ 
genesis of a line of thought cannot be fixed either in chronological fashion 
bibliographically. If proper evidence were on record, an idea which seems 
emanate at a fixed date or in a particular work would be found upon anal^ 
to be only the end product of a collection of prior ideas; the ^'originator" of 
idea being only the medium through which these latter ideas achieve tl 
synthesis. Even the particular individuality of the "originator" is proba 
not of paramount importance; of importance is the perennial presence of 
"creative” mind, ready to receive the stimuli* Can anyone doubt that 
calculus would have evolved even though Leibnitz and Newton had taken 
farming instead of science? Simultaneous announcement of "discoveries” 
contemporaries, often widely separated, is not a rare occurrence. 

It is fitting, then, for an author to attempt to place his work in its pro 
setting amongst past and contemporary influences. This is the object of 
historical remarks in Chapter I. But these formal remarks only partially fil 
the picture. On the more personal side, I wish to express my indebtedness 
Professor R. L. Moore, under whose tutelage I received a thorough grounc 
in point set theory. It was during my early contacts with him that I cam( 
realize the vacuum in our knowledge of the set-theoretic structure of the 
particularly the lack of a topological characterization. Later, through perse 
contacts with Professor Paul Alexandroff in 1928, I became convinced (a ( 
viction which he obviously shared) that the problem of the n-cell demanded ' 
tools, especially the extension to general spaces of the theory of connect! 
(homology) . Acknowledgements are also due to Professor Eduard Cech (wl 
theory of general homology is used herein), who visited the United States in 
35 and from whom I gained much stimulation and personal encouragement 
am also grateful to the Institute for Advanced Study for making possible a ye 
uninterrupted research in 1933-34, during which the present . investigation 
manifolds were initiated; and to the John Simon Guggenheim Memorial Foxn 
tion for the grant of a fellowship in 1940-41. It was during the latter pe 
that the euclidean form of many of the results given in Chapters X-XII ^ 
found. 

As regards the end result — the book itself — ^it cannot be emphasized 
strongly that what is presented herewith is only a beginning. It is only t 
properties of manifolds that can be handled by set-theoretic and homo 
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tools that are developed, and even these are not conapletely treated. Problems 
concerning homotopy, mappings of manifolds, applications to the study of gi’oup 
manifolds, etc., are all awaiting attention. But I hope that what is done here 
will serve as a useful basis for an attack on such problems. 

The delay in publishing has been due to several factors. Since my delivery of 
the Colloquium Lectures on 'Topology of Manifolds’^ at Vassar in September, 
1942, in which the general outlines of this work were presented, the major part 
of a war has been fought, and a teacher in American imiversities need not be told 
what the attending demands, and the heavy post-war university enrollment of 
veterans, have done to the time that can be devoted to research. Also, most of 
the results in the later chapters, published here for the first time, were worked 
out with the euclidean n-space as locale. Resetting these in the generalized 
manifolds required not only revamping of proofs but taking advantage of the 
parallel advances in algebraic topology. New and more powerful tools were 
developing, such as the theory of cohomology and chain products, whose incor- 
poration necessitated much revision but which justified themselves by the greater 
simplicity made possible in proofs. In many cases, proofs involving homology 
which were long and difficult became much simplified through the device of 
reverting to cohomology. 

It also became apparent that the work would have to be topologically self- 
containing; the reader could not be expected to have previously read works on 
point set theory, topology of polyhedrals (combinatorial topology) and the 
newer algebraic topology. On the other hand, it was not possible to write a com- 
plete exposition of all these aspects of topology. The plan finally adopted was 
to develop the program from its simplest elements to its more complicated stages 
while simultaneously introducing the tools needed. Starting at first with general 
spaces, sufficient topological properties are introduced to characterize the basic 
1-dimensional configurations (arc, 1-sphere). As a consequence, Chapter I is 
quite elementary. Some of the Schoenflies results in two dimensions are then 
given as well as some of the more modern plane point set theory — ^partly to 
furnish a natural basis and motive for the n-dimensional case and partly to 
present a unified treatment which takes advantage of the newer methods. 

Algebraic topology is not introduced until needed — some topology of polyhe- 
drals enters incidental to the material on the euclidean n-sphere in Chapter II, 
the more recent algebraic topology not being introduced until Chapter V. Al- 
though the treatment of these topics obviously could not be made in such general 
and complete fashion as in the companion vohune by Lefschetz [L] in this series, 
enough is given to carry through the later chapters. The discerning reader will 
see many algebraic problems to be solved. Throughout the later chapters only 
an algebraic field is used as coefficient group, since, for example, the geometric 
form of the Alexander-Pontrjagin duality forms an important tool (thme coeffi- 
cient groups are usually involved — one to define the manifold, and one each for 
the homology theory of a subset M and for the complement of M). However, 
it is impossible to do more in a work of this size than to sketch in the general 
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picture; the author hopes that other writers will fill in some of the gaps and bring 
the picture into sharper focus. 

In an Appendix, I have pointed out some unsolved problems. Some of these 
may have very simple solutions; others (as for instance 1.1) are probably quite 
difiicult. Such well-known (and difficult) classical problems as the classification 
of manifolds, conditions under which the in /S^ bounds a 3-cell, etc., are 
omitted. 

References to the bibliography are enclosed in brackets, those involving 
capital letters such as [V] or [Mo] referring to books on topology, and those 
involving only lower case letters such as [a], [c] referring to miscellanea, mainly 
journal articles. Page numbers, etc., may be included, as in [a; 20] referring to 
page 20 of the article cited. Cross-references to items in the text are generally 
made by citing chapter and section; thus “V 12.2’^ refers to Chapter V, section 
12.2. When a section number alone occurs, such as ^^12.2^’, the reference is to 
the chapter in which the citation occurs. References to formulae are enclosed in 
parentheses. 

Along with the index of terms, there is included for easy reference an index of 
symbols. Certain symbols which refer to analogous concepts might easily be 
confused. The latter remark applies particularly to the symbols for homology 
and cohomology groups. The problem of symbolizing the various types of 
these groups which are encountered in the present work, and the corresponding 
Betti numbers, proved a serious one, and it is questionable if it has been satis- 
factorily solved! 

I am grateful to those who have lent their advice, read some of the chapters or 
assisted in reading proofs; particularly to Professors Miriam C. Ayer, E. G. 
Begle, S. Kaplan, P. A. ^^lite and Gail S. Young; also to Dr. K. E. Butcher, 
Dr. E.H. Larguier and Messrs. M. L. Curtis and L. F. Hsieh. Aid in preparation 
of the manuscript was received from the Alexander Ziwet Fund, administered 
by the Executive Board of the Rackham School of Graduate Studies of the 
University of Michigan. 

I wish to thank the American Mathematical Society for the honor and privilege 
of publishing this volume in its Colloquixim series. 

Ann Arbor, Michigan 
December, 1948 
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INTRODUCTION TO THE 1963 EDITION 


This edition represents primarily a reprinting of the original book published 
in 1949; however, there have been some corrections made in the text and a list 
of errata has been added at the end of the book. In addition the NOTES which 
follow this Introduction have been added to this edition. For calling errors 
to my attention, as well as for assistance with the Notes, I am indebted to both 
colleagues and former students. 




NOTES TO THE 1963 EDITION 


Page 193; 7.2 Theorem. The ^‘(P, Q)n+i” condition may be replaced by the 
weaker condition “(P, Q, ^)n+i^ defined on page 327. For a much simpler proof 
of this theorem see Theorem VI .2 on page 227 of my paper A certain class of 
topological properties^ Bull. Amer. Math. Soc., vol. 66 (1960), pp. 205-239. 

Chapters VII, VIII. Material in these chapters may be greatly simplified by 
the use of exact sequences; for example, Theorem 2.19, p. 208 (Mayer-Vietoris 
sequence); Theorems 3.9, 3.10, p. 215; Theorem 9.1 on p. 241 (Mayer-Vietoris 
sequence); and Lemmas 6.2, 6.3 on p. 262. Sheaf theory has been applied by 
F. A. Raymond, A. Borel and others to simplifying and extending dualities to 
other coefficient domains; see, e.g., A. Borel, The Poincare duality in generalized 
manifolds^ Mich. Math. Jour., vol. 4 (1957), pp. 227-239; F. A. Raymond, 
Poincare duality in homology manifolds^ Dissertation, University of Michigan, 
1958; A. Borel and J. C. Moore, Homology theory for locally compact spaces^ Mich. 
Math. Jour., vol. 7 (1960), pp. 137-159; and A. Borel, “Seminar on Transforma- 
tion Groups,” Princeton, N. J., Annals of Math. Studies, No. 46, 1960. In 
connection with Theorem 9.1, p. 269, attention should be called to K. Sitnikov, 
The duality law for non-closed sets, Doklady Akad. Nauk SSSR, vol. 81 (1951), 
pp. 359-362; and in the same connection, but with reference also to dualities in 
general, see Frank Raymond, Local cohomology groups with closed supports, Math. 
Zeit., vol. 76 (1961), pp. 31-41. 

Page 257. After the proof of 5.8 Lemma, insert: 

“As a consequence of Theorem V 18.31, Theorem 1.1, and Lemmas 5.6 and 
5.8, we can show 

5.8a Lemma. With P and Q as before^ 

Q, 0; P, 0) = h^-^-\S: Q, P). 

(This Lemma is needed in 7,2, for instance)” 

Page 316; 1.1 Theorem. This theorem is valid for any orientable n-gcm 
(See my paper A certain class of topological properties, loc. cit., especially Theorem 
II. 5 thereof and the “Remark” following it.) A similar observation holds with 
regard to the following items in Chapter XI: 

Page 319; 1.4 Theorem and 2.2 Lemma 
Page 319; 1.5 Theorem 
Page 320; 2.1 Theorem 
Page 321; 2.3 Theorem 

Page 325; 2.19 Theorem (although Theorem V.l of the paper cited above 
is more general) 
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Page 326; 2.20 Corollary 

Page 326; 2.21 Corollaiy (this holds for any orientable closed locally 
euclidean n-manifold S such that Pi{S) = 0, and M need be only 0-lc and have 
property (P, Q, See Corollary V.l of the paper cited above) 

Page 326; 2.22 Theorem and Corollaries (see Theorem V.2 of the paper 
cited above) 

Page 329; 3.5 Theorem (see Theorem IL4 of the paper cited above) 

Page 339; 5.12 Theorem (valid for D any domain such that is 

finite, in an orientable n-gcm; a like remark holds for Corollary 5.13) 

Page 340; 5.15 Theorem 
Page 340; 6.16 Theorem 
Page 343; 5.26 Theorem 

Page 344; all Corollaries 5.27, 5.28, 5.29 and 5.31 
Page 345; 6.5 Theorem. 

Pages 327, 328; replace 3.3 Theorem and 3.4 Theorem, respectively, by 
Theorems II. 1 and II.2 of the paper cited above. 

Page 366; 2.14 Theorem. The weaker condition Q, may be sub- 
stituted for the Ic"’^ condition in the hypothesis. 

Page 381; Problem 1.1. Solved affirmatively by Mary Ellen Estill, .4 primitive 
dispersion set of the plane, Duke Math. Jour., vol. 19 (1952), pp. 323'”328. 

Page 381; Problems 1.2 and 2.3. See M. Lubanski, An example of an absolute 
neighborhood retract, which is the common boundary of three regions in the 3- 
dimensional euclidean space, Fund. Math., vol. 40 (1953), pp. 29-38. (Notice also 
footnote 2), ibid., concerning an unpublished result of Gruba in 1937.) 

Page 381; Problem 2.1. Solved affirmatively for the case where there exists 
a well-ordered (by inclusion) basis for the open neighborhoods of B. Sec my 
paper Some consequences of a method of proof of J . H. C. Whitehead, Mich. Math. 
Jour., vol. 4 (1957), pp. 27-31. 

Page 382; Problems 3.1 and 3.2. For solutions for certain types of ^fiiomology 
n-manifolds’^ over the reals mod 1 or a principal ideal ring, see, respectively, 
C. T. Yang, Transformation groups on a homological manifold, Trans. Amer. 
Math. Soc., vol. 87 (1958), pp. 261-283; and F. A. Raymond, IPoincari duality 
in homology manifolds, Dissertation, University of Michigan, 1958. 

Page 383; Problem 4.6. Solved affirmatively by R. H. Bing, A homeomorphism 
between the S-sphere and the sum of two solid horned spheres, Annals of Math., 
vol. 56 (1952), pp. 354-362. 
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ELEMENTARY CONCEPTS; CHARACTERIZATIONS OF AND 

We shall describe in this chapter some elementary types of topological spaces, 
as well as some of the properties such as connectedness, separation by cut- 
points, etc., that are needed in characterizations of the simplest types of mani- 
folds. Several modes of recognition of the simplest manifold of aU, the 1-sphere, 
are given in this chapter and the next, partly as an application of the concepts 
introduced, and partly as a key to subsequent generalizations. We begin with 
the logical notion of class or collection and the related symbols and operations. 

1. Sets. We use the term set as synonymous with the logical notion of class 
or collection. That an individual x is an element of a set M we denote by the 
relation x Q: M, More generally, that individuals a:, 2/, • • * , u? are elements of 
M will be denoted by the single relation a;, y, • • • ^ w Q M, We usually denote 
sets by capital italic letters, their elements by lower case italic letters. When 
it becomes necessary to employ three levels in the hierarchy of sets, we shall 
use capital German letters such as U to denote the highest level. Identity 
between sets is denoted by the equality sign 

If A and B are sets such that every element of A is also an element of B — 
that is, X ^ A implies x G B — then A is called a subset of B; this relationship 
is denoted by A C. B or B 'D A. In particular, the null set — the set which has 
no elements — is denoted by 0 and is a subset of every set. Negations of C, 
D, G are indicated by C? C respectively, li A C. B and there exists x 
such that x E: B and x ^ A, then we call A a proper subset of B. 

By the union (or join) of two sets A and B, symbolized AKJ B^we mean the 
set of all x^s such that at least one of the relations* x ^ A, x E: B holds. For 
several sets A, B, • • • , N, we write A \J B KJ • • • VJ A, meaning the set of all 
x^s such that at least one of the relations x ^ A, x E: B, ••• , x ^ N holds. 
The difference, A — R, is the set of all x^s such that a: G A and x ^ B, For 
example, we may define A to be a proper subset of B by the relations A C R 
and R — A 7*^ 0. If A C R, then we may call R — A the complement of A in R. 

The intersection (‘^meet’O of two sets A and R, symbolized A A R, is the 
'^common part'^ of A and R; that is, the set of all a;’s such that both relations 
a; G A, a; G R hold. For example, A VJ R = (A — R) U (A A R) U (R — A). 
If A A R = 0, we say that A and R are disjoint sets. 

Use of the symbols U and A instead of the classical + and • is due to the 
desire to preserve the latter for use in the algebraic portions of topology. It 
will also be of advantage to introduce the following device for set definitions: 
If A is the set of all elements x having a certain property P, we may indicate 
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the fact by writing: 

(1) A = {a: 1 a; has the property F}. 

We may also find convenient the symbols & for ‘^and^^, and V for '^or^^ (more 
precisely, ^^and/ori’)* For example, Ar\B= {x | (a; G A)&(x E: B)}; AKJ B = 
{a; 1 (rc G A) V (a: e F)}; and B - A {x \ (x G F)&(x $ A)}, 

Generally, we use the braces { } to indicate a collection whose elements 

are generically denoted by the symbol within the braces. Thus, A = {.t:} 
means a collection any one of whose elements we may denote by the symbol x. 
Usually the elements will be indexed in some fashion, the index denoted by a 
subscript. For example, A = {x^} will usually denote a set of elements ivhich 
are indexed by the natural numbers 1, 2, • • • , n, • • • . The elements of a set 
may, and frequently will be, sets themselves. And if {A*-} is a collection of 
sets A i , , or simply Af , will mean the set {a; | a: G A,- for at least one i} . 

And byPl.A,- , or n Ai , we denote the set | a; G A^ for all i}. 

We shall have frequent need of combinations like Ua, w U B, , meaning 
(Ua,) \J i\jB ,*); for example; or such as U Ai r\ KJ Bj ' , meaning (Ua.) n 
(U F,). Wherever confusion might result, however, parentheses will be em- 
ployed. 

A set 7 ^ 0 is called nonempty or nonvacuous. If a set has more than one 
element, it is called nondegenerate. 

2. Spaces. A space is a specialized form of set. In general it is a sot in 
which for each subset A, a set A' of ^fiimit points” has been assigned. The 
means by which this is accomplished are various and dependent in general 
upon one’s purposes. Usually we want the sets A' to be assigned so as to satisfy 
a certain minimum set of conditions which may be stated in the form of axioms. 
In our treatment we prefer to assign to each point x a nonempty collection 
of certain special subsets, to be called neighborhoods of rr, wJdch contain x (this 
corresponds to the first axiom of Hausdorff for a topological space; Hausdorff 
[H; 213]) and in terms of which it is determinate whether a: is a ^fiimit point” 
of any given set or not. For example, in the case (2a) of the cartesian plane, 
we usually stipulate that a neighborhood of a point is the set of all points 
within any circle having that point as center. In assigning neighborhoods for 
the plane in this manner, we have in mind its special character as a set of points 
constituting a ^^plane” in the cartesian sense. 

When neighborhoods have been assigned for the points of a set F, wc say 
that an element, or pointj rr of F is a limit point of a set A C F if for every 
neighborhood U of a; it is true that (U — x) r\ A ^ 0. Thus in (2a) above, 
every point of the set F of all points in the cartesian plane is a limit point of F; 
and the origin (0, 0) is a limit point of the set, A, of all points of the form (1/n, 0), 
where n is any natural number. Note that 

2.1. Whether a point x is a limit point of a set A is not in any way dependent 
upon whether x G A or x ^ A. 
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Also we note that it follows immediately from the definition that 

2.2. If X is a limit point of a set A, and M is a set such that A C M, then x 
is a limit point of M, 

We shall sometimes symbolize the statement is a limit point of by 
Ip A neighborhood of x will often be indicated by symbols such as 

U{x)j V(x)j etc. 

Example (2b). Let denote the set of all real numbers, and for each 
X Q such that x 0 and each positive number e, let a neighborhood consist 
of all numbers y ^ Rf such that \ x — y\ < e. And denoting by A the set of 
all numbers a natural number, let a neighborhood of 0 be the set of all 

numbers y ^R^ which are not in A and for which 1 2 / 1 < e. With neighborhoods 
so defined the set Rf becomes a space Si . 

Now when we speak of the space Rf of real numbers, we do not mean the 
space Si , since in the former space we always assign neighborhoods for 0 exactly 
like those assigned in Si for all numbers except 0. Thus while Si and R^ are 
identical as sets^ they are different as spaces, although they may be said to 
differ only '^at^^ the one point, 0. For in R^, 0 is a limit point of the set A, 
whereas in , 0 is not such a limit point. 

Another way of looking at this is the following: Suppose ilf is a subset of 
a space S — meaning that AT is a subset of the set S — and that for x G Af and 
neighborhood U(x) in S, we let V(x) — M r\ U{x) be a neighborhood of x in 
Af. With neighborhoods defined in this way for Af, we call M a subspace of S. 
In the above examples Si is not a subspace of R^, 

It is frequently convenient to replace the given collection, usually called 
system, of neighborhoods of a space, hereafter to be called the defining system, 
by a different system which is equivalent to the defining system in the following 
sense: Two systems of neighborhoods 5)?i and 9^2 of a space S are called equivalent 
if for every x E: S and [/(a:) G 5fti(9^2) there exists 2 iV(x) G 312 (31i) such that 
y{x) C. U {x ) . Thus in Example (2a) the defining system is clearly equivalent 
to the system obtained by letting each neighborhood of the defining system 
also be a neighborhood of any point which it contains. 

The reader may verify that 

2.3 If 31i and ^2 cire equivalent neighhothood systems of a space S, and xlpM 
in terms of , then xlp M in terms of 3?2 ; conversely, if a: Ip Af in terms of 31i 
implies x Ip Af in terms of 312 and vice versa, then and 3 I 2 are equivalent. 

Thus equivalent neighborhood systems give the same special character to a 
set in the sense that the relations xlp M are identical for the two systems. 

Going back to Example (2a) again, the set of points on the a;-axis is a subset 
of The neighborhood system obtained by considering as a subspace 
of E^ is equivalent to the neighborhood system obtained by considering E^ as 
identical with the space R^ of real numbers. 

It is to be noted that any set S whatsoever can be turned into a space in a 
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trivial way, namely by letting each, point be its own neighborhood. In such 
a space no point would be a limit point of any set. 

3. Metric spaces. A simple type of space is that whose character is deter- 
mined by distances between points. If 5 is a set, then a distance function or 
metric over S is a single-valued real function p(x, y) which is defined for all 
Xf y ^ S and which satisfies the following conditions: (1) p(xj y) == 0 if and 
only if X and y are the same element of /S; (2) H x, y, z ^ S, then p(xj y) ^ 
p(Xj z) + p(2/, z). It follows easily that p(a:, y) is necessarily nonnegative and 
symmetric. In order to assign neighborhoods in /S, for each x ^ S and positive 
number e, let S{x, ^ == {y\{y& S)&[p{x, y) < e]}. We call such sets S{Xy i) 
spherical neighborhoods j and they constitute the natural neighborhoods of the 
metric space 8p whose distance function is p. The number e is called the radius 
of the neighborhood S{Xj e). In terms of their usual metrics, the euclidean 
spaces are metric spaces, and we have already, in Example (2a), set up the 
spherical neighborhoods for the special case of the euclidean plane. 

According to the definition of limit point in §2, a; Ip ilif in a metric space if 
for every neighborhood 8(xj e), [8(Xf e) — x] r\ M 0, In metric terms, this 
means that x Ip AT if for every e > 0 there is a point y of M such that 0 < 
p(x, y) < €— that is, there are points of M distinct from x which are ''as near 
to X as we please.^' 

The reader may verify that 

3.1 If Mis a metric space ^ then the neighborhood system obtained by letting each 
S(xj e) be a neighborhood of every y G S,(x, i) is equivalent to the defining system. 

Any set whatsoever can be turned into a metric space by defining the distance 
function pix, y) == 1 for every pair of distinct elements Xj y of the set. This is 
the metric space which is spacially identical with the space mentioned at the 

end of §2. ^ 

Of special importance among the metric spaces are the so-called "complete^' 

spaces: 

3.2 Definition. Let a sequence { Xn } of points of a metric space 8 have 
the property that for arbitrary e > 0 there exists a natural number n(e) such 
that for k > n(e) and m > n(€), p{Xk , x^) < e; such a sequence is called a 
Cauchy sequence (of points of 8). If for a sequence {a:„} there exists x ^ 8 
such that for arbitrary i? > 0 there exists n{r]) such that for n > p{x^ , x) < 
rt, then the sequence is called convergent.^ Then a metric space in which 
every Cauchy sequence is convergent is called complete. 

The reader will recognize the relation to the ordinary Cauchy sequences of 
real numbers;^ the space furnishes an elementary example of a complete 
space. 

^Compare III 1.19. 

*See 5.12 below. 
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4. Closed and open subsets of a space. We pointed out in 2.1 that whether 
a point a; is a limit point of a set ikf in a space S is not in any way dependent 
upon whether x E: M or x ^ M. Now if ikf is a subset of a space S such that 
ikf contains all its limit points in aS, then we call ikf closed. Inasmuch as the 
notion is a relative one, we may frequently, in order to avoid confusion, speak 
of ikf as closed relative to S (rel. S) or closed m S, 

We may also define this notion as follows: With each subset ilf of a space S 
is associated its closure, M, which is the set consisting of _M and all limit points 
of ikf in S. Then a set ikf is closed if and only if ikf = ilf. In particular, S is 
itself closed. (Obviously, if aS is a subspace of a space T, however, S may fail 
to be closed rel. T.) The set A of Example (2b) is closed since it has no limit 
points and consequently A == A, 

If is a closed point set in a space S, then the complement of F in aS is called 
O'Pen', that is, a set U is open if and only if aS ~ is closed. (Here again we may, 
to avoid confusion, stipulate “rel. or “in S^\) In particular, since aS is closed, 
the null set 0 is open. Also, since we stipulated in §2 that a set becomes a space 
only upon the assignment of neighborhoods to all its points, we can conclude 
that the null set is closed, and hence S is open. 

4.1 In every space S, each of the sets S, 0 is both closed and open. Incidentally, 

4.1 emphasizes the fact that as used in topology, the terms “closed^^ and “open’^ 
are not logically disjunctive; “open"’ does not mean “not closed.” From the 
definition of “open” we have 

4.2 In order that U (Z S be open, it is necessary and sufficient that x E U 
imply that there exists a neighborhood N of x such that N E U. 

In 2.2 we stated that if cc Ip A, and A E M, then x Ip ilf . From this follows 
easily that 

4.3 In any space S, if is a collection of closed point sets Fy , then C\Fy 
is a closed point set. 

And since in any set S, if {ikf^} is a collection of sets My , then U (/S - M.) = 
S — , we may infer from 4.3 that 

4.4 In any space S, if { } is a collection of open point sets Uy , then U Uyis 
an open point set. 

Now if we had th*e following axiom, 

4.5 If X E S, and U(x), V(x) are neighborhoods of x in S, then there exists a 
neighborhood W{x) of x such that Wix) E U{x) r\ V(x), we could prove that 

4.6 The union of a finite number of closed point sets is closed] and the inter- 
section of a finite number of open sets is open. Axiom 4.5 is the so-called “2nd 
Hausdorff axiom”. Its necessity in proving 4.6 is shown by the following 
example: 
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4a Let S be the set of all real numbers, with neighborhoods defined as in 
Example (2b) except for 0; for 0, let the neighborhoods be the sets 
{a; I 0 ^ a; < l/n} and {x\ — 1/n < x S 0} for all natural numbers n. Then 
if A = {a; j a: < 0} and B = {x | 0 < a;}, 0 is a limit point of A U jB, but not a 
limit point of either A or B. Consequently A and B are closed, but A VJ B is 
not closed. 

A candidate for a neighborhood system of a space is the set of all open point 
sets, each open set to be a neighborhood of each of the points that it contains. 
However, without imposing further requirements, the space defined by the open 
sets may be different from the original. For example, consider the example 
(4b) of a space T having only three points a, h, c. Denoting a neighborhood 
of X by U{x), let U(a) = a W 6, t/(6) = ^ W c, U{c) = c'U these being the 
only neighborhoods.^ Then a = b = aWi), c = ?>Wc; and hence no 

subset of S con sisting of one p oin t is clo sed, so that no point-pair forms an 
open set. Also, cU a ^ aU b === 5Uc = aU6VJc, so that no point-pair 
is closed and hence no single point constitutes an open set. Thus the only 
possible open set which can be used as neighborhood is 8 itself. Consequently 
if the open sets of 8 were to be used as neighborhoods, we should have a == 
a\J bKJ c, whereas actually, a = a W c as originally defined. Thus the space 
obtained from 8 by using open sets as neighborhoods is topologically different 
from the old. Note that both the 1st (see §2) and 2nd Hausdorff axioms are 
true of 8. The following axiom, the 3rd Hausdorff axiom, would allow the use 
of open sets as neighborhoods without changing the character of the space: 

4.7 If y G U(x)j then there exists U{y) such that U{y) C U{x), Evidently 

4.7 implies that every neighborhood is an open set, and 

4.8 Every space which satisfies 4.7 has the property that its defining 7icighbor’- 
hood system is equivalent to the system of all open setSj each open set being a neigh- 
borhood of each point that it contains. 

In view of 4.8, it has become customary, in dealing with any space which 
satisfies 4.7, to use the system of all open sets as neighborhood system. 

An important consequence of 4.7 is: 

4.9 In a space satisfying 4.7, the closure of a point set is closed. 

4.10 Frequently, in later chapters, we shall wish to indicate that the closure 
of a point set jB is a subset of a set A; to do this, we write B C A, or A 3 i?, 

5. Mappings; homeomorphisms. If 8 and are (the same or different) sets 
and / is a correspondence which makes correspond to each x G 8 d* unique 

®The set which consists of the point a alone should be denoted by a new symbol, such as {a) , 
and the above relations written Z7(a) = {a) \J (6), for example. But in accordance with the 
usual custom, when no confusion might result, we shall abbreviate by using the same symbol 
for the set whose sole element is z as for the element itself. 
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element = j{x) of then we call/ a ma'p'ping of S into S'. A mapping / of 
S into S' may be denoted variously by / : S—> S' or/(>S) C S'. If every element 
of S' corresponds to some x ^ S, then we call / a mapping of S onto S', and 
write /(iS) = S'. If M' C S', then by /"^(ikT') we denote the set {:r [ (rr G S)& 
[/(^) G M']}. Generally, the same element x' of S' may correspond to any 
number of elements of S — i.e., although f(x) is unique, the inverse, f~^(x') may 
not be unique. When is unique, the mapping / is called (1-1). 

In practice, S and S' may be spaces, vector spaces, groups, etc., and usually 
/ will have further properties in addition to those mentioned above. In partic- 
ular, / may be required to “preserve” certain relationships between elements 
or sets. Thus, if A, jB are subsets of S, and r is a binary relationship between 
sets or elements, of significance for S and S', then we may require of / that for 
all A, B such that ArB, the relation /(A)r/(5) hold in S'. Suppose, for instance, 
r is the relationship of nonidentity between elements — Then to require 
that/ preserve (i.e., x 9 ^ y implies /(a;) 7=^ f(y)) is another way to impose the 
(1-1) character upon the mapping. 

Of more significance to us, however, is the case where S and S' are spaces 
and th e relat ionship ArB is that oi x ^ M. If we require that x E: M imply 
G /(Af), then we say that the mapping 'preserves limits. 

5.1 Definition. If S and S' are spaces and f : S S' a mapping which 
preserves limits^ then f is called continuous. 

5.1a There are many properties which are equivalent to the continuity 
property defined in 5.1. An obvious one is that if x' G S' and U(x') a neigh- 
borhood of x' in S', then there exists a neighborhood V{x) of x in S such that 
f[y{^)] C U{x'). Another is that if U' is an open (closed) subset of S', then 
/”^(f7') is open {closed) in S. (The equivalence in the latter case requires that 
S' satisfy 4.7.) 

The most familiar example is that of real single-valued functions. Every 
such function is a mapping / : where is the space of real numbers. 

Continuity of such a function in the ordinary sense is equivalent to continuity 
of the mapping / as defined above. 

(5a) Example. In the set of all real numbers, let A = {a; | (0 < rr < 1) V 

{x - -1) V (x = 2)};B = {x\{0 Sx<l)V {x = 2)}, (7= [x\0 Sx 
Then there exist continuous mappings /(A) = B, g{B) = C. 

Along with any class of mappings one may study the associated invariants. 
One of the most important invariants associated with the class of all continuous 
mappings of one space into another is that of connectedness: 

6.2 Definition. A space jS is connected if it is not the union of two non- 
empty sets A and B such that A r\ B — 0 — A r\B. 

6.2a We leave to the reader the proof of the invariance of the connectedness 
property defined in 6.2. The most familiar and fundamental of the connected 
spaces is the real number continuum with the usual topology. 
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For handling spaces that are not connected, the notion of separate sets is 
very useful: Two non-empty point sets A and B are called separate (or separated) 
itAr\B = 0 = Ar\B. The fact that a set M is the union of two such sets 
may be expressed by a relation 

(5.2a) M = AKJ B separate. 

If a space ;S is not connected, then clearly it is the union of separate sets. 

Another invariant of continuous mappings, for which we shall have important 
use in this chapter, is that of countable compactness: 

5.3 Definition. A space S is countably compact if every infinite subset of 
S has a limit point in >S.'^ 

For example, any closed interval of the real number continuum is countably 
compact. Such an interval loses its countable compactness, however, if one of 
its end points is deleted. 

But to return to the general mapping / of a space 8 into a space S': If such 
a mapping is (1-1), then / is called bicontinuous if both / and /~^ are continuous. 

5.4 A mapping / : 8 S' which is (1-1) and bicontinuous as well as ^'onto^^ 
is called a topological mapping of 8 onto S', or a homeomorphism between 8 
and S'. 

5.5 Definition. If between two spaces 8 and S' there exists a homeo- 
morphism, then 8 and S' are called topologically equivalent or homeomorphic,^ 

Properties which are invariant under topological mappings are called topo- 
logical invariants, and the latter of course form a larger class than the invariants 
of mappings that are merely continuous. 

5.6 As a branch of geometry. Topology may be defined as the study of 
topological invariants of a space.^ 

The reader may verify the following theorem: 

5.7 Theorem. Iff : 8-^ S' is a (1-1) mapping of 8 onto 8', then a necessary 
and sufficient condition that f be a homeomorphism is that in each of the spaces Sj 
S', the defining system of neighborhoods be equivalent to the system formed by the 
images of the neighborhoods of the other space. 

We shall have occasion to use the notion of imbedding: 


^The notion defined here is that which Fr^chet called “compact”. The reason for our use of 
the qualifying “countably” will be apparent later. 

®The reader will not confuse “homeomorphic” with the group-theoretic “homomorphic”. 

^Although this definition is perhaps adequate for the scope of the present work, it is certainly 
no longer valid to confine the meaning of the term “Topology” within the framework of the 
Klein classification. Indeed, to attempt a formal definition of Topology during the present 
period of rapid evolution would be as fruitless as to propose a definition of mathematics itself. 
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5.8 Definition. If A and B are spaces, and a subspace A' of B is homeo- 
morphic with A, then we say variously that A' is A topologically imbedded in 
B, or simply A' is A imbedded in B; also, that A' is imbedded in B. 

We recall that (§2) as a space, A' has for its defining system of neighborhoods 
the ^ ^overlappings’^ with A' of neighborhoods of 5. On the other hand, A has 
its own defining system entirely independent of B or A'. The homeomorphism 
between A' and A may be considered a result of such an equivalence as stated 
in Theorem 5.7. Frequently the term ^fimbedded” is implied. For example, it 
is customary to speak of ‘^an in meaning ^^an imbedded in 

5.9 Definition. If A and B are spaces, then we say that A can be imbedded 
in B if there exists A' C. B such that A' is an A imbedded in B. 

For example, as pointed out below, if A is the set of points within a square 
in the plane together with the boundary, and B is an interval of a straight 
line, then A cannot be imbedded in B. As another example, it is trivial that 
the identity mapping f(x) = x oi a space S into itself is a homeomorphism 
between S and itself. However, if S has neighborhoods that do not satisfy 
the 3d Hausdorff axiom (§4.7), and S' is the space obtained by taking open 
sets in S as neighborhoods, then the identity mapping may not be a homeo- 
morphism — as for instance, if S is the space T of example (4b), §4.6, above 
where each point is an open set and therefore a neighborhood of itself in S'. 
As a matter of fact, one can prove the following: 

5.10 Theorem. If S is any space, and S' is the space obtained from S by 
using open sets as neighborhoods, then the identity mapping x = f{x) of S onto S' 
is continuous] and if the neighborhoods of S satisfy the 3d Hausdorff axiom, then 
the identity mapping is a homeomorphisin. 

One might ask, in view of the Bernstein equivalence theorem in transfinite 
number theory, whether the existence of (1-1) continuous mappings f{S) == S' 
and g{S') = S implies the existence of a homeomorphism between S and S'.^ 
The following example shows the answer is negative: Let A, B and C be the 
spaces of Example (5a), §5.1. Let S consist of an infinite sequence of disjoint 
spaces Ai,A 2 ,-*',An,*- - each homeomorphic with A, and an infinite 
sequence of disjoint spaces Ci , , - • • , Cn , • • * , each homeomorphic with C. 

Let Ai n (7/ = 0 for all i, j and let the only neighborhoods of aS be those already 
defined in the A/s and C/s. Let aS' be formed by a space Si homeomorphic 
with S but with the addition of a set B (as of example (5a)), such that S'l P\ 
jB = 0 and the only neighborhoods are those already defined in aS[ and B. 

We define continuous mappings f{S) and g{S') as follows: Denoting the 
homeomorphs of Ai and (7,* under a fixed homeomorphism h{S) = aSi by AJ 

’'See Fundamenta Mathematicae, vol. 1 (1920), p. 223, Prob. 1 by W. Sierpinski; and 
C. Kuratowski, Solution d’un prohlhme concemmt les images continues d^ensemUes de points, 
ibid., vol. 2 (1921), pp. 158460. 
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and Ci respectively, and noting that S — Ai , Si , S — Ci are homeomorphic, 
letf(Ai) = B (cf. example (5a)), and let/(;S — Ai) = Si constitute a homeo- 
morphism; let g{B) = Ci , and let g(S' — B) = ^(aSO = S — Ci also constitute 
a homeomorphism. Then f(S) == S' and g(S') = S are continuous mappings. 

However, the sets S and S' are not homeomorphic. For the set B' = B — 
where h is the point corresponding to the number 2 in Example (5a), being 
connected, would have to correspond to one of the sets Ci of S or else to one 
of the sets homeomorphic to ]bhe set of real numbers 0 < a; < 1. Now no two 
of the sets A' : 0 < x < 1; B' : 0 ^ x < 1; C' : 0 S x ^ 1 are homeomorphic. 
That B' and C' are not homeomorphic follows from the fact that B' is not 
countably compact and C' is countably compact. An easy way to show that 
A' and B' are not homeomorphic is to note (1) that A' contains only cut points 
(see Definition 5.11 below) and B' has one non-cut point, (2) that the propert}^ 
of being a cut point is topologically invariant. 

5.11 Definition. If S is connected and x E: B such that S — x — X\J Y 
separate, then x is called a cut point of S. If S — x is connected, x is called a 
non-cut point of S. 

In general, if S is connected and M Q Sis such that S — M is not connected, 
then M may be said to disconnect or separate S, or we may say is discon- 
nected by the omission of (If S — M = A U B separate, we may say 

that M separates S into A and B, and if a G A, 6 G -B, that M separates a 
and 6 in B; or, more generally, if B — ikf is the union of multi-wise separate® 
sets A„ , we may say that M separates B into the sets A^.) Obviously a cut 
point of a connected space is a point which disconnects the space. 

If D is the set of points within a square in the euclidean plane, th<m no homoo- 
morphism exists between C' and D since C' has cut points and D has none. 
In this case, too, continuous mappings f(C') = D (see Theorem III 2.5) and 
g(D) = C' exist, although neither is (1~1). 

A classical example of imbedding is that of the space of real rational fractions 
in the complete space of real numbers; indeed, by use of the Cauchy-Cantor- 
Meray-Hausdorff process one may show: 

5.12 Theorem. Every metric space can he imbedded in a complete metric 
space. 

6. Historical remarks* The term ^Hopology^’ apparentl}' originated in List- 
ing's Vorstudien zur TopologiCj which was published in 1847.® The synonymous 
terms “Analysis situs", “Geometria situs" were used even earlier; thus, Gauss 
employed the latter in 1833 in connection with the presentation of his classical 
“linking integral". (See [A-H, 497-498]). As one might expect, theorems 
which are clearly topological in nature appear here and there in works which 


®See § 9.4 below. 

®Gdttingen Studien, pp. 811-875. 
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are by no means topological. A classical example of this is the Euler polyhedral 
formula. The reasons for this are not always to be found in an inability to 
recognize the topological nature of a theorem; but are partially due to the 
generality and fundamental character of topological ideas. 

As is so commonly the case with a new branch of mathematics, one finds 
the beginnings of topology in the applications to already existing fields of 
mathematics, as well as to physical theories. In Riemann’s investigations of 
functions which arise from the integration of total differentials, we find the 
basic ideas of homology theory emerging from the necessity for distinguishing 
between the various connectivities of the related surfaces.^^^ And Poincare’s 
extensive work, which formed the real basis for the so-called combinatorial 
method in topology, was instigated by his interest in the classification of algebraic 
surfaces (although he had earlier employed topological ideas in his work in 
analysis). The first work on linear graphs (1-dimensional complexes) was pub- 
lished by the physicist ICrchhoff, who applied them to the theory of electric 
circuits; and Tail’s fundamental work on the theory of knots was inspired by 
one of the molecular theories then in vogue in physics. 

The theory of sets was developed by Cantor with an eye to its use in the 
clarification and solution of problems in function theory and analysis; it would 
be difficult to imagine a function theory without such basic topological ideas 
as are embodied in the classical covering theorems, for example. And in the 
early part of the twentieth century the evolution of the theory of sets into the 
theory of abstract spaces was motivated by the needs of functional and general 
analysis. 

The rapid development of topology as a self-sufficient branch of mathematics 
during the first quarter of the twentieth century took place generally along 
two lines: the combinatorial and the set-theoretic. The former was the natural 
development of the ideas of Riemann and Poincar6, and was distinguished by 
its finite character. The basic configuration was not a point set, but a polyhedral 
or complex consisting of a finite number of faces of various dimensions, and the 
manner in which the latter were joined together or incident to one another 
determined the complexity of the configuration — ^the sort of ^^holes”, and how 
many such it might have, for instance. The situation locally^ in the neighbor- 
hood of a point, was not of special interest, since the local situation was either 
simply euclidean or a finite combination of simple euclidean surfaces joined at 
a point to form a singularity. Such a set-up led inevitably to algebraic analysis. 
The incidence between faces, or cells as they were called, could be displayed by 
finite matrices, whose elements were 0 (to indicate ^^not incident to”), 1 or —1 
(according as the incidence ^ ^agreed” with the orientations assigned to the cells 
or not). The connectivity of the polyhedral, described by numbers called the 

i°See Weber’s edition of Riemann’s Werke, in which will be found, besides the detailed treat- 
ment of the 2-dimensional surfaces, a previously unpublished Fragment containing the essential 
notions concerning ^'connectivity numbers” which were later published by Betti (who evidently 
had no knowledge of this Fragment) . 
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Betti numbers or connectivity numbers^ could be calculated from the numbers of 
cells and the ranks of these matrices. (See [V], for instance.) The surface; or 
portion of a surface bounded by closed curves, treated by Riemann, came to 
be represented by a polynomial in the symbols for the cells, with integral co- 
efficients, called a chain, and the boundary of a chain led to the concept of 
bounding cycle, and more generally to that of cycle. When a cycle occurred 
which bounded no chain, the presence of a “hole” was indicated — that is, the 
surface was not simply connected. 

Although the real significance of these algebraic tools was only gradually 
realized, the ink was not long dry on Poincar^^s publications before chains came 
into use in which the integral coefficients were replaced by integers modulo 2 
(Tietze [a], Veblen- Alexander [a]). And although these seemed to be a device 
to avoid orientation, for cases where the latter was not of significance or perhaps 
undesirable, it opened the way for the use of other types of coefficients. During 
the 1920’s the integers mod p, where p is any integer, were introduced as co- 
efficients by Alexander [b], and the rational numbers by Lefschetz [a, b]. The 
latter type of coefficient seemed intuitively difficult to grasp, since the geo- 
metrically minded were prone to ask, what can “one-half a cell” mean? Only 
the full realization that a chain was an algebraic entity, not a geometric object, 
could remove the difficulty, and although the distinction may now seem trite, 
it formed one of the “stone walls” which had to be hurdled. This accomplished, 
the way was open for the introduction of group-theoretic methods; and the study 
of homology groups through the introduction of chains with coefficients in an 
optional abelian group led rapidly to an algebraic topology rich in problems 
unrealized in the older topology of complexes. 

A growth parallel to the developments just mentioned was the study of 
topological properties by the set-theoretic method. Here the basic configuration 
was a point set, and whereas in the combinatorial approach the properties of 
the configuration in the large were the center of interest, in the set-theoretic 
approach the local properties — ^the situation in the neighborhood of a point — 
were those naturally studied. Ignoring for the moment the work of Schoenfiies 
during the first decade of the century, one of the most fruitful notions of the 
set-theoretical topology, namely that of local connectedness, was introduced 
during the second decade for the purposes of an easier recognition, and topo- 
logical analysis, of continuous curves (originally defined analytically by C. 
Jordan [a]). The space-filling curve problem — can a continuous curve in the 
plane contain all the points inside a circle? — ^had been solved by Peano in 1890, 
but the satisfactory solution of the really inherent problem — what can a corv- 
tinuous curve in any dimension look like, and what type of configuration is ex- 
cluded? — was not solved until Hahn and Mazurkiewicz independently showed, 
about 1914, that the notion of continuous curve in separable spaces is identical 
with that of locally connected continuum. With the introduction of this topo- 
logical characterization, topologists — ^particularly of the Polish and American 
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schools — ^undertook a thorough-going structural study of the continuous curve, 
which gradually came to be called Peano space or Peano continuum. 

At the same time the various types of abstract spaces were coming to be an 
object of inquiry; the metrization problem is an excellent illustration — what 
topological properties characterize the metric spacesf Here the coverings of a 
space, which were ultimately to form the connecting link between the local 
and the large properties of a space, were of fundamental importance — ^partic- 
ularly the existence of a denumerable set of neighborhoods equivalent to the 
defining system. For a resume of the work on the metrization problem, the 
reader is referred to Chittenden [a]. 

The line of thought which eventually showed the way to the merging of 
these two approaches to topology can be traced back to the investigations of 
Schoenflies on what we shall call positional invariants: Given two configurations 
A and B such that B is imbedded in A, what can be said about the relationships 
existing between A and B as B is subjected to topological transformations within Af 
The classic example — one whose antedating of Schoenflies’ work incidentally 
shows the diflSiculty in pointing to any one mathematical event as the genesis 
of a line of thought — ^is the Jordan Curve Theorem: If A is the euclidean plane 
and B is homeomorphic to the circle = 1 (A 3 B) then the^ set A -- B 

is the union of two connected, separated point sets X and Y such that X /3 F = B. 
Although this theorem appears in Schoenflies’ 1908 work Die Entwickelung der 
Lehre von den Punktmannigfaltigkeiten [S], its proof would hardly accord him 
any special distinction since proofs which precede his work are nearly as numer- 
ous as those which succeed it. But Schoenflies not only proved a converse 
theorem (see Theorem 11 5.38 below); he considered many other cases, such as 
the case where JB is a totally disconnected closed point set, and the case where B 
is a general closed curve — a configuration which contains the homeomorph of 
the circle as a special case. And one of his most important contributions was 
the case where S is a continuous curve] in this case he found positional properties, 
such as accessibility, which were sufficient completely to characterize the con- 
tinuous curve in the plane. 

Although this work of Schoenflies did not, in the opinion of the present writer, 
attract the attention it deserved,’’^ it did not escape the attention of Brouwer 
[a], who wrote some critical material concerning Schoenflies’ investigations, and 
later contributed many fundamental ideas of his own (whose influence, also, 
was not at first fully felt), such as the notion of linking coefficient. The partic- 
ular item which we wish to mention in Brouwer’s work resulted from his dis- 
covery of certain incorrect assumptions made by Schoenflies concerning the 
closed curve (evidently due to the inexperienced intuition of the pioneer). 

like opinion seems to be held by Professor R. L. Moore; see 463 of [Mo]. One is moved 
to wonder, for instance, how much of the fumbling use of ''continuous curves’’ which may be 
encountered in some texts on complex function theory, might have been avoided by a familiarity 
with Schoenflies' work on plane point sets. 
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In 1912, Brouwer published a proof [b] of the theorem (lacking in Schoenflies^ 
work) that the property of being a closed curve in the plane is invariant — i.e., 
a 'point set in the plane which is the boundary of all its complementary domains^^ 
will still have this property after any topological transformation j and, furthermore^ 
the number of the domains will remain invariant The methods which Brouwer 
used to prove this theorem contained the germ of the modern application of 
the combinatorial method to general spaces. The possibility of such an ex- 
tension was apparently known to Brouwer himself, who communicated his 
ideas to Vietoris [a; 454 footnote]. The latter, in 1927, published his homology 
theory of metric spaces, with an application to the study of continuous trans- 
formations. Almost simultaneously there appeared works of Alexandroff [c] 
and Frankl [a] embod 3 dng ideas of a similar nature, and it is noteworthy that 
the latter authors made applications to positional properties. 

It is the general intent of the present work to carry on the researches begun 
by Schoenfiies in the positional properties of configurations in euclidean spaces. 
The topologists of the Polish and American schools, in connection with their 
investigations of continuous curve spaces — ^Peano spaces — ^settled rather con- 
clusively the problems concerning the positional properties of continuous curves 
in the plane, begun by Schoenfiies, as well as the general properties of plane 
closed point sets.^^ But the case of three and higher dimensions was virtually 
untouched. A notable exception was the extension of the Jordan Curve Theo- 
rem: Denoting the n-dimensional euclidean sphere by S'", we may say that 
the Jordan Curve Theorem treats the case of the topologically imbedded 
in aS^. Brouwer [c] was the first to prove that if K is an topologically 
imbedded in S^, then K separates aS” mto two connected sets A and B whose com- 
mon boundary is K, And in 1922, J. W. Alexander [a], using combinatorial 
methods in conjunction with certain limiting processes, extended this result, 
maldng it a special case of a general duality relating the Betti numbers (mod 2) 
of a complex topologically mbedded in. aS" to the Betti numbers of its complcjnent 
in S'". The unification of the set-theoretic and combinatorial methods in 
topology could not be far in the offing. 

That Schoenfiies could foresee this unification, at least to a certain extent, 
cannot be denied. In discussing the material included in his book [S] he says, 

. • one can easily distinguish two main groups of theorems. , . A first group 
is formed by the general theorems on point sets; they represent the set-theoretic 
foundation. A second group is formed by the simple theorems on straight lines, 
polygons, and polyhedrals, which I assume as given without a closer axiomatic 
analysis. In these is the conception of form, the intuitively accessible founda- 
tion, contained. At the end of Chapter 5 he remarks: ‘‘1 have chosen the 
methods of proof in this chapter in such a way that they permit an extension 
to configurations in space. Nevertheless the proofs are directly applicable only 
in a certain part. Firstly, in three-space there must be taken into consideration 

domain (in any space) is meant an open, connected point set. 

i®For non-closed plane point sets there remain many unsolved problems. 
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the contrast between curve and surface, and secondly, the connectivity number^^ 
plays an important role in the theorems and proofs. The connectivity number 
is an invariant of topology, but without a knowledge of it only a part of the 
developments of this chapter can be directly extended. Yet one should not 
consider this a defect in the methods used. For the consideration of the con- 
nectivity number in three-space is unavoidable] every method which ignores it would 
yield only a part of that which is to be proved 

Evidently Schoenflies was aware, then, that in discussing properties in the 
large of configurations in higher dimensions, one cannot avoid the use of some 
such invariant as the connectivity numbers. And today, as we shall see later, 
it is not necessary even to consider the polyhedral case in order to introduce 
these numbers (or, more generally, the homology groups); one can revise the 
historical development by first introducing them for the general space and then 
applying them to the polyhedral by considering the latter as a point set rather 
than a complex of cells. 

Now inasmuch as it is no longer necessary to have a complex in order to 
have a homology theory, the problem presents itself of generalizing the topology 
of euclidean spaces or, more generally, the theory of manifolds, especially with 
regard to the duality theorems and positional invariants, to a class of more 
general configurations among the abstract spaces. This problem was attacked 
by Cech [b] and Lefschetz [c] in 1933. Both proposed generalized manifolds 
defined axiomatically in terms of their homology properties. About the same 
time, having succeeded in extending a portion of the Schoenflies program to 
three-space, especially as regards the converse of the Jordan-Brouwer separa- 
tion theorem, the present author published in 1934 [n] a characterization, by 
intrinsic homology properties, of those point sets in n-space which bounded 
domains having the same sort of smooth properties which the domains bounded 
by 2-manifolds in 3-space were found to possess. It soon became apparent that, 
for the compact metric case, the point sets thus characterized were identical 
with the Cech-Lefschetz manifolds. 

The question then arose: Assuming that the generalized manifolds (not 
necessarily metric) are the natural extensions to abstract spaces of the classical 
manifolds, would it not be more fitting to extend the Schoenflies program to 
positional properties in the new manifolds than to limit one’s investigations to 
the euclidean spaces? For the latter, as pointed out in the preface, there has 
not been found any suitable topological characterization among the abstract 
spaces, and their topology must be based on analytical considerations foreign 


^^Here Schoenflies was referring to the Riemann connectivity numbers. 

^®The italics are the present author's. 

^®It is nevertheless convenient to calculate the Betti numbers of a polyhedral by means of a 
cellular subdivision, however. But the invariance of these numbers, and of the corresponding 
homology groups, is more easily proved by use of the fact that the latter are isomorphic with 
the respective homology groups of the polyhedral considered as a point set, the latter being 
obviously invariant. 
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to the spirit of topology. Moreover, a beautiful S3unmetry might be attained 
if, for instance, the Jordan-Brouwer separation theorem and its converse con- 
cerning the separation of the n-sphere by an (n — l)-manifold could be pre- 
sented as a special case of a theorem on the separation of the generalized n- 
manifold by the generalized (n — l)-maiiifold. 

It is to this program — extension of the Schoenfiies program to the generalized 
n-dimensional manifold — that the present work is devoted. 

7. Connected spaces. In §5.2 we defined connectedness of a space and cited 
it as an example of a property invariant under all continuous mappings. Up 
to now we have used solely the definition of space given in §2; namely, a set S 
in which to each point there is assigned a nonempty collection of subsets of S con-- 
taining the pointy called neighborhoods of the pointy and in terms of which limit 
points are determined. 

With so general a notion of space one might expect not to be able to proceed 
far, and we have already stated above certain axioms of Hausdorff that may 
be used to avoid situations that are intuitively undesirable. However, we shall 
not, in the present section, use any of the latter unless it is specifically men- 
tioned. That is, all sets mentioned in the present section are assumed to be 
imbedded in a space S as defined in the preceding paragraph. Thus, when we 
speak of a connected set M, it may be assumed that M is imbedded in such a 
space Sy and therefore that the limit points of Af, etc., are determined by the 
neighborhoods of S, {M and S may be identical, of course, unless the contrary 
is specifically stated.) 

7.1 Theorem. If M is a point set and M = A KJ B separate ^ then a con- 
nected subset of M must be either a subset of A or a subset of B. 

7.2 Theorem. If M is a connected point set and L is a point set such that 

M Q L C. M, then L is connected, 

7.3 Theorem, If A and B are connected point sets and A r\ B 0, then 
AUBis connected. 

Theorem 7.3 is the most frequently used special case of the following theorem: 

7.3a Theorem. If Ai y Az , • > • • • well-ordered collection of 

connected point sets A^ such that no A a is separated from the union of those that 
precede ity then the totality of sets A a forms a connected set ( = UAa). 

7.3b Theorem. The union of any number of connected point setSy no two of 
which are separatedy is connected. 

7.4 Theorem. If M is a point set, and x, y G. M implies that there exists 

^ y) C, M such that A {xj y) is connectedy then M is connected. 

7.5 Definition, li M C. Sy then a point x such that every neighborhood 
of X contains at least one point of M and a point oi S — Mm called a boundary 
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point of M (and of S — M), The set of all boundary points of M is called the 
houndary of M] this set will frequently be denoted by F(M) in the sequel. 
Evidently if ikf is a neighborhood of a point rc, then x is not a boundary point 
of ikf. 

A boundary point of a set may or may not belong to the set. Thus, if M is 
{x\0 ^ X < 1} in R^, then both 0, 1 are boundary points of M. The notion is 
clearly a relative one; if the set M just defined is considered as a subset of the 
cartesian plane, then every point of Af is a boundary point of M. If x ^ M, 
and X is not a boundary point of My then x is called an interior point of My and 
the set of all such points may be called the interior of M. Evidently from 4.2 
we have 

7.6 In order that a set of points should be open, it is necessary and sufficient 
that it be identical with its interior. 

7.7 If M is an open sety then the boundary of M is a subset of S — M; more- 
over y it is identical with the set of points M r\ {S M). 

The following theorem will be of frequent use in the sequel: 

7.8 Theorem. If A d S, and M is a connected set such that A r\ M ^ 
0 9 ^ (S -- A) r\ My then M contains a boundary point of A. 

From the definition 5.2 it follows that in every space S the null set and the 
sets consisting of single points are connected. That a space consisting of any 
finite number of points may be connected is shown by spaces modelled after 
the idea of Example (4b) of §4, which is an example of a connected space con- 
sisting of three points. 

7.9 Example. Let S consist of n points cci , • • • , y and for each i < n 
let the only neighborhood of Xi be the set Xi yj Xi+i , and the only neighborhood 
of Xr, be Xi^J Xr,. Then S is connected. 

As noted in connection with Example (4b), such spaces fail to satisfy the 
3rd Hausdorff axiom. However, consider the following: 

7.10 Example. Let S consist of two points Xy y, and let the only neigh- 
borhoods of X and yhexVJ y and t/, respectively. Then S satisfies the 1st, 2nd 
and 3rd, Hausdorff axioms and is connected. 

It is evident, then, that if one is to attain a type of space in which ^'connected” 
is to imply something more in accord with the intuitive connotation of the 
word — and for a nondegenerate connected space to be finite seems intuitively 
undesirable — one needs more than the three Hausdorff axioms. It will be noted 
that in each of the above examples there is a point that does not constitute a 
closed point set. This suggests the following axiom: 

7.11 Weak Separation axiom. Every point constitutes a closed point set. 

One can now prove: 

7.12 Theorem. In a space satisfying the weak separation axiom j every point 
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of a nondegenerate connected set M is a limit point of M; and M contains at least 
three points. 

That a space S can be connected, satisfy 7.11, and yet consist of exactly three 
points is shown by the following example: 

7.13 Example. Let S consist of three points rr, y, and let neighborhoods 
be defined as follows: f7i(a:) xKJ y] U 2 (x) = x^J z; Ui{y) = y^ x; U 2 {y) = 
y \J z] Ui{z) — z\J x; U 2 (z) ^ zKJ y. 

However, Example 7.13 does not satisfy the 2nd Hausdoi-ff axiom. As a 
matter of fact one can prove: 

7.14 Theorem. In a space satisfying the 2nd Hausdorff axiom and the weak 
separation axiom^ no finite set of points has a limit point 

7.15 Theorem. In a space satisfying the 2nd Hausdorff axiom and the weak 
separation axiom, every nondegenerate connected point set contains an infinite 
number of points. 

We do not go further in this direction — ^for instance, as to whether a connected 
space might be denumerably infinite. We refer the reader to the paper of 
XJrysohn [b]. It is interesting to note that the study of this problem led Uiysohn 
to his famous lemma, to which we make reference later on (III 1.14). The 
reader will note that it follows immediately from Theorem 7.8 that in a metric 
space every nondegenerate connected point set is of at least the cardinal number 
of the continuum; and that hence, in particular, nondegenerate connected sub- 
sets of euclidean spaces are of exactly the cardinal number c. 

8. Components; quasi-components. 

8.1 Definition. Two points x and y oi a space S are called c-equivaleni 
(in S) if there exists a connected subset of S which contains them. 

8.2 Theorem. The relation of c-equivalence in a space S is reflexive, sym- 
metric and transitive. 

As a consequence, a space may be decomposed into classes of c-equivalent 
points: 

8.3 Definition. The classes of c-equivalent points of a space 8 are called 
components of 8. 

8.4 Theorem. The components of a space are both closed and connected. 

Intuitively, then, the components of a space are the 'largest'^ connected sub- 
sets of the space. In particular, if a space is itself connected, it has only one 
component, and conversely. 

8.5 Definition. Two points x and 2/ of a space 8 are called q-equivalerd if 
there does not exist any decomposition 8 = AU B separate such that x E A, 
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8.6 Theorem. The relation of q-equivalence in a space S is reflexive , sym- 
metric and transitive. 

8.7 Definition. The classes of c?-equivalent points of a space S are called 
quasi-components of S, 

8.8 Theorem. The quasi-components of a space are closed. 

8.9 Example. In the cartesian plane, let M consist of all points (1/n, y), 
n = 1, 2, 3; • • • , — 1 ^ 2/ = Ij together with the points a = (0, — 1), fe = (0, 1). 
Then, considering ilf as a space (subspace of the cartesian plane), a and h are 
g-equivalent in M but not c-equivalent. 

Thus, two points may be g-equivalent without being c-equivalent. That the 
converse cannot be, follows from Theorem 7.1: 

8.10 Theorem. A component of a space S lies in a single quasi-component 
of S. 

Regarding the invariants of the above equivalences, we can state (cf. §§5.1, 
5 . 2 ): 

8.11 Theorem. Both c- and q-equivalence are invariant under continuous 
mappings. 

Of course it does not follow that the components or quasi-components of a 
space are invariant under continuous mappings, since non-c- and non-g-equiva- 
lence are not invariant. However, we have: 

8.12 Theorem. The components and quasi-components of a space are in- 
variant under topological mappings of the space. 

9. Connected spaces satisfying the 2nd Hausdorff axiom and the weak 
separation axiom. We saw in §7 that in order that the connectedness of a 
space should imply (in the nondegenerate case) an infinity of points in the 
space, it was necessary to restrict the character of the space by imposition of 
the 2nd Hausdorff axiom and the weak separation axiom. In the present section 
we assume that all point sets are imbedded in a space satisfying both these 
axioms. 

9.1 Theorem. If a point is a limit point of the union of a finite number of 
point setSj then it is a limit point of at least one of them. 

9.2 Corollary. If Mi , • • ■ , Mn are point sets^ finite in number, such that 
Ml and Mi are separated for i = 2, * • • , ti, then Mi and u. 2 Mi are separated. 

9.3 Corollary. If the number of components of a point set is finite, then its 
components are also quasi-components\ moreover, if the number of quasi-components 
is finite, then quasi-components and components are identical. 

9.4 Definition. If is a collection of point sets M,, such that 
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and M,'. are separated for every pair of different indices i-', v'' then we say 
that the sets M, are pairwise separated. If for every pair 
of disjoint unions of these sets, and \.Jp'iMy are separated, then we say 

the sets M, are multiwise separated. 

9.5 Corollary. If a point set M has only a finite number n (>1) of com- 
ponents, then for any natural number h such that \ k n, M is the union of 
separated sets Mi , • • • , M* such that M, , • • • , M^-i are arbitrary components 
of M, and we may write M — Ws-i M, with the understanding that the sets Mi 
are multiwise separated. 

9.6 Corollary. If the point sets Mj , • • • , M„ , finite in number, are pair- 
wise separated, then they are multiwise separated. 

9.7a Theorem. If a point set M has at least (>1) components, then it is 
the union of n separated sets. 

For the case of quasi-components, the analogue of Theorem 9.7a is as follows: 

9.7b Theorem. If x,_,X2, ■■■ ,x„ are a finite number of points of a space S, 
no two of which lie in the same quasi-component of 8, then 8 is the tmion of pairwise 
separated sets 8, , f — 1? ' * * j h, such that x, ^ 8^ . 

(True for A: = 2 by definition of quasi-component, and for general h by 
mathematical induction.) 

Remark. That Theorem 9.7b fails to hold if “component” is substituted 
for “quasi-component” is shown by Example 8.9 above. 

9.8 Theorem. If C is a connected subset of a connected point set M such 
that M — C — A U B separated, then both C \J A and C 'U B are connected. 

Proof. Suppose C W A is not connected. Then 
(9.8a) CVJ A = E\J F separated. 

From Theorem 7.1 we know that C C F, say. Hence by (9.8a), E C A, 
and consequently E and B are separated. Accordingly we may write M = 
{C'<JA)'<JB — EUF'UB-EU{F\JB) separated (by Corollary 9.2), 
contradicting the fact that M is connected. 

The same type of argument shows that: 

9.9 Theorem. If C is a connected subset of a connected point set M such 
that M — C is the union of n (>1) pairwise separated sets Mi , then M,- \J C is 
connected for i = 1, • • • , n. 

9.10 Theorem. If M is a nondegenerate connected point set, then M is the 
union of two nondegenerate, -proper, connected subsets (which are not necessarily 
disjoint, however). 

I’For the existence of nondegenerate connected point sets that are not unions of disjoint 
nondegenerate, proper connected subsets, see B. Knaster and C. Kuratowski [a; § 5], Wilder [f]. 
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Proof. Let x E. M, and consider the set M — x. The latter is either (1) 
connected or (2) not connected. If (2) holds, the proof concludes on the basis 
of Theorem 9.8 with C = x. If (1) holds, let y E. M — x. It M — y is not 
connected, we proceed as in case (2). It M — y is connected, then M = 
(M - x)\J (M - y). 

9.11 Theorem. If C is a connected subset of a connected point set M and A 
is a component of M — C, then M — A is connected. 

Proof. Suppose that M — A is not connected. Then 
(9.11a) M — A = E yj F separated. 

Since A C. M — C, the sets A and C are disjoint. Accordingly, C C. M — A. 
Hence by (9.11a), C C. E KJ F and by Theorem 7.1, C CZ E or C (Z F; say 

(9.11b) CCF. 

From (9.11a, b) we have that E 'U A C. M — C. But by Theorem 9.8, EVJ A 
is connected. Hence it x E E, y E A, x and y are c-equivalent inM — C and 
A cannot be a component ot M — C, contrary to hypothesis. 

10. Spaces irreducibly connected about a subset. In this section we continue 
our study of connected spaces {continuing to assume the 2nd Hausdorff and weak 
separation axioms), but with attention fixed upon the additional property of 
being irreducibly connected about a subset. 

10.1 Definition. If S is connected, and A is a subset of S such that no 
proper connected subset of S contains A, then S is said to be irreducibly con- 
nected about A. In particular, it is trivial that every connected space is irre- 
ducibly connected about itself. An important special case is that where A 
consists of two points a and b; in this case we frequently say that S is irreducibly 
connected from a to b. The following are examples of sets of the latter type: 

10.2 Example. This is the subspace E^ of the space R'^ of all real numbers 

X consisting of all x such that 0 ^ ^ 1; a, 6 are 0, 1 respectively. 

10.3 Example. In the cartesian plane, 5 = (0, 0) 0 | {x, y) | (0 < a: ^ 
l/ir)&(y = sin 1/x)}; a, b are (0, 0), (1 /t, 0), respectively. 

10.4 Example. In the cartesian plane, E^, let d = {(a;, y) | (0 g a: g 1)& 
(0 g y g 1) } ; but this time we do not consider 5 as a subspace of the cartesian 
plane. Rather, we define neighborhoods for S by first ordering its points as 
follows: It x, y E S such that in E^, abscissa x < abscissa y, let a: < y in /S; 
if abscissa a; = abscissa y and ordinate x < ordinate y in E^, let x < y in S. 
The points of S are simply ordered by this definition, and the neighborhoods of 
S may be taken as open intervals. Let a — (0, 0), 6 = (1, 1). 

10.5 Theorem. In order that a connected space S should be irreducibly con- 
nected about A E S, it is necessary and sufficient that if x E S — A, then 8 — x 
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is the union of two separated sets each of which contains at least one point of /I/® 

The proof of the necessity is based on Theorem 9.8. 

As for the suflBiciency: Suppose a proper connected subset M of S contains 
A; let X ^ S -- M. Then by hypothesis, >S — a; is the union of separated sets 
C and D each of which contains points of A and hence points of M. This con- 
tradicts Theorem 7.1. 

By the same method of proof we have: 

10.6 Theorem. (This is the same as Theorem 10.5 but with replaced 
by where X is a connected subset of S — A.) 

10.7 Corollary. If S is irreducihly connected about A Q S, then A contains 
all the non-cut points of S. 

10.8 Corollary. In order that a connected space S should be irreducihly 
connected from atob (ajb ^ S), it is necessary and sufficient that if x ^ S — a — 5, 
then S — X ^ A ^ B separated where a E: A and b ^ B. 

10.9 Theorem. In order that a connected space S should be irreducibly con^ 
nected about A (Z where A consists of exactly n {>!) points, it is necessary 
and sufficient that if x ^ S — A, then S x = Mi where 2 S h ^ CLnd 
the sets Mi are components of S — x such that Mi P\ A 0. 

Proof of necessity. By Theorem 10.5, 8 — x is not connected. If on 
the other hand S — x has more than n components, at least one of these, C, 
contains no point of A, But by Theorem 9.11, 8 — C is connected, and thus 
S is not irreducibly connected about A, Hence if k is the number of com- 
ponents ol 8 — X, then 2 S k S n. That eabh of these meets A is shown as 
above. 

10.10 Theorem. (This is the same as Theorem 10.9 but with replaced 
by where X is a connected subset ol 8 — A,) 

10.11 Corollary. In order that a space 8 should be irreducihly comieckd 
from a tobj a,b Q 8, it is necessary and sufficient that if x ^ S — a -- b, or more 
generally if x is a connected subset of S — a -- b, then S — x consists of exactly 
two components each of which contains either a or b. 

The following are examples of spaces 8 irreducibly connected about subsets A 
containing more than two points: 

10.12 Example. S consists of those points (x, y) of the cartesian plane 
such that*(l) —1 S ^ S 1, = 0;(2)x = dbl, —1 S V ^ 1,*A consists of the 
four points (—1, —1), (—1, 1), (1, —1), (1, 1). (Theorems 10.5-10.10 are well 
illustrated in this example.) 

10.13 Example. In the polar coordinate plane, S is the subspace con- 


view of Corollary 9.6, the word ^^two” may be replaced by finite number of pai^wise'^ 



[ 10 ] 


SPACES IRREDUCIBLY CONNECTED ABOUT A SUBSET 


23 


sisting of all points (p, 6) such that (1) p = 1, ^ arbitrary; (2) p — {6 -- l)/^j 
1 ^ 0 < CO ; A consists of (0, 0) and all points for which p == 1. 

10.14 Theorem. If S is irreducibly connected about A d ^ <^'^d x is a point 
of S such that S — x = MiU • • • Mn separated, n > 1, then the set Mi x 
is irreducibly connected about Ai^ x, where A^ ^ M^ r\ A and i = 1, * * • , 

Proof. The sets Mi \J x are connected by Theorem 9.9. Suppose a set 
Mi U X, say Mk ^ x, has a proper connected subset C containing A& VJ x. 
But then the union of the sets C, Mi W x for i ^ k, is a. proper connected 
(Theorem 7.3b) subset of S containing A, 

10.15 Corollary. If S is irreducibly connected from a to b, a, b d S, 
X d S - a - b, and A'{x), B'{x) are the components of S - x containing a, b 
respectively, then A(x) = A\x) ^ x is irreducibly connected from a to x and 
B(x) = B\x) U X is irreducibly connected from x to b. 

10.16 Definition. If S is irreducibly connected about A C >S, but S is 
not irreducibly connected about any proper subset of A, then A is called a 
basic set about which S is irreducibly connected. 

Thus, if S is irreducibly connected from a toh, a, b d S, then a U 6 is a basic 
set about which S is irreducibly connected. In Examples 10.12, 10.13, the 
sets A are basic. A space S may have a subset A about which it is irreducibly 
connected, yet have no basic set: 

10.17 Example. Let S consist of the subspace of the real numbers {x} 

such that 0 < < 1. Then S is irreducibly connected about the set A con- 

sisting of the rational numbers in S, but has no basic set about which it is 
irreducibly connected (see Theorem 10.18 below). 

A trivial case of a basic set is that where S is connected and has no proper 
subset about which it is irreducibly connected; in this case S is its own basic 
set, and by virtue of Theorem 10.18 below has no cut points. Thus the set of 
all points on a circle has itself as basic set. 

10.18 Theorem. If S has a basic set, B, about which it is irreducibly con- 
nected, then B is the set of non-cut points of S; and if S is irreducibly connected 
about ACS, then A D B. 

Proof. Let N be the set of non-cut points of S Then J5 D iV by Corollary 
10.7. Suppose X C B — N. Then S — x = ikfi W M 2 separated. Let B r\ Mi = 
jg. y i = Ij 2. Neither Bi nor B 2 is empty, else one of the sets Mid x is a* proper 
connected (Theorem 9.8) subset of S containing B. 

li B' = Bid B 2 — B — X, then S has a proper connected subset C containing 
B\ since B is a basic set. But C r\ Mi 5*^ 0, i == 1? 2, and hence x C C by 
Theorem 7.8. But then C is a proper connected subset of S containing B. 
Consec^uently B — A = 0 and B is the set of non-cut points of 

Finally, if A is a set about which B is irreducibly connected, A D J5 by Corol- 
lary 10.7. 
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A space S may be irreducibly connected about subsets A, B such that 
A r\ B = 0; for instance, in Example 10.17, let B be the set of irrational num- 
bers, However, from Theorem 10.18 we have 

10.19 Corollary. A space can have only one basic set about which it is 
irreducibly connected. 

10.20 Corollary. A necessary and sufficient condition that a connected space 
S be irreducibly connected about itself as basic set (i.e., have no proper subset 
about which it is irreducibly connected) is that it consist entirely of non-cut points. 

Proof. The necessity is of course an immediate consequence of Theorem 
10.18. As for the sufficiency, if S has no cut points, then by Corollary 10.7, S 
has no proper subset about which it is irreducibly connected. 

A connected space S is not always irreducibly connected about its set, N, of 
non-cut points — as for instance in the trivial case where N = 0 as in Example 
10.17. For a nontrivial case, consider the space /S' obtained from the space S 
of Example 10.3 by deleting the point 5, but inserting a new point V == (0, 1). 
/S' is connected, a U 6' is its set of non-cut points, but /S' is not only not irre- 
ducibly connected from a to 6', but has no subset whatsoever that is. 

We have seen that a connected space /S may or may not have a proper subset 
about which it is irreducibly connected; and that even if it is irreducnbly con- 
nected about a subset, it may not have a basic set. We next inquire whether 
there exist special conditions under which the existence of a set about which 
the space is irreducibly connected leads to the existence of a basic set. We 
shall establish such conditions in Theorems 10.24-10.26 below. In the proofs 
we shall need the following fundamental lemma (Cantor Product Theorem) : 

10.21 Lemma. In order that a space S should be countably compact^ it is 
necessary and sufficient that if Mi , Mz , • “ , Mn , • • • is a sequence of nonempty 
closed point sets such that for each n, 3 M^+i , then n:.: il/„ 0. 

Proof. For each n, let x„ G M„ . If, for infinitely many values n, of n, 
the x„, all represent the same point, then this point is in n:-. , Otherwise, 

the set M = U”-. is an infinite set, and if S is countably compact, has a 
limit point x. Consider any fixed value k of n, and let A -rX., B = 

KJn-k+i x„ . Then M = A KJ B, and by Theorem 9.1, x is a limit point of <?ither 
A or B, and since by Theorem 7.14 x cannot be a limit point of A, we have 
xlp B C. M,, , and hence by 2.2, x Ip M* . Since M* is closed, x G M* . Conse- 
quently X G nr-i . 

Conversely, suppose Xi , x^ , • • - , x„ , • • • an infinite set of distinct points 
such that M = \Jn-i x„ has no limit point. Then M is closed, and each of the 
sets Mk = U:.kx. is closed. But clearly Mk is empty. 

10.22 Definition. A space S is called separable if it has a countable subset 
D such that D = S. 
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The space of real numbers is separable (the set of rational numbers, for 
instance, forms a set D), but the space of Example 10.4 is not. Consider also 
the following example: 

10.23 Example. Let M denote the well-ordered set of ordinal numbers of 
the first and second classes. Between each two successive ordinals a, a + 1, 
insert a space which is ordinally similar to the space of Example 10.17. 
The set consisting of M and U Sec is ordered in the natural fashion, and the 
space S resulting from assigning the usual open interval neighborhoods is 
countably compact, but not separable. 

From Theorem 10.5 it follows that 

10.24 Theorem. If a space S is irreducihly connected about its set, N, of 
.non-cut points, then N is a basic set about which S is irreducibly connected, 

10.25 Theorem. A necessary and sufficient condition that a connected space 
S have a basic set about which it is irreducibly connected is that S he irreducibly 
connected about its set of non-cut points. 

Theorem 10.25 is a reformulation of the combined theorems 10.18 and 10.24. 

10.26 Theorem. If a space S is irreducibly connected about a closed and 
countably compact set A, and A — N is separable {where N is the set of non-cut 
points of S), then the set N is a basic set about which S is irreducibly connected. 

Proof. By Corollary 10.7, A D iV. If A = iV, or >S is irreducibly connected 
about Nj the theorem follows from Theorem 10.24. 

Suppose A — N 9 ^ 0 and S not irreducibly connected about iV. Then S 
has a proper connected subset C Z) N {C may be empty if N is ^pty). By 
hypothesis, A — N has a countable subset X = KJ:.^x n such that X Z) A — iV. 

Not all points of A — N are in C, else CZ) A and S is not irreducibly connected 
about A. Let x ^ {A — N) {S — C). As x is not a point oi N, S — x = 
BUD separated. By Theorem 7.1, C C 5 say. Then the set D contains 
points of A — iV; otherwise, since N C C, B U x is a connected (Theorem 9.8) 
proper subset of S containing A. And as no point of J) is a limit point oi BU x, 
there are points of X in D; let Xn^ be the first such point in the sequential order 
of the points of X indicated above. 

Then S — Xn, == BiU Di separated, where BiZ)BUxZ)CZ)N, Arguing 
as before, we let be the first point of X in Di , and then B = Ba U Bs 

separated, where B 2 Z) U x^^ Z) B U x Z) C Z) N, The inductive definition 
of sets Bi , Di , Xni , i = 3, • • • , should be clear. 

Let Di r\ A Ai {i = 1, 2, 3, • • •)• Then A.* U x„< is a closed subset of 

A — N, and since A is countably compact, A* U x„,. is countably compact. 

Also, for each i, AiU x^^ D A.+i O x„.^.j , and hence r\u {Ai U XnJ contains 

at least one point p, by Lemma 10,21. As p G A — A, B — p = B„ U Z)„ 
separate, where x G B^ . As p G A,* C for all i, evidently B^, D B,* U x^ . 
Hence X C. B^ , But the set D^ must contain points of A — A, else B^ W p 
is a proper connected subset of S containing A. But this is impossible since 
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X r\ =0. This contradiction shows that either A = N or S is irreducibly 
connected about N and the theorem follows. 

An important corollary of Theorem 10.26 follows: 

10.27 Theorem. Every countably compact, separable, connected space S 
which is nondegenerate has at least two non-cut points. 

Proof. Suppose S has either no non-cut points, or only one non-cut point x. 
Then in Theorem 10.26, N = 0 or N x, and S is irreducibly connected about 
the closed and countably compact set A = S, with A--N = SQrA — N = 
S — X. Space S is separable, hence S — xis separable, and by the conclusion 
of Theorem 10.26, S has N as basic set about which it is irreducibly connected. 
But this is impossible, since no nondegenerate connected set is irreducibly 
connected about a single point or the null set. 

Remark. The necessity of the compactness assumption in the above theorem 
is shown by the space of Example 10.17; and the necessity of the separability 
assumption is shown by Example 10.23, which has only one non-cut point. 

By the same method of reasoning we can prove the following, actually more 
general theorem. 

10.28 Theorem. If a nondegenerate space S is irreducibly connected about 
a separable, countably compact and closed point set, then 8 has at least two non-cut 
points. 

The following theorem is another corollary of Theorem 10.26: 

10.29 Theorem. A space which is irreducibly connected about a finite set of 
points is irreducibly connected about its set of non-cut points. 

10.30 Theorem. Every countably compact, separable, connected space is irre- 
ducibly connected about its set of non-cut points. 

Proof. Let /S be a countably compact, separable, connected space and let 
N be the set of non-cut points of It N = 8 the theorem is trivial. 

Let X G 8 — N. Then 8 — x = A U B separate. The sets A^ x, BU x 
are connected (Theorem 9.8), countably compact and separable; hence each has 
at least two non-cut points of itself by Theorem 10.27. The latter points are 
easily shown to yield a non-cut point of 8 in each of the sets A, B; i.e., 
A r\ N 9 ^ Q 9^ B r\N. Hence 8 is irreducibly connected about N by Theorem 
10.5. 

10.31 Corollary. Every countably compact, separable, connected space has 
its set of non-cut points as basic set about which it is irreduxibly connected. 

This corollary follows from Theorem 10.30 and Theorem 10.24. 

i®Compare H. M. Gehman [a, Theorem 1]; Gehman's theorem follows from Theorem 10.26 
above. 

“Note that if we knew S — N were separable, the theorem would follow at once from 
Theorem 10.26; this would be the case if 8 were metric, for example. 
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10.32 Corollary. A necessary and sufficient condition that a countably 
compact j separable y connected space S be irreducibly connected about a subset, A, 
is that A contain all the non-cut points of 

11. The simple arc and the 1-sphere. In this section we consider the position, 
in the above order of ideas, of the euclidean straight line interval and the circle 
(1-sphere). These two configurations evidently occupy extreme positions in 
regard to basic sets about which they are irreducibly connected, the former 
having a basic set of only two points, the latter being its own basic set. We 
shall show, first, that among the countably compact, separable spaces, and indeed 
among a wider class (the ^fiocally peripherally countably compact^^ — see below), 
the homeomorphs of the straight line interval are characterized by the above 
property. 

Throughout this section we shall assume the 2nd Hausdorff and weak separation 
axioms. And I mil denote a space that is irreducibly connected between two points 
a and b. 

11.1 Definition. A space which is homeomorphic with the euclidean 
straight line interval (or what amounts to the same thing, the subspace 
(see 10.2) of the real numbers) will be called an arc. If a and b are the points 
of the arc that correspond to the real numbers 0 and 1, then a and b are called 
the end points of the arc, and we shall often speak of the arc as an arc from 
a to b. By ^^arc ab” will be meant an arc with end points a and b, and by the 
symbol (ab) will be denoted the open arc ah a — b. 

11.2 Theorem. If C is a connected subset of I which contains a or b, then 
I — C is connected. 

Proof. Were I — C = A\J B separate, then one of the connected (Theorem 
9.8) sets A \J C, B \J C would be a proper connected subset of I containing 
a\Jb, 

11.3 Theorem. If M and N are connected subsets of I each of which contains 
a, then either M QN or N (ZM. 

Proof.^^ UN a M the theorem is proved. UN (fiM, then 
(11.3a) (J - M) n AT 0. 

By Theorem 11.2, J — ilf is connected. Also, I — M contains 6, else 5 G Af 
and M = I D iV. Consider 

(11.3b) (I - M) VJ AT = I. 

Relation (11.3b) must hold since, by (11.3a), I — ilf and N have a common 


^^Compare Gehman, loc. cit., Theorem 2. 
22See Hnaster and Kuratowski [a; 218]. 
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point, and consequently their union is a connected (Theorem 7.3) set containing 
a\Jh, 

However, relation (11.3b) shows that the part of I which is deleted to give 
I — Mj namely iif, is supplied by N; that is, M C. N'- 

In Corollary 10.15 we saw that if for x G I — a — b \Ye let A'(x)j B'{x) 
denote respectively the components of I — x containing a, 6, then the sets 
A{x) = A'{x) U X, B(x) = B'(x) U x are irreducibly connected about a VJ rr, 
b ^ X respectively. We retain the symbols A(x), B{x) below, extending their 
meanings so that A{a) = a, A{b) = I. 

11.4 Corollary. The set A{x) is the only subset of I that is irreducibly con- 
nected from a to X . 

11.5 Theorem. If for Xj y G I 'i^eletx < y indicate that x 9 ^ y and .4(a;) C 
A{y)^ then the set I is simply ordered by the relation <, 

Proof. It follows from Theorem 11.3 and Corollary 10.15 that if x 9 ^ 
then X < y 01 y < x; and it follows from the definition of the < relation given 
in the theorem that if x <y^ then x 9 ^ y. Hence it is only necessary to establish 
the transitivity of the relation <. 

The relations A{x) (Z A (y) C A(z) imply A{x) C A{z)j and we have only 
to show that x 9 ^ z. Now if x = z, then A(x) = Aiz) (Corollary 10.15), and 
hence A{x) = A{y), But the relation .4 (a;) = A{y) implies x == t/. For A{x) 
is irreducibly connected from a to x (Corollary 10.15) and a, x are non-cut 
points of A{x) by Theorem 11.2. Hence by Corollary 10.7, a\J x is the complete 
set of non-cut points of A{x) and, since A(y) is irreducibly connected from a 
to 2 /, we must have a U y Z) d ^ ^ (again by Corollary 10.7). Hence (by 
symmetry), x = y, contradicting the supposed relation x < y. 

11.6 Theorem. For every x G /, A(x) is identical with the set of all y G I 
such that y S X. 

Proof. If y < x, then A{y) C A{x) and y G A{x) by definitions; and if 
y = X, y G A{x), Hence y S x implies y G A(x). 

Conversely, let y G A{x). As A(x) is irreducibly connected from a to x, it 
follows from Corollary 10.15 that A(x) contains a set irreducibly connected from 
a to y, and hence by Corollary 11.4, A(x) D A(y). Thus y ^ x. 

11.7 Theorem. If p, q G I such that p < q and R is the set of all x G I 
such that p < X < q, then R is an open set 

Proof. As R is the set of all x G 7 such that p < x < q, the set I — i2 
must consist of all points y such that y ^ p or y ^ y; let A == {y\y^p\ and 
-S = {y\qSy}. 

By Theorem 11.6, A — A(^), and by definition, A{f) = A'{p) \J p, where 
I — p = A'{p) \J B'ip) separate. By Theorems 7.14 and 9.1, a limit point of 
A(p) is also a limit point of A'(p), and as the latter has no limit points in B'ip), 
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A(p) is therefore a closed set. Siroilarly, B — B{q), since A(g) — g is the set 
of all z such that z < qhj Theorem 11.6. Hence B is closed. Thus A \J B 
is closed by Theorem 9.1, and R is therefore open. 

11.8 Theorem. As ordered by the relation <, I satisfies the Dedekind Cut 
Axiom, (See Index). 

Proof. Let I = A\J B such that A < B m the sense that x E: A^ y E: B 
imply a; < 2/ as well as that A 9 ^ B. Suppose A has no last element and 
that B has no first element. Consider x E A. Then there exists c E A such 
that X < c, li a < x^ then by Theorem 11.7 the set R of all y such that a < 
2/ < c is an open set. But R E A, Hence A is open if a is not a limit point 
of B — and the latter is easily shown. Similarly B is open. Then J = A W 
separate, contradicting the fact that I is connected. 

11.9 Theorem. If I is separable, then I is ordinally similar to the set of real 
numbers x such that 0 ^ a: ^ 1. 

Proof. Let X be a countable set such that X D I. 11 p, q E I and R is 
defined as in Theorem 11.7, then by the latter theorem R is open, and since 

7^ 0, we must have X r\ R 9 ^ 0 , That is, I contains a countable separating 
set — ^i.e., a set X such that il p, q E I, p < q., there exists x E X such that 
p < X < q. 

Since the order type of a closed real number interval is characterized by 
(1) simple order, (2) validity of the Dedekind cut axiom, (3) existence of a 
countable separating set, and (4) existence of nonidentical first and last elements, 
the theorem now follows with the aid of Theorems 11.5 and 11.8. 

11.10 Definition. A space S is called locally compact if iov x E S and 
E^ighborhood U of x, there exists a neighborhood F of a; such that U Z) V and 
V is compact (12.6). A space S is called locally peripherally countably compact 
if toT X E S and U a neighborhood of x, there exists a neighborhood V oi x 
such that U Z) V and such that the boundary (§7.5) of F is a closed, countably 
compact set. 

11.11 Theorem. If I is locally peripherally countably compact, then I is 
countably compact 

Proof. Suppose J contains an infinite sequence Xi , X 2 , Xz , • • • , such 
that the set X = has no limit point. As I is simply ordered by the 

relation <, we may assume Xn < Xn+i for all n without loss of generality. We 
decompose I into disjoint sets A, B, such that A < B, in the following manner: 
X E A if there exists Xn E X such that x < Xn ; otherwise x E B. Evidently 
X E A, b E B, By Theorem 11.8, either A has a last point or B has a first 
point. Evidently the latter must be the case; let p denote the first point of B, 

Since p is not a limit point of X, there is a neighborhood U of p containing 
no points of X, and by hypothesis- we may assume that the boundary, F, of 
(7 is a closed, countably compact set. 
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Let I g X g p}. Then Rn is a connected set. For 5(xJ is irre- 

ducibly connected from Xn to h by Corollary 10.15, and contains by Theorem 
11.6; and Rn is identically the set ^^A{'py^ in B{Xr), hence connected by Corollary 
10.15. Consequently by Theorem 7.8, Rnr\ F 9 ^ 0. Let G i2n 7^ F. Clearly 
(7.5), and therefore < p. Also, for fixed n, there will exist by definition 
a natural number k such that Qn < ock , hence a g* such that < g* . We may 
assume without loss of generality that the g„ are all distinct. 

Let Q = KJn^i gn . As Q C F, Q has a limit point g. Now g p, and q ^ B 
since A'(p), B'(p) are separated and Q C A'(p), B'ip) = B — p. But neither 
can g G A. For suppose q G A, Then q < p, and there exists such that 
q <x^. Let Qi = Q n A'fe), Q 2 = Q r\ B'(x^). Then Q = VJ Q 2 separate. 
But Qi is finite, hence g is a limit point of Q 2 (Theorem 9.1). This is impossible, 
since g G A'ix^)^ 

Thus the assumption of the existence of an infinite subset of I that has no 
limit point leads to contradiction, and I must be countably compact. 

11.12 Theorem. If I is separable and countably compact, then I is an arc 
from a to b. 

Proof. By Theorem 11.9, I has the same order type as the set of real 
numbers x such that 0 ^ x ^ 1 , To establish the homeomorphism asserted 
above, we use Theorem 5.7. In I, let U denote the defining system of neigh- 
borhoods, and 5R d^ote the system obtained from the images of the open interval 
neighborhoods of E^, With the aid of Theorem 11.7 we see that for a: G / 
and an 5R-neighborhood of x, the latter contains a U-neighborhood of x. 

Let be a U-neighborhood of x, and suppose that no 5R-neighborhood of x 
lies in C7. Now there is a monotonic sequence {Rn} of 3i-neighborhoods such 
that = x; let q„ E. Rn (I — U). As I is countably compact, the 

set Q = U:.. q^ has a limit point q 9 ^ x. Considerations such as those used 
in the proof of Theorem 11.11, however, show that g cannot exist. 

Remark. Concerning the proof of Theorem 11,12: In prov^ing that every 
U-neighborhood contains an 9^-neighborhood, the separability hypothesis is used. 
The question might be raised as to whether it is nol the case that the countable 
compactness alone is sufficient for this. More specifically, if an I is countably 
compact, are not its 9i-neighborhoods equivalent to the defining system? The 
following example shows this not to be the case. 

11.13 Example. To the space of Example 10.23 let us adjoin <ai , the first 

ordinal of the 3rd class. But instead of using neighborhoods of wi as defined 
in terms of order, suppose that we define neighborhoods as follows: Let a be 
any ordinal <coi . For every ordinal 0 > a, delete an open interval in the seg- 
ment (/3, ^ + 1)— for example the points corresponding to the real numbers 
1/4 < X < 3/4 in the homeomorphism between the closed interval [p, + 1] 

and E^n The residue of the half-open interval (a, a?i], after all such deletions, is 
a neighborhood of cai . 

From Theorems 11.11 and 11.12 we have 
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11.14 Theorem. If S is a separable, locally peripherally countably compact 
space, irreducihly connected from a to b and satisfying the 2nd Hausdorff axiom 
and the weak separation axiom, then S is an arc. 

11.15 Theorem. Let S be a countably compact, separable, connected space 
satisfying the 2nd Hausdorff axiom and the weak separation axiom, and let a, 
b E: S, a 9 ^ b, such that if x E S — (a KJ b), then S — x is not connected] then 
S is an arc from a to b. 

Proof. By Theorem 10.27, S has at least two non-cut points. These must 
be the points a, b. By Theorem 10.30, S is irreducihly connected from a to b. 
The theorem now follows from Theorem 11.12. 

Remark. Another way of stating Theorem 11.15 is as follows: 

11.15' Theorem. A countably compact, separable, connected space satisfying 
the 2nd Hausdorff axiom and the weak separation axiom, which has at most two 
non-cut points, is an arc, 

11.16 Definition. If a space S is homeomorphic with the n-sphere 

{fe , ^2 , * • • , Xn+i) \xl + + • • • + xl+i “ 1}, of cartesian (n + l)-space, 

then we call S itself an n-sphere. We shall always denote a topological space 
which is an n-sphere by the symbol S”. The space is also frequently called 
the simple closed curve or closed Jordan curve. A space homeomorphic with the 
set { , a: 2 , • • • , Xn) \ xl + xl + • * • + < 1 } of cartesian ?^-space is called 

an n-cell,^^ and is denoted by JB”, while a space homeomorphic with the set of 
points defined by a:? + • • • + xl S 1 is called a closed n-cell and is denoted 
by S'"; the boundary of in JB” is called the boundary in — V)-sphere of the set 
jB”. Clearly an E”' is also homeomorphic with the entire cartesian n-space, so 
that the latter and its topological images are also denoted by the symbol -B”. 
In the above terminology, an arc is a closed 1-cell, and its end points constitute 
its boundary 0-sphere. 

11.17 Theorem. A necessary and sufficient condition that a countably com- 
pact, or locally peripherally countably compact, separable space S should be an 

is that it contain two distinct points a, b such that S = IiU I 2 where I i (i = 1, 2) 
is irreducihly connected from a to b and the sets li — (a VJ 5) are separated. 

Proof. The necessity is obvious, and we need only show for the sufficiency 
that Ii is an arc from a to b. We do this on the basis of Theorems 11.12 and 
11.14. Evidently Ji is closed by Theorems 7.14, 9.1. 

Suppose S countably compact. Then every infinite subset of Ii has a limit 
point in S] this point is in Ii , since Ii is closed. Similarly, if S is locally periph- 
erally countably compact and x E Ii , then for any neighborhood U of x, there 

2 ®This use of the term v^cell coincides with that of the same term as employed in the classical 
combinatorial (“polyhedral”) topology. It should not be confused with the “71-cell” of Chapter 
V, which has a quite different meaning but bears the same relation to the abstract theory set 
up therein as the n-cell of the classical theory bore to the latter. 
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is in C7 a neighborhood V of x such that the boundary F of F is closed and 
countably compact. Let F Ji == Fi . The set Fi is closed (§4.3). As F is 
countably compact and closed, any infinite subset of Fi has a limit point in F. 
Such a point cannot he in S — Ii , hence is in Fi . Thus Fi is countably com- 
pact, and Ii is locally peripherally countably compact. __ 

The set Ii is separable. For let X be a countable set such that X = S, and 
letXn = Xi. Evidently XO/i - (a U and if we let X( - Xi W aW6, 
then X'l is a countable subset of Ii such that X( 3 Ji . 

The theorem now follows from Theorems 11.12 and 11.14. 

11.18 Definition. If a space S contains two distinct points a and b such 
that S ^ IiVJ I 2 , where {i == 1, 2) is irreducibly connected from a to 6 and 
the sets -- (a W h) are separated, then S is called a quasi-closed curve, 

11.19 Lemma. If S is a quasi-closed curve, then every two distinct points a 
and b of S satisfy the conditions stated in Definition 11.18. 

This lemma follows from Theorem 10.5 and Corollary 10.15. 

In terms of quasi-closed curves, Theorem 11.17 is simply stated as follows: 

Restatement of Theorem 11.17. A countably compact, or locally periph- 
erally countably compact, separable quasi-closed curve is an S^, and conversely, 

11.20 Theorem. In order that a nondegenerate connected space S should be 
a quasi-closed curve, it is necessary and sufficient that it consist of non-cut points 
and be disconnected by the omission of every two distinct points. 

Proof. That the conditions of the theorem are necessary follows from 
Theorems 7.3, 11.2 and Lemma 11.19. 

To prove the sufficiency, let a and b be distinct points of S, The set S — a 
is connected, but (>S — a) — b — S — (a U b) = C \J D separate. Then 
C\J b and D\J b are connected by Theorem 9.8. Similarly, C KJ a and D'U a 
are connected. Finally, C yj a \J b and D\J a yj b are connected by Theorem 
7.3. 

Suppose C' is a proper subset of C such that C' W a U 6 is connected. Let 
c E: C — C', d E: D. Then S — (cUd) HKJ K separated, and yj a KJ b, 
as a connected subset of H KJ K, lies in H, say (Theorem 7.1). As shown above, 
a set such as X U c VJ d is connected. This is impossible, since X U c VJ d C 
S — (a yJb) = CyJD separate, and c E C, d E D (Theorem 7,1). Hence 
C yj a yj b must be irreducibly connected from a to b. 

As a consequence of Theorems 11.17 and 11.20, we have: 

11.21 Theorem. If the nondegenerate connected, separable space S is counir 
ably compact, or locally peripherally countably compact, and has no cut points but 
is disconnected by the omission of every pair of distinct points, then S is a 1-sphere, 

11.22 Theorem. In order that a nondegenerate connected space S should be a 
quasi-closed curve it is necessary and sufificient that if M is any connected subset 
of S, then S -- M is connected. 
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Proof. The necessity is a consequence of the definition of quasi-closed curve 
and the above theorems on irreducibly connected sets. 

For the sufficiency, we use Theorem 11.20, The space S has no cut points 
by hypothesis. And it b ^ S, a 9 ^ b, then S — (a U 6) is not connected. 
For if it were connected, then S — [S — (a KJ b)] = a U & would be connected 
by hypothesis, which is impossible by Theorem 7.15. 

As a corollary of Theorem 11.22 we have: 

11.23 Theorem. If the nondegenerate connected^ separable space S is count-- 
ably compact^ or locally peripherally countably compact^ and is not disconnected 
by the omission of any connected subset, then S is a 1 -sphere 

12. Some fundamental lemmas. Thus far, we have got along with a rather 
scanty amount of topological equipment. And although we do not find it 
necessary as yet to add to our list of axioms, we shall digress to introduce some 
notions that are fundamental in the sequel. 

In §8 we discussed the quasi-components of a space to some extent. We 
now characterize them from a point of view that makes some important con- 
nections with the later theory. 

12.1 Definition. If 8 is a space and U is a collection of subsets of S, 
then U is said to cover S if every point of S is in at least one set of the collection 
U; i.e., X E: S implies that there exists U E Vi such that xEU, 

12.2 Definition. ltx,yE S, then a finite collection of sets Si , S 2 , * • • y 
Sn will be said to form a simple chain of sets from xio y ii (1) contains x if 
and only if z = 1; (2) Si contains y if and only if z = n; (3) r\ S, 9 ^ 0, i < j, 
if and only ii j = i + 1 , The sets Si may be called the links of the chain. 

12.3 Simple Chain Theorem. If S is a space, and a,bES, then a and h 
are q-equivalent if and only if every covering of S by open sets contains a simple 
chain from a to b. 

Proof. Suppose every covering of S by open sets contains a simple chain of 
these sets from a to b. Then a and b are g-equivalent. For if a is not ^-equivalent 
to b, then by definition S = A VJ B separate, where a E A, b E B, But A 
and B are open sets constituting a covering of S and containing no simple chain 
from a to b. 

Conversely, suppose a and b are g-equivalent, and let U be a covering of S 
by open sets. Let A consist of sll x E S such that U contains a simple chain 
from a to X, It b E A, the proof is complete. Suppose b ^ A. Then S = 
A VJ — A) is a decomposition of S into disjoint sets A, S — A, such that 
a E A, b E S — A. As a is g-equivalent to h, these sets are not separated. 
Suppose an a; G A is a limit point of jS — A. If aSi , S 2 ? • • • ? >5* is a simple 
chain of open sets of U from a to x, then S^ must contain at least one point, y, 


2*Compare J. R. Kline [a] Theorem A. 
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of S — A. But then either the collection /Si , • • • , /S*_i or the collection Si , 
• • * , /Sfc constitutes a simple chain from a to contradicting the definition of 
A, On the other hand, if /S — ^ contains a limit point, of A, let /S' G U 
contain y. Then /S', being open, contains a point x ^ A. As there exists a 
simple chain /Si , • • • , /S^ of sets of U from a to x, the collection /Si , • • • , /S* , 
/S' is readily shown to contain a simple chain from a to y, again contradicting 
the definition of A. We must conclude, then, that & G A. 

12.4 Corollary. If Sis a space, a E: S, then the quasi-component of S which 
contains a is identical with the set of points which can be simply chained to a in 
every covering of S by open sets. 

12.5 Corollary. A space S is connected if and only if, for arbitrary a, 
b E S and covering Vi of S by open sets, U contains a simple chain from a to b. 

12.6 Definition. A space S is called compact^ if every covering of S by 
open sets contains a finite covering of S. Specifically, if {XJy] is a collection of 
open sets ?7, covering S, then a finite number of the Uy cover S. 

An interesting connection between the notion of compactness and the notion 
of simple chain may be made as follows: 

12.7 Theorem. If I is defined as in §11, and is simply ordered as in Theorem 
11.5, then every covering of I by open intervals is reducible to a finite covering of L 

Proof. We showed in Theorem 11.7 that every open interval of I of the 
type {x\p < X < q], where p and q are fixed elements of /, is also an open set. 
Similarly the intervals of type A'(p), p ^ a, and B'{p), p ^ b, are open (see 
proof of Theorem 11.7). Thus every covering of I by open intervals is a covering 
of I by open sets, and by Corollary 12.5 contains a simple chain from a to b. 
We leave to the reader the proof that such a simple chain is again a covering of L 

An interesting consequence of Theorem 12.7 is that if the topology of a space 
S which is irreducibly connected about two of its points is defined in terms of 
the order relation as above, then the compactness of S follows without any 
appeal to separability. In particular, if the order type of the real number 
continuum is defined in the usual manner, the compactness is not dependent 
on the separability assumption. And inasmuch as the higher-dimensional 
euclidean spaces are definable, as we note below, as product spaces of the real 
number continuum, the like observation holds for these also. 

It is trivial, in view of the above, that every arc is compact. For in the case 
of the arc, the topology is definable in terms of the open interval neighborhoods 
(see proof of Theorem 11.12). 

As regards the relation between the properties compact and countably com- 
pact, we note the following theorem, which, incidentally, discloses the motive 
for the term ^^countably compact.^’ 


use compact here in the sense of the bicompact of Alexandroff and Urysohn [d; 12]. 
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12.8 Theorem. If a space S satisfies the 2nd Hausdorff axiom and the weak 
separation axiom, then the following properties are equivalent : (1) Countably 
compact] (2) If the subsets M„ (n = 1, 2, 3, ■■•) of S are nonempty and closed 
and M„ D M„+i for all n, then Mn 9 ^ 0; (3) Every covering of a closed subset 
of S by a countable collection of open sets has a finite subcollection covering the set 

Proof. The equivalence of (1) and (2) is given in Lemma 10.21. That 
(2) implies (3) may be seen as follows: If M is a closed set and the collection 
{Un}, n = 1, 2, S, • • • , of open sets covers M, then some set M — L/Li Un 
is empty, else, by (2), Jkf ~ Un 9^ 0, implying that the collection {Un} 

fails to cover M. (The set uu Un is open by 4.4. And if U is an open subset 
of Sj then M — I/ is closed, being the intersection of the closed sets /S — tT 
and M (4.3).) 

That (3) implies (1) may be shown as follows: Suppose S has a sequence of 
distinct points Xi , • • • , Xn , • * • such that X = \Jn^i Xn has no limit point. 
Then the sets Uk = S — are open sets, since U:-. is closed. But 

the collection. { Ut] has no finite subcollection which covers S. 

12.9 Corollary. If a compact space S satisfies the 2nd Hausdorff axiom 
and the weak separation axiom, then S is countably compact. 

The proof follows from the lemma: 

12.10 Lemma. If a space S is compact, M is a closed subset of S, and U is 
a collection of open sets of S covering M, dim a finite subcollection of U covers M. 

Proof. Since M is closed, /S — If is open. Hence the collection U', whose 
elements are S — If and the elements of 11, is a collection of open sets covering 
8 and, as S is compact, has a finite subcollection U" covering S. Evidently 
those elements of U" that belong to U cover M. 

That a space which is countably compact may fail to be compact is shown 
by the space of Example 10.23. For in this space, each of the ordinal numbers 
has a neighborhood consisting of an open interval whose upper boundary point 
is an ordinal of the first or second class; and the sets S„ are neighborhoods of 
the points they contain. And in this space, S, the neighborhoods are open, but 
the covering constituted by them has no finite subset covering S — ^indeed, no 
denumerable subset of this covering is a covering of S. 

12.11 Theorem. A necessary and sufficient condition that a space M be 
compact is that it be homeomorphic with a closed subset of a compact space S. 

Proof. The necessity is trivial, since M is closed in itself. 

To prove the sufficiency, suppose that M is homeomorphic, under a homeo- 
morphism/, with a closed subset M' of a compact space S, and let U = { U] be 
a collection of open sets U covering ilf. For each U, let U' ~ f(U). As the sets 
M — U axe closed, the sets M' — U' are closed rel. ilf' (§5)-, and as M' is closed 
in 8, the sets M' - U' are closed in S (cf. 2.2). Hence the sets 8 - (M' - U') 
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are open in 8, That is, {S — M') U U' is an open subset F' of 8 such that 
7' n ikf' = U\ 

Since S is compact, a finite collection of the sets 7' covers 8, and conse- 
quently a finite set of the sets U' covers M\ As the corresponding cover 
Mj the theorem is proved. 

It will be noted that in proving Theorem 12.11 we have also proved: 

12.12 Lemma. If U is an open subset of a space M, and M is homeomorphic 
with a closed subset M' of a space 8, then 8 has an open subset 7 such that 
V r\ M' = U\ where U' is the image of U in M\ 

The following theorem, of interest in analogy to Theorem 12.8, is of great 
importance in later chapters: 

12.13 Theorem. In order that a space should be compact, it is necessary and 
sufficient that if is a simply ordered series of nonempty closed sets such that 
for ai < az , D F^, , then 

Proof. The condition is necessary. For if = 0, then jS — = 8. 

But since /S — (8 — F a) j and each set 5 is open, the space ;S 

is covered by a finite number of the sets 8 — F^ • It follows that for some 
a — a', 8 — Fct' == S — ^i.e.. Fa' = 0, contrary to hypothesis. 

The condition is sufficient. Let U be an infinite collection of open sets covering 
8, and let p denote the smallest cardinal number such that a subset U' of U 
of cardinal number p covers 8. If p is infinite, let p = Ky , and let J7i , • • • , 
Ua , • • • be a well-ordering of U' of order type coy , the latter being the first 
ordinal of its class. Let = >S — U.x Ua for each /5 < Wy . Then no F^ 
can be empty, else the sets Ua of subscript g p form a subset of U of cardinal 
number less than p covering 8, Hence n F^ 7 ^ 0. But then no point of 
is covered by the collection U'. We conclude that p must be finite. 

The following definition is fundamental: 

12.14 Definition, By a continuum we shall mean a nondegenerate, com- 
pact, connected space. 

Another interesting example of the application of the notion of compactness, 
as well as an application of Theorem 12.13, may be made as follows: We showed 
in Theorem 10.27 that every countably compact, separable, connected space S 
which is nondegenerate has at least two non-cut points. With the stronger 
notion of compactness, the separability assumption may be dropped; 

^For a discussion of such properties as are exemplified here, see P. Alexandroff and P. Ury- 
sohn [d]. So far as I have been able to determine, Theorem 12.13 was first proved by R. L. 
Moore in 1919 [a], for a certain class of Fr6chet spaces. In this connection, Moore raised the 
question “whether it is not desirable to substitute, for Fr^chet’s definition of the word compact, 
a definition which is, for some spaces, .... more restrictive than that of Fr^chet;” and there- 
upon called “compact in the new sense^' a space having the property stated in Theorem 12.13. 
(Apparently this was the first suggestion that use of the term “compact” in the sense employed 
above might be desirable.) 
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12.15 Theorem. Every continuum {in which the 2nd Hausdorff and weak 
separation axioms hold) has at least two non-cut points. 

Proof. Let /S be a continuum and let N be the set of non-cut points of S, 
Suppose N contains at most one point. Let Xq G S — N, Then S — Xq = 
A'UB separate, where B N, 

For each x ^ Aj select a fixed separation S -- x = A{x) VJ B(x) separate, 
where Xq E: B{x). By Theorem 9.8, A{x) ^ x is connected and as it is a subset 
of S — Xq must lie wholly in A (Theorem 7.1). Let the sets A{x) be partially 
ordered by D. Then there exists a maximal simply ordered subset {A{x^] 
of lA{x)}. 

Now A{Xp) == [Aixp) VJ Xp], For if Xr, ^ A{xp)j then B{xp) VJ Xp , 
as a connected subset of >8 — a;, , must lie wholly in A{Xyf) or B{xZ), and as 
Xq G B{xp) r\ B{xZ)j Xp must lie in B{xr,), Then A{xZ) VJ a;, , as a connected 
subset of S — Xp j must lie in A{xp), 

The set A{xp) W Xp is compact, being a closed subset of the compact space S 
(Theorem 12.11), and hence, by Theorem 12.13, ^pI ^ 0- Hence 

there exists p G n A(xp). But if ^ G A(p), then, as shown above, $ -4(2) C 
n A{Xp). Thus the assumption that N contains at most one point leads to 
contradiction. 

12.16 Corollary. Every continuum {in which the 2nd Hausdorff and weak 
separation axioms hold) is irreducihly connected about the set of its non-cut points, 

(Cf. Proof of Theorem 10.30.) 

In the remarks following Theorem 12.7 above we mentioned the definition 
of the higher-dimensional euclidean spaces as product spaces of the real number 
continuum. For example, if Rx , R^ are two spaces homeomorphic with the 
space R^ of real numbers, then the cartesian plane is topologically equivalent 
to the space E^ whose points are the ordered pairs {xi , X 2 ), Xi E Ri , X 2 G R 2 , 
and whose neighborhoods are the products of neighborhoods of Ri and R 2 . 
Thus, if (a, h) is a point of the space E^, and U{a) is a neighborhood of a in 
Rx and U{b) is a neighborhood of b in R 2 j then the set of all pairs {xx , xZ)^ 
Xx E U{a)j X 2 E U{b), constitutes a neighborhood of (a, b) in E^, The topo- 
logical structure of three-dimensional cartesian space is similarly defined as the 
product of three real number spaces, etc. 

In general, if /Si , • • * , >Sn are spaces, then the product space Sx X S 2 X 
• • • X Sn has as points the sets {xx , X 2 , • • * , Xn) such that x* G Si , and if 

{ax f • • • , aZ) is one such point and U{ai) a neighborhood of ai in Si , then 

{(xi , rc 2 , • • • , Xn) 1 Xi G U{ai), i == 1, 2, • • • , n} is a neighborhood of 

{ax j ' • ' , CLn) in Sx X S 2 X • • • X Sn . 

One of the uses to which the, notion of product space may be put is that of 
defining new types of configurations from the elementary ones. For example, 
the torus is the product of two >S^'s. We are more interested here, however, in 
the fact that the elementary ^'building blocks’’ of the complexes of combinatorial 
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topology (cf. §6),jb}ie n<ells defined above (§11.16), are so definable. Thus, 
the clo^d 2-cell, is the product space of two arcs, and generally the closed 
n-cell, is the product space of n arcs. Consequently, since the arc, as shown 
above, is recognizable so simply among the general spaces above employed — 
namely, spaces satisfying the 2nd Hausdorff and the weak separation axiom — 
the notion of product space readily affords a definition of the ?^-sphere, S'", for 
example. Specifically, if is a space forming an arc from a to ?> (a, 6 G K), 
and L a space forming an arc from c to d (c, d G L), then K X K X d^aX L, 
h X L together fornTa 1-sphere J^the boundary of the formed by K X L. 
And given two such S^^s, say El ^ El , with boundaries h and J 2 , respectively, 
there exists an obvious homeomorphism h between Ji and J 2 which we use in 
order to identify Ji and J 2 so as to form one which we call J. That is, if 
Xi E: Ji , X 2 Ei J 2 , and Xi and X 2 correspond under ^e homeoi^rphism /i, then 
we identify Xi and X 2 as one point x, but the sets El — Ji , El -- J 2 remain 
disjoint. To complete the process we define neighborhoods of the jatter two 
sets as before; for a point x of /, we combine neighborhoods of El and El 
which meet J in the same open intervals. 

We do not carry out the details here, nor go through the process of shovdng 
that the above space is actually the homeomorph of the S>^ as defined in §11.16. 
We merely point out the general way in which one may now proceed to define 
the n-sphere topologically. However, this method of definition, while useful 
for some purposes, is not suitable from the standpoint of general topology. 
For example, how is one to recognize that a given topological space is an n- 
sphere? Of course, we expect such a space to be connected; also separable 
and countably compact. If in addition it has no cut points but every pair 
of points disconnects it, we know by Theorem 11.21 that it is an But 
suppose this is not the case, and we suspect the space to be an How are we 
going to recognize it as the proper combination of jB^'s? We may not even 
know that it contains an especially if we are able to recognize the latter 
only as a product space of two arcs. And we may expect the recognition problem 
to be even more difficult in the case of higher-dimensional configurations. In 
short, the fact that a given space is a product space is not readily determinate, 
as a rule, from its topological structure. We shall see in the sequel, to be sure, 
that in the case of for instance, we may give a nice extension to the theorem 
just quoted above (Theorem 11.21) for recognizing S^, so that 5^, and, more 
generally, what are known as the 2-dimensional closed manifolds, are charac- 
terized among the general topological spaces by simple topological properties. 
Further than this we shall be unable to go. That is, no comparable character- 
ization of is known. We shall, however, give simple definitions of higher- 
dimensional configurations, which we shall call generalized manifolds^ which, 
when metric and compact, reduce to the in the 1-dimensional case and to the 
2-dimensional manifolds in the 2-dimensionaI case, and which seem to have the 
properties to be expected of a unified theory of ^^sphericaF' or “manifold^^ spaces. 
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CHAPTER II 


LOCALLY CONNECTED SPACES; FUNDAMENTAL PROPERTIES 
OF THE EUCLIDEAN n-SPHERE 

A basic property of the classical manifolds, and in particular of euclidean 
spaces, is that of local connectedness. In the present chapter we introduce 
this property in what we might caU its “zero-dimensional” aspects. 

We shall show, first, that it may be used in place of compactness properties 
to characterize the elementary configurations (arc, S^) discussed in Chapter I. 
We shall then give some important properties of locally connected spaces and 
investigate in particular the euclidean n-sphere from the point of view of local 
connectedness. In the latter connection, we establish further motive and 
justification for much of the material to be given in later chapters. 

1. Local connectedness. We begin by recalling Examples I 10.3 and I 
10.13. In the case of the former, we notice that every circle with center (0, 0) 
and radius <1 encloses a portion of S that has infinitely many components; 
likewise, in the case of Example I 10.13, a circle with center (1, 0) and radius 
<1 encloses a portion of the space in question that has infinitely many com- 
ponents. Each of these spaces fails to have, for certain points, what we shall 
call “local connectedness.” The notion indicated by this term may be defined 
in a variety of ways, of which we give only three: 

1.1 Definition. A space S is called quasi-locally connected — abbreviated 
Icq — at a: G if every neighborhood U oi x contains a neighborhood 7 of a: 
which lies entirely in one quasi-component of U. 

1.2 Definition. A space jS is called weakly locally connected — abbreviated 
lew — at a: G (S if every neighborhood U oi x contains a neighborhood 7 of a; 
which lies entirely in one component of U. 

1.3 Definition. A space S is called locally connected — abbreviated Ic — at 
X G (S if every neighborhood U oi x contains a connected open set 7 such that 
X G 7. 

That lew is stronger than Icq is shown by the following example: 

1.4 Example. In the polar coordinate plane of points (p, ff), let /S„ denote 

the sector defined by the relations 0 < p ^ 1, x/n ^ ^ v/{n -f 1). In 

jSi W let My = {(p, 0) 1 [0 = X, p ^ 1/2] V [p = m, m irrational, 1/2 < 
m < 1]}. In S 2 let M 2 = { {p, 6) \ 6 = mx, m irrational, 1/4 g p ^ 1/2}. In 
Si \J Si let Mi = {(p, e) \ p = m, m irrational, 1/4 < m < 1/3}. In Si let 
Mi = {(p, 0) 1 0 = «ix, m irrational, 1/6 ^ p ^ 1/4}. In general, for any 
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natural number > 1, in /Sjn-i W S 2 n let Mzn-i = {{p, d) \ p = m, m irrational, 
l/2n < m < 1/ (2n — 1) } ; and in let M^n = { (p, 0) [ = mir, m irrational, 

l/(2n + 2) ^ p g l/2n}. Denoting the point (0, 0) by p, let ikf '== p W 
U:- 1 Mn . Then M is a connected space, and is Icq at 'p. But M is not lew at p. 

It may also be shown, by example, that (in spaces admitting open sets as 
neighborhoods) Ic at a point is actually stronger than lew at a point. However, 
the important fact for our purposes is that these definitions define properties 
the existence of any one of which at all points of a space of quite usual type 
(see the next theorem) implies the existence of the other two at all points. 

1.5 Definition. A space is called Icq (lew, Ic) if it is Icq (Icw^ Ic) at all 
its points. 

We recall that we have seen (I 4.8) that if a space satisfies the 3rd Hausdorff 
axiom (I 4.7), then the system of all open sets may be used as a neighborhood 
system such that each open set is a neighborhood of every point that it contains. 
In the present section we shall in general assume that all spaces under consideration 
satisfy the 2nd and 3rd Hausdorff axioms as well as the weak separation axiom. 
Such spaces we call weak Hausdorff spaces. 

1.6 Theorem. If a space S is Icq, then it is lew. 

Proof. Suppose there exists p G S such that S is not lew at p. Then there 
exists a neighborhood i7 of p such that every neighborhood V of pin U contains 
some point that is not c-equivalent to p in U. Let Q be the quasi-component 
of U that contains p. Then some a; G Q is a limit point of i7 — Q; otherwise, 
Q being closed in U (Theorem 1 8.8), we would have U = (U — Q) separate, 
Q would be connected, and there would exist a V such that p E: V C. Q- Then 
X, and 17 as a neighborhood of x, fail to satisfy the condition stated in Definition 
(1.1) for Icq at x. 

1.7 Theorem. If the space S-is lew, then S is Ic. 

Proof. Let x ^ S, and let i7 be a neighborhood of x. As S is lew, there 
is a neighborhood V of x such that V lies in one component C of U. If C is 
open, it is an open connected neighborhood of x satisfying the Ic condition. 
That such is the case becomes apparent when we consider that the existence 
of a p G C that is a limit point of U — C will constitute a violation of the fact 
that S is lew at p. 

From Theorems 1.6 and 1.7 we have: 

1.8 Theorem. A space that is Icq is also Ic. 

For applications in the next section, we need the following two lemmas: 

1.9 Lemma. If a space S is Ic and K is a closed subset of S, then S — Kis Ic. 

1.10 Lemma. If a space S is connected and Ic, and x ^ S such that S — 

X B separate, then A ^ x is connected and Ic. 
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Proof. That A KJ x is connected follows from Theorem I 9.8. Let U be 
an open subset oi A KJ x containing x. Then C7 U jB is an open subset of S 
containing x, and accordingly TJ \J B contains an open connected subset V 
of S which contains x. Then V — a; = (V r\ A) U {V r\ B) separate, and 
(V r\ A) yj X is an open connected subset of U — ^for from the closure of >8 — F 
follows the closure of (A KJ x) — F, the latter being the complement of 
{V r\ A)\J xinA^J X. 

2} Irreducible Ic-connexes ; recognition of and ;S^ among Ic spaces. In order 
to apply the notion of local connectedness to the problem of the characterization 
of the arc and the we first make the following definition: 

2.1 Definition. A space will be called an irreducible Ic-connexe about 
a point set iC if S is connected, Ic, and contains but has no proper subset 
having these properties. 

2.2 Theorem. In order that a space S should be an irreducible Ic-connexe 
about a set K, it is necessary and sufficient that S be Ic and irreducibly connected 
about K, 

Proof. The sufficiency is obvious. To prove the necessity, we apply 
Theorem I 10.5. Let x E: S -- K. Then S — x = A 'U B separate. For 

— a: is Ic by Lemma 1.9, and if it were also connected, then S would not be 
an irreducible Ic-connexe about K, 

Furthermore, Ar\Kp^09^Br\K, For were K C A, for instance, then 
by Lemma 1.10, A W would be a connected and Ic proper subset of S con- 
taining K. 

2.3 Corollary. No space S is an irreducible Ic-connexe about a connected 
subset that is not itself Ic, 

2.4 Theorem. If S is an irreducible Ic-connexe about a compact subset A, 
then S is compact. 

Proof. Let VL be any collection of open sets covering S. Then if x £ /S, 
there exists U E U such that x E U. As S is Ic, there is an open connected 
set R{x) such that x E Rix) C U. For each a: G ^ let there be assigned such 
an R(x). The totality {12 (a:)} covers Sj and as A is compact, a finite number 
of the sets i2(x), say R(xi), - • • , !?(%), covers A. As /S is connected, there 
exists for each i > 1 a simple chain E,* of sets R{x) from Xi to Xi (Theorem I 
12.3). Let the sets R(x) present in such chains E< be denoted by R{Xk+i), • - • , 

Let R = wLi R(jXi). Since the sets R(Xi) can be rearranged, according to 
chains E 2 , Ea , • ' • ? E* , so as to satisfy the hypothesis of Theorem I 7.3a, 


^The spaces considered in this section need only satisfy the 2nd Hausdorff and weak separa- 
tion axioms. 
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their union R is connected. And since, by Theorem 2.2, S is irreducibly con- 
nected about A, and i? D A, we must have R = S. Accordingly, if we select 
for each R(Xi) a set C/,- G U such that R(Xi) C Ui , the sets Ui form a finite 
subset of XL covering S, and S is therefore compact. 

2.5 Corollary. If S is an irreducible Ic-connexe about a finite point set, 
then S is compact. 

As a consequence of Theorem I 11,12 and Corollary 2.5 we have: 

2.6 Corollary. If a separable space S is an irreducible Ic-connexe about a 
pair of distinct points a, b, then S is an arc from a to b. 

It is well known that not every countably compact, separable connected space 
is compact. However, we can state: 

2.7 Theorem. If S is a countably compact, separable, Ic, connected space, 
and S has a compact subset A which contains the set of non~cut points of S, then 
S is itself compact. 

Proof. By Corollary I 10.32, S is irreducibly connected about the set A. 
Hence is irreducibly connected about a compact set and by Theorem 2.4, S 
is itself compact. 

2.8 Corollary. If the set of non-cut points of a countably compact, separable, 
Ic, connected space S is compact, then S is itself compact. 

Corollary 2.6 shows that the arc may be characterized without any com- 
pactness assumption whatsoever, by use of the Ic notion. In line with the 
remarks in the latter part of §I 12 we can therefore assert that the n-cell, the 
n-sphere, etc., may, through the notion of product space, be topologically 
characterized on the basis of the Ic “weak HausdorfE^' spaces, without any 
compactness assumptions whatsoever. 

We shall next obtain characterizations of the 1-sphere analogous to those of 
Theorems 1 11.21 and 1 11.23, but with the Ic condition replacing the compactness 
assumptions. We need the following lemma and corollary: 

2.9 Lemma. In a space whose neighborhoods are open, the boundary of every 
point set is closed. 

2.10 Corollary. A countably compact space whose neighborhoods are open 
is locally peripherally countably compact. 

2.11 Theorem. If a separable quasi-closed curve is Ic, then it is a 1-sphere. 

Proof. By definition, a qua^-closed curve S_is the union of two Fs (cf. 
§I 10)j» say Ji and I 2 ? such that Ii r\ I 2 = Ii r\ I 2 = a U b. By Lemma 1.9, 
5 — J 2 is Ic, If we can show that Ii is Ic at a and h and separable, then Ji is 
an arc by Corollary 2.6, and since by symmetry I 2 is likewise an arc, S is then 
a 1-sphere. 



44 


LOCALLY CONNECTED SPACES; THE n^SPHERE 


[ 11 ] 


By Theorem 1 11.20 and Lemma 1.9, S — his connected and Ic. Application 
of Lemma 1.10 to S — b (with replacing the of that lemma) shows 
that Ji — 5 is Ic; in particular, then, Ii is Ic at a and^by similar reasoning, at 5. 

^ be a den umerable subset of S such that X — S. Since A is open, 
evidently X r\ A Z) A, and consequently the closure of (X r\ A) VJ a \J b 
contains Ii . 

From the above theorem, and Theorems I 11.20 and I 11.22, we have: 

2.12 Theorem. If a nondegenerate separable, connected space is Ic, has no 
cut points, and is disconnected by the omission of each pair of its points, then it 
is a 1-sphere. 

2.13 Theorem. If a nondegenerate, separable, connected space is Ic and is not 
disconnected by the omission of any connected subset, then it is a 1-sphere. 

The importance of the above theorems is that they afford characterizations 
of the 1-sphere that are independent of the fact that the 1-sphere is the union 
of two arcs; i.e., they do not in any way make use of the definition of the arc. 
Later when we come to the 2-sphere (or, more generally, the 2-manifold), we 
shall again obtain characterizations that do not depend on the fact that the 
configuration is made up of the corresponding euclidean element (the 2-cell). 

When we come to the 2-sphere we shall find that one of the most important 
characterizations makes use of the so-called Jordan Curve Theorem, and for 
the sake of unity we shall give here its 1-dimensional analogue. The latter 
makes use of the simple fact that a 0-sphere in a l-sphere separates the 1-sphere 
into exactly two components of which it is the common boundary: 

2.14 Theorem. Let S be a connected^ space containing at least one Q-sphere^ 
and such that if is any 0-sphere of S, then S — has just two components. 
Then S is a quasi-closed curve. 

Proof. By Corollary I 9.5, every 0-sphere separates S. Hence if we can 
show that S has no cut points, it will follow from Theorem I 11.20 that 5 is a 
quasi-closed curve. 

Suppose X Ei S such that S — x = AU B separate. Then if a G A, A — a 
is connected. For were A — a ^ AiKJ A 2 separate, then would /S — (x VJ a) = 
(A — a) VJ J5 separate = Ax \J Az ^ B, where the latter sets are multi wise 
separate, although by hypothesis 5 — {xKJ a) can have only two components. 
And since A KJ x is connected (Theorem I 9.8), A has infinitely many points 
(Theorem I 7.15) and has a: as a limit point (Theorem I 7.12). Similarly, B has 
infinitely many points, and if 5 G B, B — 6 is connected and has a; as a limit 
point. 

Then S — (a \J b) (A a) KJ (B — b) \J x, where A — a, B — 5 are 
nonvacuous and connected, and have x as a limit point. It follows that S — 

^As a matter of fact, instead of assuming that S is connected, it is sufficient to assume that 
the number of points in /S is not 4. 



SOME GENERAL PROPERTIES OF LC SPACES 


45 


(a U b) is connected (Theorems I 7.2, 1 7.3), and thus the assumption that S 
has a cut point leads to a contradiction of the hypothesis. 

As corollaries of the above theorem and of Theorems I 7.14 and 2.11, we can 
now state: 

2.15 Theorem. If the connected, separable space S is locally peripherally 
countably compact, contains at least one O-sphere and is separated by every Q-sphere 
into just two components, then S is a 1-sphere. 

2.16 Theorem. If a connected, separable Ic space S is nondegenerate and is 
separated by every 0-sphere into just two components, then S is a 1-sphere. 

3. Some general properties of Ic spaces. Unless otherwise stated, we shall 
assume that the spaces considered are weak Hausdorff spaces. 

3.1 Theorem. In order that a space S should be Ic, it is necessary and sufficient 
that all components of open sets be open. 

Proof. The condition is necessary. For let C be a component of an open 
set U, and x ^ C. As U is open, x ^TJ, and S is Ic, there exists by 1.3 a con- 
nected open set V such that x ^ V C. U. Every point of V is c-equivalent 
to X in U, and as C is the set of all points of U that are c-equivalent to x in 
U, we must have V C. C. Accordingly C is open (I 4.2). 

The condition is sufficient. For let x G 5 and U any open set containing x. 
Then the component of U containing x is open, and may serve as the set V 
satisfying the requirement of Definition 1.3. 

3.2 Corollary. If S is Ic and U an open subset of S, then every union of 
components of U is open. 

3.3 Theorem. If S is Ic, B is the boundary of a component C of an open set, 
and S -- C 7 ^ 0, then — JB = CVJ(/S — C) separate. 

Proof. By the preceding theorem, C is open. As /S — 0 is open (I 4.9), 
the sets C and C are separated. All we need to notice, then, is that S — 
B = Cyj {S- C) (cf. I 7.7). 

3.4 Corollary. If C is a component of an open subset P of a connected 
and Ic-space S, and C ^ S, then the boundary of C is a nonempty subset of S -- P. 

3.5 Corollary. If A is a closed subset of a connected and Ic space S, then 
every component C of S A has limit points in A. 

3.6 Theorem. In an h space any two points that are q-equivalent in an open 
set U are also c-equivalent in U. 

Proof. Let a, b & U he g-equivalent. As U is open, every point x of 17 
is in a connected open subset F, of U. By 1 12.3, there exists a simple chain 
of such sets F, from a to h. It follows that a is c-equivalent to 6 in U (I 7.3a). 
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3.7 Definition. Let A and B be disjoint subsets of a point set M. Then 
by a set H(A, B)M we shall mean a connected subset of ilf — {A KJ B) that 
has limit points in both A and B. 

3.8 Theorem. Let A and B be closed, disjoint subsets of a connected and Ic 
space S. Then 8 contains a set H(A, B)S. 

Proof. Consider a component C of /S — -4 U B. By Corollary 3,5, C has 
a limit point in at least one of the sets A, B, and if in both, then the theorem 
is proved. Suppose every such component has limit points in only one of the 
sets A, B. Then 8 = 8 a 8 b , where 8 a consists of A and all components 
C of 8 — (-4 VJ J5) which have limit points in A, and 8 b is defined similarly 
relative to B. 

The sets 8 a , 8s are disjoint, else some C has limit points in both A and S. 
Hence, since 8 is connected, 8 a , say, contains a limit point a of 8 b • Suppose 
a G /S^ — 4[. Then a is a point of some set C which has limit points in 41. 
As B is closed and 8 is Ic, there exists a connected neighborhood E7 of a such 
that U (A yj B) =0. But as a is a limit point of 8 b , U must contain some 
6 G — JS. Evidently b is therefore a point of some set of type C, which 
we call C', which has limit points in B. Both C and C" contain points (a and b) 
of a connected subset, U, of 8 — A yj B, so that necessarily C = C\ But this 
contradicts the supposition that no such component has limit points in both 
A and B. 

Suppose n G A. Let Uhea connected neighborhood of a such that !7 H B — 0. 
Then U contains a point 6 of some component of type C which has limit points 
in B. (We continue to denote this component by C.) Let U = Ui yj th j 
where Ih is the portion of U in C, and U2 — U — Ui . As C is closed in B — 
A yj B and has no limit points in A, the set Ui is closed in U, Hence, as U is 
connected, Ih contains a limit point x of U2 • But now the method used in 
the preceding paragraph can be employed to show that C contains points of U2 , 
again affording a contradiction. 

3.9 Definition. Let A and B be subsets of a point set M. Then by a 

set B)M we shall mean a set H{A, B)M in case A H B = 0; but in case 

A r\ B 9^ 0, then it is either (1) an H(Ai , Bi}M, where Ai == A “ A H B and 
1 Bi = B — A n B, (2) a component of A H B, or (3) a component of 8 — 
(A yJ B) having a limit point in A Pi B. 

3.10 Theorem. Let 8 be an Ic space, A and B be closed subsets of 8, and N 
a connected subset of 8 that meets both A and B, Then some point of N is also a 
point of an H^{A, B)S- 

Proof. Suppose no H*(A, B)8 contains a point of N, We form two sets 
A', B' as follows: If x G A' P A, we place x in A', and if 2 / G A P B, we place 
y in B\ If rr G A — (A VJ B), we consider the component of B — (A O B) 
which contains x. By Corollary 3.5 C* has limit points in A W B, but by our 
supposition (7a, can have limit points in only one of the sets A, B. Then if the 
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limit points oi C 3,1x1 A \J B are in A, we place x in A'; otherwise in B', Then 
N ^ A' \J B\ and A' n = 0. 

As N is connected, A' and 5' are not separate; hence we may suppose that 
A' contains a limit point, p, of JS'. Now p ^ A — (A U 5), since if it were, 
a connected neighborhood Up of p such that Up r\ {A VJ B) = 0, together 
with a Ca, for some x ^ Up r\ S', would enable us to show that Cp has limit 
points in B. Hence p G iV Pi A. But in this case, we select a connected Up 
such that Up r\ B = 0, and again let x ^ Up r\ B\ Then as C,,, is open by 
Theorem 3.1, Up is an open connected subset of S, and is Ic. Hence by 

Theorem 3,8, (7* U Up contains a set R(Xy A)S. Evidently the latter set and 
C* together form a set H(A, B)S that contains x, contradicting our initial 
supposition. 

Remark. Evidently Theorem 3.8 can be considered as a special case of 
Theorem 3.10 (by simply letting N ^ Sin. the case of 3.8). 

4. ‘‘Phragmen-Brouwer properties” and their equivalences in Ic spaces. We 
now define a set of properties which, as we shall see later, all hold for the 
euclidean n-sphere /S”. Their equivalence will be demonstrated, however, for 
the general Ic spaces. 

4.1 Definitions. For any space S, we define the following properties: 

Property I. If A and B are disjoint closed subsets of 5, and x, y ^ S such 
that neither A nor B separates (I 5.11) x and y in /S, then A\J B does not 
separate x and y in S, 

Property V (Phragmen-Brouwer Property). If neither of the disjoint closed 
subsets A and B of S separates S, then AKJB does not separate S. 

Property II (Brouwer Property). If Af is a closed, connected subset of S 
and C is a component of S -- M, then the boundary of C is a closed and con- 
nected set. 

Property III (Unicoherence). If = A U B, where A and B are closed and 
connected, then A r\ B is connected. 

Property IV. If F is a closed subset of S, and Ci , C2 are disjoint components 
of S — F which have the same boundary, B, then B is closed and connected. 

Property V. If A and B are disjoint closed subsets of B, a G A, b G B, then 
there exists a closed, connected subset C of S — (A W B) which separates 
a and 6. 

4.2 Theorem. In a connected and Ic space S, Properties I and 1' are equiva- 
lent 

Proof. That Property I implies Property I' is trivial. 

Suppose that the connected and Ic space S has Property I' but not Property 
I. Then S contains two points x, y and two disjoint closed point sets A, B 
neither of which separates x and y but whose union does. We shall define 
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sets Fi , F 2 as follows: If is the component of 5 — (A U S) that contains 
Xj then 2/ ^ C* and if F is the boundary of it follows from Theorem 3.3 that 

(L12a) S -- F = Ca:^ {S — C:,) separate. 

Let E n A = Fi , j? n H =: f 2 . Then F = U F2 and 7^ 0 F^ ; for 
if Fi = 0 then F C. B, and (1.12a) implies that S — B = (S — Co; — B) 

separate and B separates x and y, contrary to hypothesis. 

Now it follows, by similar reasoning, that the com£onent of S — F that 
contains y has limit points in both Fi and F 2 . Let Cy H Fi = Bi , i = 1,2, 
and jB* = U jBg . Also, let if* denote the component of S — B* which 
contains 'C* . As every point of F is a limit point of (7* , so must every point 
of B* be a limit point of if* • Consequently B* is the common boundary of 
the disjoint domains if * , Cj, . 

To Bi let us add every component of B — B* that has its boundary entirely 
in Bi and call the resulting set Bi . Similarly form a set Bi relative to Bg . 

The set S — Bi is connected. For let C be a component of B — B( . Suppose 
C n B2 = 0. Then C C B ~ B*. Let C' be the component of B ~ B* that 
contains (7. If the boundary B' of C' were entirely in Bi , then would C C C' C 
Bi . If B' were entirely in B2 , then we would have C d C. Bi and conse- 
quently, since B2 C — B( , we would have C' C. S — Bi and (7 Pi B2 7^ 0. 
Finally, were B' P Bi 7^ 0 5?^ B' A B2 , we would again have C' C B — BI 
and hence C P B2 7^ 0. 

Consequently (7 P B2 7^ 0. But Cy \J Bi is a connected subset of 

B ~ Bi , and as every component (7 of B — BJ has limit points in Bi , the set 
S — Bi is connected. Similarly S — Bi is connected. But B — {Bi \J Bi) 
is not connected, since if* and C are disjoint components of the latter set. 
This contradicts the fact that B is supposed to have Property I'. 

4.3 Theoeem. In a connected and Ic space B, Properties I a7id II are 
equivalent 

Peoof. Suppose B has Property II but not Property 1. We repeat the 
first part of the proof that I' implies I in Theorem 4,2 — specifically, through 
the first paragraph and the first sentence of paragraph two of the proof that 
T imphes I. We then conclude as follows: But Cy is a component of B — C* , 
since C:,. = C:, 'U F. And <7* is closed and connected. Then the boundary 
of Cy should be connected since B has Property 11. But the boundary of Cy 
has points in both Fi and F2 and is therefore not connected. 

Conversely, if B has Property I, then B has Property II. Suppose (7 a com- 
ponent of B If, where Mis a closed, connected subset of B. Then by Theory 
3.3, if B is the boundary of (7, and B is not connected, B-~B = CO(B — C) 
separate. (If B is not connected, ilf — B 7^ 0 and hence B — C 7^ 0.) Let 
B — Bi B2 separate. Some point y of M is in an ^(Bi , B2)B =» <7', by 
Theorem 3.10. If a; G C, then Bi does not separate x and 2^ in B (since C \J 
B2 U (7' C B — Bi), and the same holds for Ba . But B separates x and y. 
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4.4 Theorem. In a connected and Ic space Sj Properties I, III and IV are 
equivalent 

Proof. Property I implies Property III. Suppose S is the union of two 
closed, connected sets Si and S 2 , but that Si r\ S 2 = A U B separate. By 
Theorem 3.10, some point x of S 2 is in a set i?'(A, B)Sj and therefore the com- 
ponent Cl of S — Si tha^contains x has limit jpoints in both A and B, How- 
ever, Cl C S 2 j implying Ci C S 2 ^ and hence Ci r\ Si C Si r\ S 2 = A U B, 
But by Theorem 4.3, the boundary of Ci should be connected. 

Property III implies Property IV. Suppose S has Property III but not 
Property IV. Then S has a closed subset F and two disjoint components Ci , 
C 2 of S — F with commnn, boundary B U Bs separate. By Theorem 3.3, 
B — B = Cl U (B — Cl) separate. Hence Ci is a component of B — B. If 
C is any other component of B — B, then C has boundary points in B by 
Theorem 3.5. Consequently B — Ci is connected, since_it consists of the set 
C 2 and components of B — B having limit points in B C C 2 (cf. Th^rems 1 7.3 
and I 7.4). But then B is the union of the closed and connected sets Ci , B — Ci , 
whose intersection, B, is not connected, thus violating Property III. 

Property IV implies Property I. If B fails to have Property I, we may 
proceed as in the first paragraph of the proof that I' implies I in Theorem 4.2 
to find components and C,, of B B having* common boundary B = Bi U B 2 
separated, violating Property IV. 

4.5 Theorem. In a connected and Ic space B, Property V implies Property 
III. 

Proof. Suppose B has Property V, but is the union of closed and connected 
sets Si , B 2 such that Bi H B 2 = A B separate. If a G A, 6 G B, then since 
B has Property V there exists a closed, connected set if C B — (A U B) which 
separates a and h. But Bi and B 2 both contain a and 5, hence Bi Pi if 0 
B 2 P if. As if C B - (A W B) - [Bi - (A U B)] U [B 2 - (A U B)], we 
have if = {if P [Bi - (A U B)]} \J' {if P [B 2 - (A U B)]} separate, con- 
tradicting the fact that if is connected. 

4.6 Definition. A space B is called normal if for each pair of disjoint 
closed subsets A, B of B there exist disjoint open subsets of B that contain A 
and B respectively. 

4.7 Theorem. If a normal space S is connected and Ic, and has Property II, 
then it has Property V. 

Proof. Let A, B be disjoint closed subsets of B, a G A, 5 G B. As B is 
normal, there exist open sets ?7 D A, F D B, such that ?7 P F = 0. Let 
U a be the component of XJ that contains a. Using the symbols F{ ) to denote 
boun^ry, F{Uf) C F{XJ) C B — (A VJ B). Let be the component of 
S — Ua that contains 5. As B has Property II, F{C^ is a closed and connected 
set if. By Theorem 3.3, S — K = Ch"^ {S — C^) separate. As Ua is open 
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by Theorem 3.1, C PiUa) C — (A VJ 5). Hence i? is a closed and con- 
nected subset of ;S — (A \J B) that separates a and h in S. 

Remark. To see that Properties I — ^IV do not imply Property V in a space 
that is connected and Ic but not normal, consider the following example: 

4.8 Example. In the cartesian plane, let M consist of the set { {x, 0) [ 0 ^ 

X ’^2} together with the set {(a:, y)\{x ^ l/ri)&(0 < y ^ 1), = 1, 2, 3, * • • 

Let A = (0, 0), = (1/n, 1), B = Up„ , g™ = 0-/n, 0), q = (2, 0). Let S 

be the space obtained from M by the following defining system of neighborhoods: 
(1) points of type qn have connected “T-shaped” neighborhoods, nonover- 
lapping for different values of n; (2) points of type Pn or q have “half-open 
interval” neighborhoods, not overlapping with the neighborhoods of points q^, ; 
(3) points (l/n, y) such that 0 < ?/ < 1, or {x, 0) such that l/(n + 1) < x < 
1/n, have open interval neighborhoods that do not contain points of type Pn , 
q^ or q; (4) the only neighborhoods of A are those sets Un such that = 
{fe y) 1 [(^j y) G M]&[x < 1/n, 2/ < !]}• Note that for each n, the boundary 
of TJn consists of qn and a subset of B. Also, B is closed, as this set has no limit 
points in S. Now any set TT C ^ such that for all sufficiently great n, H con- 
tains a point (1/n, 2 /), 0 < y < 1, has A as a limit point. It follows that 8 
does not contain disjoint open sets containing A, B respectively, and a fortiori 
does not have Property V. But S is connected, Ic, and has Properties I-IV. 

4.9 Definition. A space 8 is called completely normal if for each pair of 
separated sets Aj B oi 8 there exist disjoint open subsets of S that contain A 
and B respectively. 

The following property, which is stronger than V, may be shown equivalent 
to IV in a completely normal space: 

Property V'. If A and B are separated subsets of /S, a G A, 5 G then 
there exists a closed, connected set C of 8 — (A U B) which separates a and b. 

4.10 Theorem. If a completely normal space 8 is connected and Ic, and has 
Property II, then it has Property V'; and conversely. 

Proof. The proof that II implies V' is identical with the proof of Theorem 
4.7, except that the hypothesis of complete normality replaces that of normality. 
The converse follows from Theorem 4.5 and the fact that V' implies V, 

In view of the application which we wish to make of the above theorem, we 
interpolate the following theorem: 

4.11 Theorem. Every metric space is completely normal. 

Proof. Let She a, metric space (I; 3), and let A and B be separated subsets 
of 8. For X E. A, let p(x, B) == gib {p(a:, y)\ y E B); we define p(A, y) S 3 rm- 
metrically. Both p(x, B), p(A, y) are positive. 

For each a; G A let U{x) ~ S{x, p{x, B)/2), and for each t/ G B let F(y) == 
8{y, p(A, y)/2). Thenjlet = U U(,x), 7 = U V{y). Both C7 and F are 
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open sets (1 4.4). That U r\V = 0 follows from the “triangle law’’ of distance — 
Condition (2) of I 3. 

As a consequence of Theorem 4.11 and the preceding theorems of this section 
we can state: 

4.12 Theokem. If a metric space is connected and Ic, and has any one of the 
Properties I, II, III, IV, V, V', then it has all of the other properties. 

The following theorem, which embodies a strengthening of Property II in Ic 
spaces, will be found of use: 

4.13 Theorem. If S is a connected and Ic space which has Property II, then 
for any closed subset M of S, and components Cj D of Mj S — M respectively, 
the set C r\ F{D) is connected; and as a consequence, F{D) cannot have a greater 
number of components than M. 

Proof. We may suppose that C r\ F(D) 9^ 0. Let M be augmented by 
all components of S — M except D to form the closed set ilf' = /S — D. Then 
let D be augmented by all components of M' except C (the component of M' 
containing C) to form the open set 2)' = S — C'. 

The set D' is connected. For consider a component E of M', and suppose 
that E n F{D) — 0. Since' S is connected and E is closed, the latter set contains 
a limit point, x, of S — E, But since E H D = 0 and S is Ic, there exists a 
connected open set P containing x such that P H D = 0, implying P C M'. 
But then P QE, since P is a component of Jf', and x cannot be a limit point of 
S — E. Hence F(D) meets every component of M', and as P' is the union 
of D and components of M', it is connected by Theorems I 7.3 and I 7.4. 

As D' is a domain complementary to the closed and connected set C', and S 
has Property II, the set P(P') is a closed and connected subset of O'. 

Let y G F{D'), and Q any open set containing y. Since S is Ic, we may sup- 
pose Q is connected. If Q H I) = 0, then Q Q S — D ^ M\ But as C' is a 
component of this implies Q (Z C' and y ^ F{D'), Hence P(P') C P(P). 

Let z ^ C r\ F{D); such points as z exist by hypothesis. Then z G C'; and 
z G F{D^), since every neighborhood of z contains points of P C D\ Hence 
z S C' r\ F{D') == P(P ')3 we infer that 

(4.13a) Cr\F{I)) CP(P0* 

But F{D) = [C r\ F{D)] U [F(D) H \J C.] where the C, indicates com- 
ponents of M distinct from C, and hence every connected subset of F(D) that 
meets C r\ F{D) must lie in the latter set; i.e., 

(4.13b) F{D') CCr\F{D). 

Relations (4.13a) and (4.13b) imply that F{D') = C r\ F(D), and as F(D') 
is connected, the same is true of C r\ F(D). 

5. Some topology of the n-sphere. It was stated in §4 above that Properties 
I — ^V' were aU valid for the j^-sphere. W e shall prove this assertion in the present 



52 


LOCALLY CONNECTED SPACES; THE n-SPHERE 


[II] 


section. However, the purpose of the digression to the n-sphere is threefold: 
We not only (1) provide a proof of the properties mentioned for this basic 
euclidean case, but we (2) introduce the machinery of chains and cycles of the 
so-called algebraic topology in a natural manner, which should pave the way 
for its use later in general spaces; and we (3) provide the material whereby we 
may give a simple proof of the Jordan-Brouwer separation theorem for the 
separation of the n-sphere by the (n — 1) -sphere. 

Regarding (2) we should add that we restrict ourselves at present to the 
so-called modulo 2 topology and follow closely methods due to J. W. Alexander 
[a]. Regarding (3), the case = 2 is of course the Jordan Curve Theorem 
(cf. I 6), which we need for the topological characterization of the 2-sphere in 
the sequel. 

5.1 An n-sphere is topologically equivalent to the continuum given by 
the equation + 0:2 + * • ‘ + ^n+i = 1 in (ti + 1) -dimensional cartesian space 
(I 11.16). An n-plane through the origin of divides S” into two dis- 
joint domains, which we call n-cells (I 11.16), whose common boundary is an 
the latter being the intersection of S'" by the n-plane.^ The latter S'" 
may in turn be subdivided by an 71 -plane through the origin into a pair of 
(n — 1) -cells whose common boundary is an (n — 2) -sphere; and so on down 
to a 0-sphere consisting of a pair of points which we call 0-cells. The decompo- 
sition of /S” obtained in this manner is called an elementary subdivision So of 
/S”. Note that So consists of two t-cells of each dimension f = 0, 1, • - • , 

The (i — l)-cells of the subdivision in the boundary of the open point set which 
constitutes an i-cell E" (i > 0) we call the boundary cells of the E\ 

From the elementary subdivision Sq one can proceed to the derived sub- 
divisions: These are obtained by further decomposition of S'" by n-planes, but 
this will not be done in utterly random fashion. We ask that each derived 
subdivision be obtained from a preceding subdivision by the operation of in- 
troducing a single convex 7 -cell, which separates an (i + l)-cell into two convex 
(i i)-cells. This implies, in case the cell to he introduced is of dimension 
greater than 0, that the boundary cells of the new cell are already present. 
For example, if we wish to divide one of the 71 -cells of an elementary subdivision 
into two n-cells separated by an (n — l)-cell, we may need to introduce some 
new (n — 2)-cells, etc., on the boundary first. This can be done througli a 
series of steps , Si , • “ , where So is the elementary subdivision, each 


Hn all proofs of the Jordan Curve Theorem the question arises as to what is assumed. Some 
proofs, during the early history of the theorem particularly, assume that the curve is made up 
of a finite number of analytic arcs, etc.; others treat the general case, but assume the theorem 
for the case where the curve is a polygon. The proof which is given below will be found to 
depend upon the statement just made above regarding the separation of the by an n^plane 
in — a fact evident immediately from the continuity of the real number system. Domain 
is a synonym for connected open set 

^We are not concerned with the fact that an t-cell is a topologically unique configuration, 
and do not employ this fact below. 
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iorj > 0 is obtained from by the introduction of a new cell whose boundary 
cells are already in Sj-i , and s* is the final desired subdivision. 

We shall now assume an infinite sequence of subdivisions So ? , • • • , 5,- , 

• • • , where Sq is the elementary subdivision and such that (1) for each natural 
number j, Sj+i is derived from s,- by the introduction of a single new i-cell 
(0 ^ f ^ — 1) which divides an (i + l)-cell of s,* into two {i + l)-cells, and 

(2) for arbitrary e > 0, there exists j such that for h > j, all cells of Sh are of 
diameter less than €.® 

5.2 Throughout the present section we assume that we are dealing with a 
fixed s, . For each cell of 5,- we adopt a symbol al , where the superscript r 
denotes the dimension of the cell, and the subscript k is for enumerative pur- 
poses. For r > 0 we have a so-called “boundary relation’^ 

(2.2a) dcrl = Z rjZcj" 

m 

where m runs through all possible values, and is 1 or 0 according as is a 
boundary cell of o-l or not. 

By an r-chain we mean any polynomial of the form ^ where the k runs 
through all possible values and the c’s are all O’s and l^s. An r-chain must be 
distinguished from its associated complex. A complex is the geometric configura- 
tion, or more precisely the collection of cells, that is obtained by an arbitrary 
selection from s,- , with the single provision that if a cell is in the collection, so 
are all its boundary cells. (Thus a complex is a closed point set if we break it 
down into its individual points — which we do not do, however, as we wish to 
preserve the concept of a collection of cells.) The associated complex of an r- 
chain of the form ^ crl is obtained by selecting for our collection the sets of 
all cells al for which = 1, together with all cells necessary to satisfy the above 
condition regarding boundary cells. We denote this associated complex by the 
symbols | ^ c^al |. Thus an r-chain is a polynomial, while its associated com- 
plex is a geometric entity. The associated complex of a chain of the form® al 
may be called a cellular complex, <rl being a cellular chain. The cells in a cellular 
complex I al | are called the faces of the cell crl f An r-dimensional complex, 
or simply r-complex, is a complex that is the associated complex of some r-chain; 
in other words, it consists only of r-cells and their faces. Except for the existence 
of other connotations that might lead to confusion, we might use the term 
“polyhedron”, or “variety”, instead of complex. 


®In any metric space, the diameter h{M) of a point set M is lub {pix, y) \ x, y ^ M], 

®In analogy to ordinary algebra, we allow the coefficient 1 to be absorbed — <rl is understood 
to have the coefficient 1. 

^In particular, then, al is a face of itself, and has faces of all dimensionalities from 0 to r. 
It may seem confusing, incidentally, to use the same symbol <rl for both the cell (without its 
lower dimensional faces) and the cellular chain, and if we were to go on with the geometric 
concept of cell to any length, we would adopt another symbol, El , for the geometric cell, 
retaining al only for the algebraic entity, the cellular chain. Most of our machinery is alge- 
braic, however, so that no confusion should result in the long run. 
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For each r (0 g r ^ n) and complex K we define an abelian group C^{K) 
whose elements are the r-chains defined above, except that the o-I’s involved 
denote cells of K, and such that if ^ cal and ^ d^al are two r-chains, then 
X) + X = X + d^)crl where the coefficients in the right-hand 

member are reduced modulo 2. The identity of this group is obviously the 
chain all of whose coefficients are 0, and may itself be denoted by the S 3 .Tnbol 0. 
Each chain is its own inverse. 

If C G C(K), we call C an r-chain of K. And we call C\K) the group of 
r-chains of K, 

If r > 0, and C'* = X boundary of O'", denoted by dC% is the 

chain 

(5.1a) 

m,k 

where the c’s and tj’s, are multiplied modulo 2. In other words, we deal with 
the polynomials which we call chains as algebraic polynomials with coefficients 
in the field of integers modulo 2. In particular, the distributive law holds, 
and as a consequence we have 

5.2 Theorem. The linear operator d effects a homomorphism of the group 
r > 0, into the group 

The kernel of this homomorphism, which we denote by is the set of 

all C** G ^{K) such that dC' = 0, and is called the group of r-cycles of K, each 
G Z'^iK) being called an r-'cycle of K. The subgroup of into which 

C'iK) is mapped by d is called the group of bounding (r — l)-cycleSj and is 
denoted by All chains dC" are elements of since by 

our process of subdivision each (r — 2) -cell in | cr* | is itself a boundary cell of 
just two (r — l)-cells of | o-* |, it follows that 

(5.2a) d{dcrl) = dVi = 0. 

Hence by the linearity of d, application of d to (5.1a) above gives 

5.3 Theorem. For every chain C, r > 1, = 0. Hence, for r > 0, 

is a subgroup of Z'^iK). 

Before going further, let us consider the case r = 0. For present purposes, 
we make the convention that X is a 0-cycle if and only if X ~ 0* 
dently then a 0-chain is a 0-cycle if and only if an even number of its coefficients 
are f^O. Since the boundary of a 1-cell consists of exactly two 0-cells (because 
of the convexity condition), and since d is linear, it follows that the boundary 
of a 1-chain is a 0-cycle, so that we have: 

5.4 Theorem. B°(K) is a subgroup of Z^{K), 

And we are now in the position to make the definition: 

5.5 Definition. For each dimension r, the factor group Z''{K)/B\K) is 
called the r-dimensional Betti group, modulo 2, of K, and is denoted by 
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Two elements of Z^{K) lie in the same coset of if their difference 

(= sum) modulo 2 is a bounding cycle. That a cycle Z" G Z"{K) is in the 
identity of or what is equivalent, is the boundary of some (r + l)-chain, 

is expressed by a relation 

(5.5a) Z'* ^ 0 ouK 

which is read “Z** is homologous to zero on and called a homology or homology 
relation, (The “on may be omitted if no confusion results.) Thus two cycles 
Z\ Y lie in the same coset of H\K) if and only if 

(5.5b) 2’* - 7 " ~ 0 on K. 

Relation (5.5b) may be written also 

(5.5c) Z^^7" ouK, 

which is read “Z*" is homologous to y’’ on K.” An alternative name for H\K) 
is r-dimensional homology group, and it will usually be this name that we employ 
in later chapters, when we come to the so-called homology theory of general 
spaces. 

A finite set of cycles ZI , • • • , Z^ is called linearly independent relative to 
homology ( = lirh) on K if there exists no relation of the form 

(5.5d) c'Z^, ~ 0 on Z 

where the c*’s are O’s and I’s, but are not all 0. And correspondingly a set of 
elements of H\K) are called lirh on K if no relation of the form (5.5d) exists 
where the Zi are cycles in the respective elements. The number of linearly 
independent generators of H\K), or what amounts to the same thing, the maxi- 
mal number of r-cycles of K that are lirh on K, is called the rth Betti number 
{modulo 2) of K and is denoted by p\K, 2).® 

5.6 Definition. For any collection of cells K, the symbol \ \ K\\ will denote 
the point set consisting of all points that lie in cells of K, If C is a chain, we 
abbreviate |1 | C*" j 1| to H C*" ||. In particular, 1| or"* 1| is a closed r-celL 

5.7 Theokem. If K is a complex, then a necessary and sufficient condition that 
\\ K \\be connected is that p^{K, 2) == 0. 

Proof. Necessity. From the connectedness of (I 12) and the fact that 
every two points of a cell may be joined by an arc of that cell, it follows (I 7.4) 
that a cell is connected. Hence if or is any cell, then 1| <r || is connected (I 7.2). 
Now if 11 K II is connected, then |1 where is the complex obtained from 
K by deleting all but its 0- and 1-cells of K, is connected. For if 1| || = 

A yj B separate, and Ao,Bq denote the collections of 0-cells in A, B respectively, 
then every 1-cell of has its boxmdary in Aq alone or in Bo alone. But this 
implies that \\ K\\ = A' U R' separate, where A' D A, JS' 3 B, and such that 
if <r is a cell of K, then \\ (t\\ C A' or || cr 1| C B\ 


*A3 we shall see later on, H^{K) is a vector space, and p^{K, 2) is its dimension. 
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Let <rl , at be 0-cells of K\ For each 0-cell 0-° of K\ let Sta"" denote the point 
set consisting of cr° and all l-ceUs such that is a boundary cell of Then 
each Sta^ is an open set and the collection {5icr°} covers [I ||. By Theorem 
1 12.3 there exists a simple chain Stal ? * * * > Stcr^i , • * • , Stal from o-a to cr? , where 
(tI = al , (xl = at ^ For each i < k, let a] be a 1-cell in Sta^i A Stcr%i . Then 
d = 0-? + o-fc . Since a 0-cycle may always be put in the form Zl + 

... + Z? -f- • • • + Zi , where each is a binomial of the form cr° + cr^ , it 
follows that every of K is homologous to zero on K, That is, 2) = 0. 

The sufBciency follows from the fact that if every 0-cycle bounds, then in 
particular every 0-cycle formed from a pair of 0-cells cr° , cTb bounds, which 
implies that every two 0-cells can be joined by a connected set consisting of a 
finite number of jj cr^ l^s (cf. Theorem I 7.4). 

5.8 Theorem. The number p°(K, 2) + I is the number of components of 
11X11, where K is any complex. 

Proof. Denote the components of || X Ij by Co , * * * , Gk they are finite 
in number since each cell yields a connected point set and in particular k could 
not be greater than the number of cells in X. Let (r? be a 0-cell in C» , i = 0, 
Then the 0-cycles 2^" = orj + a-? , i = 1, • • • , ifc, are all nonbounding, 
and no linear combination of them bounds, so that p°(X, 2) ^ k. On the other 
hand, if Z^ is an arbitrary 0-cycle of X, then Z^ = yo + • • • + 7? + ’ * * + 7° , 
where |1 7^ 1 | C C. . If 7? is a 0-cycle, then 7? 0 by Theorem 5.7. If not, 

then 7? -h cr! is a 0-cycle, and 7? + cr? 0- either case, then, 

(5.8a) 7i + cV$ ^0 on X (c' == 0 or 1). 

Adding relations (5,8a), we get 

(5.8b) + J2 cVJ -- 0 on X. 

Since Ki(Z^) = 0,® and since KiiZ^ + cV!) must be 0 inasmuch as Z® + 
^ cV? is a bounding chain, it follows that ^ c' = 0. But 53 c' = 0 implies 
that 

(5.8c) E = E cVS -b E = Z • 

t-o »-0 t-0 

Therefore, from (5.8b) and (5.8c) follows that 

Z^^ - E on X, 

implying that the cycles Z? form a maximal set of 0-cycles that are lirh on X. 
Hence p\K, 2) g fc. 

5.9 Returning now to the sequence of subdivisions ^0 ^ * • • > > " * * ? suppose 

that X is a complex of some s,* . If in the passage to a cell of X is the cell 

®By Ki{Z^) we denote the sum (modulo 2 in the present case) of the coefficients of Z®, where 
Z® is any 0-chain. See V 2.1. 
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which is subdivided in order to obtain s,+i , then K no longer exists in s,+i . 
However, there is a complex K' in s,-+i such that || X' ll = li 7^ II — it is a sub- 
division of K and contains the new cells introduced by the subdivision of s,- , 
as well as the other original cells of K. 

5.10 Theoeem. If K is a complex of s,- , and K' is its subdivision in s,+i , 
then p'(K, 2) = p\K', 2), r = 0, 1, • • • , ft. 

Peooe. If = K', the result is trivial. We may suppose then, that in the 
passage from KtoK' a cell cr* of K is subdivided by a new cell into two new 
cells Cl , ff* . The only numbers p’^iK, 2) that can be affected are 2), 

p’‘~^(K, 2) and p'‘~^(K, 2). The first number can be affected by a change in the 
ft-cycles. If is a A-cycle of K such that c* C \^’° \t then Z’’ is a cycle of 
also and bounds on K' according as it bounded or not on K. If <r* G | Z* f, 
then Z* may be written in the form c* + Zj ; and the chain ci + cA + Z\ = y 
is a cycle of K' which bounds or not according as Z'‘ bounds or not on K. And 
since no cycle of K' could contain one of the cells cj , without containing the 
other, every A:-cycle of K' may be obtained from a cycle of K in the above 
manner. Consequently 2) = p’°{K', 2). 

A cycle Z*"^ of K is still a cycle of K', and bounds in K' according to whether 
it bounded in X or not. But of course K' may contain new cycles of the form 
+ y\~^. However, consider the cycle 

(5.10a) = 7 ^-' + ao-J . 

Since doX = + • • • , the cell cr*“' is not in j Z*"' |. Now relation (5.10a) 

may be written in the form 

= dal , 

implying that 

~ y"-' on K'. 

Hence every new (Jc — l)“Cycle is homologous to an old cycle of so that the 
number of (fc - l)-cycles that are lirh on K' is the same as on K. Hence 

p’‘-\K, 2) = p'‘-\K', 2). , 1 . 

The only way p'’~^(K, 2) could be affected is for a new bounding relation to 

be set up among the (k - 2)-cycles of K because of the new cell This 

would be equivalent to a relation of the form 

(5.10b) + c*-‘) = z*-, 

where and Z*"^ are chains of K. However, if we add to the relation (5.10b) 
the relation (cf. Theorem 5.3) 

didal) = 0, 

a[(/-‘ + dal) + = Z*-^ 


we get 



58 


LOCALLY CONNECTED SPACES; THE n-SPHERE 


[II] 


where the chain in the brackets does not contain Hence no new bounding 
relation is set up by the introduction of the cell 

As a corollary of Theorem 5.10 we have: 

5.11 Corollary. The Betti numbers p\si , 2) are all 0 for r < 7i, and 

, 2 ) = 1 . 

(It is only necessary to observe that in the elementary subdivision Sq every 
r-cycle, for r < n, is the boundary of a cellular chain, and that the only n-cycle 
is of the form <rl + and is necessarily nonbounding since there are no cells 
of dimension higher than n.) 

6.12 Open subsets of S'". Let U be an open subset of jS”, and let U,- denote 

the complex consisting of the set of all cells of s,* which with their faces lie in 
CT, Hereafter, if C and U are chains of s,* and s^^j, , respectively, such that 
[| C** II = II II, then we call U a subdivision of If C*" is a chain of some 
Ui , then we let it be an element of a set which we denote by ^(17)^ making 
the convention that the subdivisions of C* in 5,+* (fc = 1, 2, • • •) are the same 
element of C\U). From considerations such as those involved in the proof 
of Theorem 5.10 it follows that a chain which is a cycle of ?7,- will still be a 
cycle in every ) and if such a cycle bounds in Ui , it continues to bound in 
Ui+k for all k. Hence we may form sets Z\U) consisting of all cycles of the 
C//s, and consisting of all cycles that bound in some Ui+k • (A cycle of 

Ui may fail to bound in Ui , yet bound in some Ui+j, and therefore be an element 
ofB^iU),) 

The sets C{U), Z\U), B\U) become groups if we let the sum of two elements 
be the sum determined by corresponding elements of the groups C\Ui) for j large 
enough so that U'iUf) contains such elements, of course. They are the group of 
r-chains, group of r-cycles and group of bounding r-cycles, respectively, of the 
open set U (all modulo 2). And the factor group Z^(JJ)/B\U) is the rth Betti, 
or homology, group, H''{U^ 2), of the open set ?7. The rank of the latter group, 
which we denote by p’‘(?7, 2) — ^i.e., the maximum number of ?'-cycles of U that 
are lirh in ?7, we call the rth Betti number of U (modulo 2). It may of course 
be infinite, in which case we write p’‘(?7, 2) = <» . In particular, we prove: 

5.13 Theorem. The number p^{U, 2) + 1 is the number of components of U. 

Proof. If <tI and a-l are 0-cells of Ui that lie in the same component (7 of O', 
then there will exist O,- +& such that crl + at lies in a single component of j j j 1 , 
and hence at + at is homologous to zero thereon by Theorem 5.7. For by 
the following lemma there exists a broken line L joining <rl and at , and just 
as soon as the value of j is so great that all ceUs of s,* are of diameter less than 
one-half the distance from L to all pomts of L will lie in jj 0*^+* ||. 

The remainder of the proof is based on considerations such as those used in 
proving Theorems 5.7 and 5.8 above. 

^®If A, B are subsets of a metric space, then by the distance from A to B — p(A, B)— we mean 
gib {p(a;, y)\ {x E: A) h{y E: B)}. 
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5.14 Lemma. If x and y are points of the same component C of an open 
subset U of /S’", then x and y are the end points of an arc — as a matter of fact a 
broken line — of C. 

Proof. Since /S” is Ic, it follows from Theorem 3.1 above that C is open. 
Consequently p E: C implies that p(p, /S” — C) is positive. For each such 
point p let TJ{p) = S{p, p(p, /S” — C)/2). By Theorem I 12.3 there exist pi , 
• * * y Vi j * * * j Vm such that the sets U(pi) form a simple chain of sets U(p) 
from X to y. With po = x and = y, let Li denote the straight line interval 
whose end points are Pi and p^+l , Then ls^r»o L^ is the required broken line. 

5.15 Theorem. If (t^O) is a cycle of s, , then there are exactly two chains 

cr, ofs, such that dC^ = furthermore, H C” || H H 1| - |1 

Proof. Since (s,- ,2) = 0 by Corollary 5.11, there exists a chain C of 
Sj- such that = 2”“^ Denoting by Z” the cycle of s, which is the subdivision 
of the original cycle based on the two n-cells of Sq , we have 5Z” = 0, and hence 
d(C” + Z") = Z"~^ Let jK" = O’* + Z” (recall that all sums are reduced 
modulo 2). As I C” I and | | have no common n-cells and their union contains 

all the n-cells of s,- , the points common to 1| O’" 1| and |1 H must all lie in 
lower-dimensional cells of s, . By the mode of construction of s, , each (n — 1)- 
cell is a face of exactly two n-cells. It follows that the points common to 
II C” II and II K" || must lie on the cells of | Z’""^ |. 

Were there a third chain, say IT, such that dL"" == Z”"^ then C” + LI and 
K" + L’" would be n-cycles of 5/ that are lirh, contradicting the fact that 
, 2) = 1. 

5.16 Corollary. If x E and Z”“' G Z"“'(/S” - a;, 2), then Z”"-' G 

- a:, 2). 

5.17 Corollary. If a subset M of consists of exactly two points, then 

- ilf, 2) = 1. 

Proof. Denote the two points which constitute ilf by Xi,X 2 ^ Let p(a;i , X 2 ) = 
7], and choose j so that all cells of s,- are of diameter <7j/2. Let Sn be that sub- 
complex of $j consisting of all closed n-cells that contain Xi . Let C be the 
chain such that | C” | = 5,1 . Then by Theorem 5.15 the cycle = dC is 
nonbounding in S'" — M, and hence — M, 2) 1. 

Suppose ZJ-^ and are cycles that are lirh in /S” “ M, Denote the re- 
spective chains C” which these bound, such that || C” || contains Xi , by Ci and 
Cl . For j great enough, the subcomplex s,i defined above will be such that 
II 5,1 II r\ II ZT^ II = 0, i = 1, 2. Then if Z""”^ = dd as in the preceding para- 
graph, we have, by addition to the relations ZT^ = dCl , that 

(5.17a) Z"“^ -b Zr^ = d{(r + Cl), mod 2, i = 1, 2. 

Now Xi $ II (T + (7! II, hence if we add relations (5.17a) we get 

Zr" + Zr^ = did + Q, mod 2, 
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where a;. C tl CT + 1|. That is, ~ ZV in S” - {xy W contradicting 

the supposition that the cycles are lirh. Hence — M, 2) ^ 1. 


5 18 Alexander Addition Theorem. 1/ A and B are closed svbsets of <S", 
Z' e Z^iS’^ - A- B),r<n-l, G C'^\S’‘ - A), G - B) 

j^r+2 ^ - Ar\B) such that dCl*'' = Z' = ^C^^ dL’"’* = Cl 

then Z' 0 in S" - A - B. For r = n - I, if A r\ B 7^ 0 and CV\ 

exist as before, then again Z' 0 in S" — A — B. 


Proof. The sets A' = H H r\A,B' = H H H B are disjoint closed 
sets, so that 17 = p{A', B') > 0. Select j so that all cells of s, are of diameter 
<ij/2. Let L' be that chain such that U consists of all closed (r + 2) -cells of 
1 1 meeting A'. Then i| + L' \\ C S" - A. Let dU = 7 '"'. Then 

we may write the relation 


(6.18a) d(L'*^ + U) = + 7^"^) + 


Now by Theorem 5.3, 3(17^' + 7 '^') + = 0, and by hypothesis, 

dC'i*^ = Z\ Adding these two relations we have that 


(5.18b) + y'"') = 

But -h L' II C <8" — A, hence by (5.18a), 4- 7 '*^ G {S" — A, 2). 

By the choice of s, , H 7 ’"'Ml C <S" - B, and by hypothesis CT' C S" ~ B. 
Thus Cr' + y'*'' G C’'*\S’' - A - B, 2), so that by (5.18b), we may conclude 
that Z"" ~ 0 in - A - B. 

In case r = n - 1, then B? = BS— otherwise | B? 4- BS | = s,- by Theorem 
5.15, and either |i B! |1 or H Cl || meets A H B. 

We may now prove, as a corollary of Theorem 5.18: 

5.19 Theorem. The n-s'phere, S", n > 1, has all of the Properties I, I', II, 
III, IV, V, V', of §4. 

Proof. By Theorem 4.12 it will be sufficient to prove that B" has Property I. 
Hence suppose A and B are disjoint closed subsets of B", and x,y^^ — A — B 
such that neither A nor B separates x and y in B“. Choose ij > 0 so that 
Six, ri) n (A ^ B) = 0 and B(y, y) n (A U B) = 0, and j so that all cells 
of Sf are of diameter less than y/2. Then there exist 0-cells cr» , of s,- in Six, rf), 
Siy, rf) respectively. As in the proof of Theorem 5.13, we may show that, 
since x and j/— hence ai and a „ — ^lie in the same component of B" — A, there 
exists Bi E B'(B’‘ - A, 2) such that 3Bl = v® 4 - <r° . Similarly there exists 
C\ e B*(B” - B, 2) such that dCl = <tI + a, . By Theorem 5.11, C\ -f Bi ~ 0 
in B” = B" — A n B. By Theorem 5.18, it follows that -f o-J 0 in B“ — 
A — B. But this implies that at, and tr® are in the same component of B” — A — B 
— ^which in turn implies that x and y are in the same component of B" A B. 

Remark. In view of Theorem 6.19 it is evidently possible to state: If 
X, y E. S^, n > 1, which are not separated by any one of a finite collection of 
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closed sets Mi , then \J Mi fails to separate x and y. Also, we have the following 
important lemma: 

5.20 Lemma. If Xj y ^ are separated in aS” by a closed set K, then x and y 
are separated by a subcontinuwn of K, 

For if “ if = A W jB separate, where x ^ Ajy ^ B, then by Theorem 5.19 
and Property V', there exists a continuum M C. S'" — (A 'U B) = K such that 
M separates x and y in S*", 

5.21 Theorem. Let M be a homeomorph in aS" o/ || o*"’ ||, where a '' is a cell 
obtained by subdivision of some aS*. Then p^S^ — M , 2) = 0/or all i. 

Proof. The theorem is true for r = 0. For let Z' be a cycle of some 5, in 
aS” — ikf. If i — n — 1, then Z* ^ 0 in aS"" — ilf by Corollary 5.16. There 
are no cycles in $,• of dimension >71—1 which lie in S'" — M. For i < n — I, 
we may argue as follows: We may suppose that the point M always lies in 
an n-cell of the subdivisions of aS'". Let t) = p(ilf, |1 Z' ||), and let h be such 
that all cells of s^^h are of diameter <r)/^- The cell, tr”, of s^+h that contains 
M has an (n — l)-sphere, if, as boundary. Let be a chain of 5,*+^ such 
that = Z\ If||C‘^MI^Ik”ll =0,thenZ'-^OinAS"-ilf. Otherwise, 
since i + 1 < n, the intersection || || H || (x” 1| C so that we still have 

Z* -- 0 in aS" - ikf . 

Suppose the theorem proved for r = w — 1. Let Z* be as above, and suppose 
Z* oo 0 in aS” — M. Now M = A U Bj where A and B are the homeomorphs 
of two m-cells (and their faces) into which is subdivided in aS* by an (m — 1)- 
cell let the homeomorph of the latter be denoted by C, Then Z’ oo 0 in 
aS” — A, or Z’ oo 0 in aS'^ — B — ^for otherwise by Theorem 5.18 (and the in- 
duction assumption) we would have Z" ^ 0 in aS” — M. By repetition of this 
process, we would obtain a sequence of closed subsets Mi , ikf 2 > • * * > homeo- 
morphs of m-cells (and their faces) in subdivisions of ex'", such that each contains 
the following and the common part is a single point p (cf. Theorem I 12.8) — 
and where Z* oo 0 in aS'* — ikf<, for g = 1, 2, • • • . But Z* bounds in aS” — p 
on some , and hence in aS” — M^ for q great enough. It follows that Z* 0 
in aS" - M. 

The Jordan-Brouwer separation theorem. We shall now prove the theorem 
on the separation of the 7i-sphere by an (n — l)-sphere imbedded therein — a 
special case of which {n = 2) is the classical Jordan Curve Theorem. It is 
just as easy, however, first to prove the following: 

5.22 Theorem. Let if be an r-sphere imbedded in S”'. Then the Betti numbers 
of if and — K satisfy the following duality relations: 

p^K, 2) = p^-’-^aS” - if, 2) - 1, 

p\K, 2) - p--*^^(aS” - if, 2) = 0, 


(5.22a) 

(5.22b) 


s 9 ^ r. 
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Pkoop. If ikf C 'S’* and Z' is a cycle of /S’* — M which fails to bound in 
/S" — ilf, let us express this fact by sa 3 dng that Z* links M in S’*. We are to 
prove that there ia only one cycle lirh in S’* — i?, and that this cycle is of di- 
mension n — r — 1; in other words, that only one cycle, of dimension n — r — 1, 
hnks K, every other (n — r — l)-cycle being homologous to some “multiple” 
(0 or 1) of this cycle in S’* — M. (The relations between the Betti numbers of K 
and S" — if then follow from Corollary 5.11.) 

If r = 0, then if is a pair of points and the theorem is true for this case; 
cf. Corollary 5.17, and the proof of Theorem 5.21 above. We may then proceed 
by induction, with r > 0, supposing the theorem to be true for the case where 
if is of dimension less than r. 

With If an r-sphere imbedded in S", r > 0, let if = A ki B, w'here A. and B 
are the homeomorphs of the closures of r-cells whose common part is an (r — 1)- 
sphere imbedded in S’*. For s n — r — 1, let Z' be a cycle of S" — if . By 
Theorem 5.21 there exist chains Cr" G - A, 2), G - B, 2), 

such that dC’i*^ = Z' = By the induction hypothesis, 

does not link A Cs B since s-klT^n — (r — 1) — 1. Hence by Theorem 5.18, 
Z* ~ 0 in S” — if . This proves relation (5.22b). 

By the induction hypothesis there exists a cycle Z’*”’’ which links A B. 
Then the set A' = \ \ Z’*~'' \ \r\ A ^ 0, else by Theorem 5.21, Z’*“’’ ^ 0 in S’* — A 
and a fortiori in S’* — A B. Similarly the set B' = ]| Z’'~' || Pi B 0. Let 
V = p(A', B'), and let j be so great that all cells of s,- are of diameter <»?/2. 
In s,- let L"”’' be that chain such that | L’‘~' \ consists of all (n — r)-cells (and 
their faces) which have at least one face meeting B'. Then we have relations; 


(5.22c) 


aL**-" = Z**-""' in S” - A, 
a(Z’*-' -1- L"-') = Z“-"-‘ in S" - B. 


Now if there exists ildf’*’’' e C’^”’'(S’* - K, 2) such that aM’*"” = Z’*-’"', then 
by Theorem 5.21 we would have relations 


J^n-r ^ q in S" - A, hcncc in S" - A P B, 

(5.22d) 

(Z»-r ^ J^n-r _ q in S" - B, hcnco iu S“ - A P B. 

But adding relations (5.22d) we get Z’*"' ~0inS* — APB, contradicting 
the fact that Z""’’ links APB. Hence we conclude that links K. 

Suppose some other cycle y’*"’’"^ also links if. Then Z’*"’’"^ -f y""’""* ~ 0 in 
S’* — if. For by Theorem 5.21 there exist relations aiVT' = in S" — A, 
aiVl"’’ = 7 ’*“’'“^ in S’* — B, and hence, applying Theorem 6.18 as before, the 
cycle Ni~' + N’T'" links APB. But by the induction hypothesis 

(5.22e) Wr' + Nr ~ Z-*"" in S' - A r\ B. 
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Note, then, that we have the following relations [cf. relations (5.22c)]: 

+ Nri = in - A, 

(5.22f) 

d[(Z^-^ + + Nri = in - B; 

and, as a consequence of relation (5.22e), a relation 

(5.22g) + NT^ + Nr^ in aS" ~ A n B. 

But relations (5.22f), (6.22g) imply that ^ 0 in aS” — K, by 

Theorem 5.18. That is, every other (n — r — l)~cycle of aS” — if is Hnearly 
dependent on in the sense of homology and consequently relation (5.22a) 

holds. 

5.23 Jordan-Brouwer Separation Theorem. If K is an (n — l)-sphere 
imbedded in aS”, then S”' — K consists of just two disjoint domains of which K is 
the common boundary. 

Proof. That -- K has just two components A and B follows from re- 
lation (5.22a) and Theorem 5.13. To show that K is the common boundary 
of A and B, let a; G if and € > 0. Now if == /(^"'^), where/is a homeomorphism 
and aS”“^ is the sphere of which if is the homeomorph. In the subdivisions 
of aS'*”\ let be a cell containing /“^(a;), small enough so that the set D = 
f(<f'~^) is of diameter < e — ^possible because of the continuity of / (cf. I 5.1). 
Then D' ^ K — D == — o-”"^) is an in — l)-cell and its boundary im- 

bedded in aS'^, and consequently p®(aS” — Z)', 2) = 0 by Theorem 5.21. If 
a S Ajb E: Bj then there exists an arc L from a to b in aS" — D' by Lemma 5.14. 
If a' and b' are respectively the first and last points of if Pi Z on L in the order 
from a to b, then a' is a limit point of A in AS(a:, e) and b' is a limit point of B in 
S(x, e). Since € was arbitrary, it follows that x is itself a limit point of both 
A and B, 

5.24 Corollary (Jordan Curve Theorem). If if is the homeomorph of a 
circle in aS^, then — K consists of exactly two disjoint domains of which if is 
the common boundary. 

Remark. Since the euclidean n-space, E"", is related to aS” by the fact that 
jgr« = __ x) where x is an arbitrary point of aS” and / is a homeomorphism, 

it follows at once that in Theorem 5.23, may be substituted for and 
similarly in Theorem 5.24 may be substituted for “aS^'\ 

Additional remarks. Theorem 5.22 is a special case of the Alexander 
Duality Theorem, mentioned in the historical remarks, chap. I, §6. Since we 
shall later prove this duality theorem for the very general case of the spherelike 
generalised manifolds, we need not go any further in this direction at present. 
As we stated above, we reverted to the matter at present chiefly for the proofs 
of such theorems as 5.19 and 5.24. Moreover, the reader unfamiliar with 
algebraic topology should be greatly aided, when we come to the homology 
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theory of general spaces, by the previous reading of the special homology 
theory which we have just described in this section. 

Before proceeding with the discussion of Peano spaces, we shall prove other 
theorems which follow quickly from the above theorems and are needed in the 
immediate sequel. 

5.25 Theorem. In order that a subset M of /S” should be connected, it is 

necessary that — ikf, 2) = 0. And if M is closed, this condition is also 

sufficient. 

Proof. Let Af be a connected subset of and G — M, 2). 

By Theorem 5,15, bounds exactly two chains C"', K", and these are such 
that 11 C" 11 U 11 ir II = iS” and |1 C” |1 A H X” || = i| 1|. Since ill H 
II 2'”"^ II = 0, either ilf H 1| C” || = 0 or if H || Z” || == 0, since ilf is connected. 
In either case ^ 0 in — ikf . 

Conversely, suppose ilf is a closed subset of S' and that M ^ B separate. 
Let Si be a subdivision of S' whose cells are all of diameter < p{A, B)/2. Let 
C" be the n-chain such that || C” || is the union of those closed ?^-cells that meet 
A, Then dCT = Z""' G Z^-\S - ilf, 2), and by Theorem 5.15 there is only 
one other n-chain, K'', such that dK”' = etc., and of necessity B C 11 li* 
Hence — ilf, 2) 0, since oo 0 in — ilf . 

5.26 Theorem. If A and B are closed subsets of S'' arid Z** G Z^S" — 
A U B, 2) links neither A nor B, then ^ no (r + lycycle links A r\ B, the cycle 
Z" bounds in 8" — A KJ B, 

(Theorem 5.26 is an immediate consequence of Theorem 5.18.) 

5.27 Theorem. If A and B are closed subsets of S" neither of which is linked 
by an {r + lycycle, but such that A r\Bis linked by an (r + lycycle, then A\J B 
is linked by an r-cycle. 

Proof. Let link A r\ B, and let s,- be such that the subdivision of 
therein has the property that chains exist such that + 

and 11 1| H A = 0 - H I1 H B, Let = Z** = 

and suppose that there exists G — A U B, 2) such that 

dU'^'^ = Z^ Then by hypothesis, 

Cr' + 0 in - A, hence in S" - A H B, 

(5.27a) 

Cr' + r^OinS" - B, hence in >S” - A A B. 

Adding relations (5.27a), we get that ^ 0 in S’" — A A B, contradicting 
the fact that Z’'^^ links A A B. We conclude, then, that Z"" must link A W B. 

As a consequence of Theorems 5.26 and 6.27 we have: 

5.28 Theorem. If A and B are closed subsets of S, neither of which is linked 
by an r- or (r l)-cycle, then a necessary and suffikient condition that A \J B 
be linked by an r-cycle is that A r\ B be linked by an (r + l)-o|/cfe. 
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An interesting special case of Theorem 5.28 is the following: 

5.28a Theorem. If A and B are subcontinua of neither of which separates 

, then a necessary and sufficient condition that AKJ B separate is that A r\ She 
not connected. 

[Cf. Theorems 5.13 and 5.25.] 

Now whereas Theorem 5.28a deals with separation of an arbitrary pair of 
points of the following theorem, on the other hand, treats of a specified pair: 

5.29 Theorem. If x and y are points of which are not separated by either 
of the closed sets A and B, and A r\ B is connected, then x and y are not separated 
by A \J B. 

Theorem 5.29 is a corollary of Theorem 5.25 and 5.26. 

It will also be noted that the fact that S” has Property IV is a corollary of 
Theorem 5.26. However, as a corollary of Theorem 5.29 we have the stronger 
result for 8^: 

5.30 Corollary. If M is the common boundary of two disjoint domains in 
8^, then no closed and connected subset of M disconnects M. 

5.31 Definition. An open subset U of is called uniformly locally con-- 

nected in dimension r — abbreviated r-ulc — ^if for every € > 0 there exists a 5 > 0 
such that M Z"' ^ Z\U, 2) and the diameter of Z** is <6, then there exists 
^r+i ^ 2) such that = Z** and the diameter of || 1| is <e. 

In connection with the case r = 0 of Definition 5.31 we also give the following 
definition: 

5.32 Definition. A metric space M is called uniformly locally connected 
(ulc) if for every € > 0 there exists a 6 > 0 such that iix,y and p{x, y) < 
8, then M contains a connected set N such that x, y E: N and the diameter of 
V is < €. 

Since the method of proof has been well demonstrated above in the proofs of 
such theorems as Theorem 5.7, we leave to the reader the proof of the following 
theorem: 

5.33 Theorem. In order that an open subset U of 8"" should be ulc it is 
necessary and sufficient that U be Q-ulc. 

5.34 Lemma. In 8^ let U be an open set and Z'” E Z\U, 2) such that Z** ^ 0 

in 8^ — B, where B is the boundary of U. Then Z’^ 0 in U. 

Proof. Since we have = Z"* in >8” — JB, we may write 
(5.34a) a(Cr^ + 

where || || C ?7and |1 ll C /S" - U. But H Z^ |1 C U, = 

and Z'" is a cycle of U] it follows from (5.34a) that = Z\ 
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5.35 Theorem. Let K he a k-sphere imbedded in >S”. Then the open set 
S'" — K is T-ulc for all dimensions r n — fc — 1, and also in case K is an 
{n lysphere^ the individual complementary domains of K are O-uh. 

Proof. Suppose that U ^ S'" — K is not r~ulc. Then there exists € > 0 such 
that for every integer m there exists a G 2) such that 5(|| ||) < 1/m 

but such that there exists no G 2) for which = Z^ and 

^(il II) < 2€. Let G II Z^ ||. Then since /S” is compact, the set 
has a limit point x, which evidently must be a point of K. 

Now K = f{S^)y where / is a homeomorphism. Let cr^ be a cell of con- 
taining f~^{x) and such that the set D = /(cr*) C S(Xj e). There exists 5 > 0 
such that K r\ S(x, 5) (Z D, and there exists an m such that 11 ZL 1| C S{Xj S), 
Denote K — Dhj D', and F{xy e) by F, 

Since r n — /c — 1, we have from Theorem 5.22: 

(5.35a) dCr ^ = Z;, in ;Sr K] a fortiori in - D, 

Also, we have 

(5.35b) acr' = Z; in S(x, d); a fortiori in ;S" ~ (D' U F). 

Evidently D r\ {D' KJ F) — D Pi D', and since the latter is a subset of D', which 
is the homeomorph in S”" of a closed cell, we have by Theorem 5.21 that 

(5.35c) Cr" + Cr' 0 in ;S" - (5 n D'). 

Relations (5.35a) — (5.35c) imply, according to Theorem 5.18, that Z^^ 0 in 
— \D 0 (D' ^ F)] S'" — (K KJ F), and from Lemma 5.34 we conclude 

that Z^ ^ 0 in C/ P S(xj e). Thus the supposition that U is not r-ulc leads to 
a contradiction. 

Now let — 1 and r = 0, and let U be one of the domains complementary 
to K. We may then proceed as above to obtain x, {Z^}, € > 0, etc. Relation 
(5.35a) is obtainable since Zl^r^OinU (cf. Lemma 5.14: and the proof of Theorem 
5.13), and relations (5.35b), (5.35c) are obtainable as before. 

5.36 Definition. A point a is called arcwise accessible from a point set B 
if 5 G -S implies the existence of an arc T with end points a and b such that 
T — a a B, If A is a point set every point of which is arcwise accessible from 
some point set j5, then we call A arcwise accessible from i?. 

In Example 1 10,13, if D = { (p, ^) | (p < l)&(p, 6 ) $ (that is, the bounded 
domain in the (p, ^)-plane complementary to /S), then no point of A except 
(0, 0) is arcwise accessible from D. However, all points of S -- A are arcwise 
accessible from D. 

5.37 Theorem. Let K be a k-sphere imbedded in Then K is arcwise 
accessible from S — K. 

Proof. By Theorem 5.35, — if is 0-ulc if k 9 ^ n -- 1, and if & «= n — 1, 

then the domains complementary to K are 0-ulc. Consequently if C/ is a com- 
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ponent oi S — K and x ^ K, there exists by Theorem 5.33 a sequence Vi j V 2 ) 
• • • , rii , • • * , of positive numbers such that (1) lim = 0, and (2) the set 
U n SiXf 7 ]i+i) lies in a single component of ?7 Pi S(Xj rji). 

Now by methods similar to those used in proving Theorem 5.23, it may be 
shown that every point of Z is a limit point of U. Let pi be any point of Z7, 
and for each i > 1 let Pi ^ U r\ S(x, 17,), By Lemma 6.14, there exist arcs 
Ti with end points pi and p 2 in U, and Ti with end points p, and pi+i m U r\ 
S(Xj 7 }i-i) for i > 1. The point x^ together with obvious portions of the arcs 
Ti , i = 1, 2, • • • , forms an arc from px to x that meets K only in the point x. 

In the following theorem we give a characterization of the in analogous 
to that given by Schoenflies, except that the conditions employed are weaker: 

5.38 Theorem. A necessary and sufficient condition that a subset M of 
should he an is that it he a common boundary of two disjoint domains Di and 
D 2 , from each of which M is arcwise accessible. 

Proof of sufficiency. Since, by Theorem 4.12, has Property IV, the 
set ilf is a continuum. By Corollary 5.30, M has no cut points. 

Let Xj y ^ Mj X 9 ^ y. Then from the accessibility property of M it follows 
that there exists an which we denote by J , consisting of two arcs A,- , i = 
1, 2, having x and y as end points and such that Ai -- x -- y C. Di . By the 
Jordan Curve Theorem, /S — J is the union of two domains A and B having J 
as common boundary. 

Each of the sets A, B contains points of M. For consider the point set 
A VJ ai VJ aa , where at ^ Ai x y; since A is connected, it must be a con- 
nected set. Hence by Theorem I 7.8, A P Af 0. Thus Af -- a; — p = 
(A P M) \J (B r\ M) separate. 

It follows from Theorem I 11.21 that M is an 
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CHAPTER III 


PEANO SPACES; CHARACTERIZATIONS OF AND THE 

2-MANIFOLDS 

1. Peano contmua. As stated in the historical remarks (I 6), the notion of 
continuous curve, originally due to C. Jordan, has proved most fruitful in the 
set-theoretic topology. As defined by Jordan, a plane continuous curve is a 
set of points (a:, y) which may be obtained by functions x = /(^), y ^ gif) 
which are continuous in the real variable i as ^ varies from 0 to 1. The generalized 
notion of continuous curve, usually called the Peano contimum (I 6), en- 
compasses any subset ikf of a metric space such that M = fiE^) where / is a 
continuous mapping (I 5) and is the real number interval 0 ^ a; ^ 1. As 
remarked previously (loc. cit.), the fulfillment of the order of ideas begun by 
Peano's solution of the space-filling curve problem may be considered to have 
been achieved with the Hahn-Mazurkiewicz discovery of the topological charac- 
terization of continuous curves by the Ic property. For the sake of completeness, 
and because of the useful by-products of the proof, we give in the present section 
the Hahn-Mazurkiewicz theorem. 

We begin with some general lemmas concerning mappings. We recall that 
a Hausdorff space is a space which satisfies the axioms I 4.5 and I 4.7, as well 
as the separation axiom which states that if x and y are distinct points, then 
there exist disjoint open sets which contain x and y respectively. Whenever 
an explicit statement is lacking in what follows, regarding the form of space 
under consideration, we shall understand that a Hausdorff space is intended. 

1.1 Lemma. A compact subspace of a Hausdorff space S is closed in S. 

Proof. Let M be a compact subspace of a Hausdorff space >S, and let 
p ^ S ^ M. For each x E M, let U(x), V(x) be disjoint open subsets of S 
containing x and p respectively. As M is compact, and each set XJ{x) r\ M 
is open in Af, a finite number, U{x^), - , U{x^), of the sets U{x) cover ikf. 

Then (1 4.6) F(x.) is an open subset ol S — M which contains p. Hence 

S — Mis open (1 4.2) and M is closed in <S. 

1 .2 T.Tf.MMA. The remit of a cordinwms mapping of a compact space is compact. 

Pboof. Suppose / maps a compact space S onto a space S', and that { ?7,} 
is a collection of open sets U, covering S'. Each / (Cf.) is open (I 6.1a), and 
since S is compact, there exists a finite number of the sets U, , say U, , • • • , 
Ui*’ such that f~\Ui^'), • ; • , cover S. Since ff = U,' , it 

follows that S' — Ul'^. 
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Definition. A mapping is called closed if it maps closed sets into closed sets. 

1.3 Lemma. A continuous mapping of a compact space into a Hausdorff space 
is a closed mapping. 

Proof. Suppose f : S S', and let F be a closed subset of S. By Theorem 
I 12.11, F is compact. Then by Lemma 1.2 the set /(F) is compact, and by 
Lemma LI /(F) is closed, 

1.4 Lemma. Iff is a continuous mapping of S onto S' and C' is a component 
of S', then f^^{C') is the union of components of S, 

Proof. Consider a component A of S, The set /(A) is connected (I 5.2a), 
and therefore if /(A) r\C' 0,f(A) C C'. 

1.5 Lemma. If S is Ic and f is a continuous and closed snapping of S, then 
f(S) is Ic. 

Proof. Let f{S) = S', and suppose C' is a component of an open subset 
U' of S', As/ is continuous, f~^{U') is open (I 5.1a), and by Lemma 1.4, f^C') 
is the union of components of f~^(fJ'), But components of f’^^(U') are open 
by Theorem II 3.1, and therefore /“^(C') is open (I 4.4). As //""^(C') == C' 
and /is a closed mapping, the set ff^^{S' — C') is closed and hence C' is open. 
That S' is Ic then follows from Theorem II 3.1. 

We can now state the following theorem, whose proof follows from the above 
lemmas : 

1.6 Theorem, The result of a continuous mapping of a compact Ic space is a 
compact Ic space, 

1.7 Definition. A collection U of sets is called finitely additive if every 
union of a finite number of its elements is also an element of U, 

1.8 Definition. A space S is called perfectly separable if it has a countable 
system of neighborhoods equivalent to its defining system. Evidently every 
subspace of a perfectly separable space is itself perfectly separable. 

In particular, a Hausdorff space is perfectly separable if and only if it has a 
countable set of open sets which is equivalent to the set of all open sets; and 
such a coxmtable set we shall call a countable basis for the space. Every such 
countable basis may be considered as finitely additive (cf. I 4). 

1.9 Lemma. If S is compact, has a finitely additive basis U, and F is a chsed 
set contained in the oven set U' of S, then there exists a U ^ U such that F C 
UC U', 

Proof. As S is compact, F is compact (1 12.11). And as U ' is open, z E F 
implies that there exists 27(3;) G U such that x E U(x) C. U', Then the union 
of a finite number of the XJ{xyB covering F is a 27 of the type asserted by the 
lemma. 
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1.10 Theorem. If f is a continuous mapping of a compact 'Hausdorff space 
S onto a compact Hausdorff space T, and S has a countable basiSf then T has a 
countable basis. 

Proof. Let {Ui} be a finitely additive countable basis for S. Then, de- 
noting the complement of a set by each set CUi is closed, fCUi is closed 
by Lemma 1.3, and hence CfCTJi is open in T. We shall show that the sets 
CfCUi form a countable basis for T. 

Let a; G F C T, where V is open. Then f~^{x) is a closed subset of the open 
set f~^(V) in S (I 5.1a), and therefore by Lemma 1.9 there exists Ui such that 
/"^(^) C Ui C /"^(F). Taking complements, this implies Cf'^^ix) 3 CUi D 
Cf~^(V). In view of the fact that <7/"^ = f~^Cj we then have 

(1.10a) r^Cx 3 CUi 3 /” W. 

Applying/ to all members of (1.10a) we get 

(1.10b) ff-^Cx 3 fCUi 3 ff-^CV, 

But (1.10b) may be written Cx 3 fCUi 3 CF, and therefore, since CCM = Af, 
^ e CfCUi C F. 

1.11 Lemma. If A and B are disjoint closed subsets of a normal space S, 
then there exists a real single-valued continuous function fix)^ defined for all x Q S, 
such that 0 ^ f(x) g 1, f(x) = 0 for x S A, and f{x) = 1 for x G 5. 

Proof. If there exists an open set U such that A Q U S -- B and U — 
U" = 0, then we may let f(x) = 0 for a; G and f{x) = 1 for x E. S — U, 
Otherwise, we proceed as follows: Denote by Z7(l/2) an open set which con- 
tains A and whose closure does not meet B; this is possible because of the 
normality of S. Again, applying the normality condition to the disjoint pair 
Aj S — 17(1/2), we obtain an open seH7(l/4) 3 A whose closure fails to meet 
S — 17(1/2); and relative to the pair 17(1/2), jB, an open set 17(3/4) 3 17(1/2) 
whose closure fails to meet B, Proceeding in this fashion we obtain for every 
^adic proper fraction r — hlT an open set 17 (r) such that if r < r', then 
Uiff) C 17(r'). 

To define /(a;), if there exists r such that a: $ 17 (r), let f(x) = lub {r ] a; ^ 17(r) } ; 
otherwise /(x) = 0. Then 0 ^ f(x) g 1, /(ic) ~ 0 for x G A and/(x) = 1 if 
X ^ B, And if I is an open interval ab^ the real number interval [0, 1], we 
have r^I) =KJ {Uir)\r <h] -(^ {U{r) \ r > a}f which is an open subset 
of S, and hence/ is continuous (I 5,1a). 

1.12 Definition. By the fundamental parallelopiped of Hilbert space we 

mean a metric space P whose points ^e the (type co) sequences {x,i} , 0 S ^1, 
and such that if x = {x„} and y = {pn}, then p(x, y) = \xn — yn i/2”. 

Note that this space is compact. 

1.13 Definition. A space S is called metrizable if there exists a distance 
function (I 3) p(x, y) such that the system of spherical neighborhoods defined 
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by pixi y) is equivalent to the defining system of /S. No space is metrizable 
unless it has the topological properties of a metric space — as for example the 
property of being completely normal (cf. Theorem II 4.11). 

1.14 Theoeem. Every perfectly separable normal space is metrizable', indeed, 
ev&ry such space may he imbedded in the fundamental parallelopiped of Hilbert space. 

Peoof. Let S be a perfectly separable normal space. Denoting the count- 
able defining system of neighborhoods of S we arrange in a sequence 

the set of all pairs {U Umw) such that C Umi-ni ', by Theorem 1.11 
there exists for each n a continuous function fnipd) defined over S such that 
0 ^ /n(®) ^ 1 S'lid whose values are 0 and 1 on the sets Vkin-) and S — D„(„) 
respectively. Let f{x) = {/„(x)}. Then /(a;) is a continuous mapping of /S 
into P.^ Furthermore, fix) is 1-1. 

To_^ow that / is a homeomorphism, we must prove /" ^ continuous. Suppose 
x^M C S; then/^) $ /(M). For there exists a natural number n such that 
X G S — M, and an index kin) such that x G UkM C ; hence 

foiy GM,fnix) — 0,fniy) = 1 and consequently^(/(a;), /(a/)) ^ l/2“. Thus 
a sphere Sifix), 1/2") in P contains no point of/(M). 

1.15 LiNDBiiOE Theoeem. In a perfectly separable space S, if U is a covering 
of a point set M by open sets, then a countable subset of U covers M. 

Pboof. Let {U„] be a countable basis for S, and for each let 9» ~ 
{f71 (i7G U)&(I7D !7„)}. For each ra, let F, G 8n • Then {7„} is a countable 
subset of U covering M. For suppose x E: bl. Then there exists O' G U such 
that X E U. Also, there exists U„ such that x E U„ E U and consequently 
U E^y^, implying g, 5^ 0. Then a: G F„ . 

A natural generalization of the notion of equivalent sets of neighborhoods is 
contained in the following definition: 

1.16 Definition. A set U of neighborhoods is called equivalent to the set 
of all neighborhoods (or to the defining system) relative to M E S ii given a 
neighborhood U oi x E M there always exists F G U such that F is a neigh- 
borhood of X and F C The extension to a definition of equivalence of two 
arbitrary coUections of neighborhoods relative to a set M should be obvious. 

1.17 T,emma. If S is either (1) metric or (2) perfectly separable, and x E S, 
then there exists a countable collection of open sets equivalent to the set of all open 
sets relative to x. 


‘Given p = {/«(») } € P, and « > 0 , choose a* > 0 so that p(,x, y)< Sn impto that | fn(x) - 
fn(ll) 1 < e/2 "*' — wHeh is possible because of the continuity of each function /.(x). Then 
choose tn so that 1/2” < e/2, and let S = min (8i , • • ■ , Jm). Then if j/ G S(x, «) in <3, we have 
the relations p[/(x)-, /(j?)] = S"i|/n(x) |/^ = 2r Ifnix) —fJj/) 1/2* -b ]/,(*) — 

Uy) 1/2” < (e/2» + - -• 4- + 1/2” < */2 + e/2 ^ e. 
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Proof. If S is metric, the desired collection may be taken as 1/n) \ n 
a natural number}. If S has a countable basis {f7^}, the desired collection 
may consist of all Un such that a; G . 

1.18 Remark. A space having the property that for some point x there 
exists a countable collection of open sets equivalent to the set of all open sets 
relative to x is said to satisfy the first Hausdorff countability axiom at x [H, 263(E)] 
or to be of countable character at x. A space that is of countable character at 
all its points will be called a space of countable character. 

1.19 Definition. A point x is said to be a sequential limit point (sip) of a 
sequence of (not necessarily distinct) points {p„} if every neighborhood of x 
contains all but a finite number of the points • The relationship may be 
expressed by the symbols x sip {p„}. The fact that x sip is frequently 
expressed by the statement {p^} converges to x. And if for given sequence {pn} 
there exists x such that rr sip {pn}, the sequence {pn} may be called convergent 

1.20 Lemma. In a Hausdorff space, no sequence has two distinct sequential 
limit points. 

Remark. The notion of sequential limit point in topology is analogous to 
that of limit of a sequence in real number theory. Thus, just as a sequence of 
real numbers may converge to a limit because of endless repetition of the same 
number, so a sequence of points consisting of the same point endlessly repeated 
has that same point as sequential limit point. 

1.21 Theorem. If S is either (1) metric, or (2) perfectly separable, and 
M d S has a limit point p, then p is a sequential limit point of a sequence of distinct 
points of M. 

[Note that if { ?7n} is a countable collection of open sets equivalent to the set 
of all open sets relative to p, then each set M H is infinite and has p as a 
limit point (I 9.1), (I 7.14).] 

1.22 Lemma. Every countably compact subset of a perfectly separable Haus- 
dorff space is compact 

Proof. Since a subset of a perfectly separable space is itseK perfectly 
separable, the lemma follows from Theorems 1.15 and I 12.8. 

1.23 Corollary. For subsets of a perfectly separable space, ‘^compact” and 
^^countably compact^ are equivalent 

Remark. In view of Corollary 1.23, when dealing with perfectly separable 
spaces we usually drop the adjective “countably” even though the property 
desired may be only that of countable compactness. 

1.24 Corollary. Every countably compact subset of a perfectly separable 
Hausdorff space is closed. 

(Cf. Lemma 1.1.) 
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1.25 Lemma. In a metric space, separability and perfect separability are 
equivalent. 

If jS is metric and separable, let iiL C be a countable set such that K = S. 
Then the collection U = r) \ (x E IiC)&(r is rational)} is a countable 

basis for 8. 

Remark. In the proof of Lemma 1.25, evidently the number r can be re- 
stricted to be always less than an arbitrarily given fixed number. 

1.26 Theorem. Every compact metric space is perfectly separable. 

Proof. For each natural number n, let ll„ = {/S[(a:, 1/n) [ a: G 5}, and let 
i8„ be a finite subset of XL covering 8. Then the collection ffi = U is a 
countable basis for 8 . 

1.27 Theorem. Every compact Hausdorff space is normal. 

Proof. Let A, B be disjoint closed subsets of the compact Hausdorff space 
8. The sets A, B are compact by Theorem I 12.11. For each a: G A and 
2 / G 5 let TJix, y) and 7{x, y) be disjoint open sets containing x and y, re- 
spectively. For each x, let 7(a:) be the union of a finite collection 7(a:, ?/.•) 
of the sets 7(a:, y) that cover B, and let U{x) = O y>')- Let V be the 
union of a finite collection {U(Xi)} of the sets U(x) that cover A, and V = 
n V(Xi) . Then U and V are disj oint open sets containing A and B, respectively. 

1.28 Theorem. The result of a continuous mapping of a compact metric space 
into a Hausdorff space is a compact metrizable space. 

Proof. By Lemma 1.2, if 8 is compact metric and/ is a continuous mapping 
of 8 into a Hausdorff space, then S' = fiS) is compact. By Theorem 1.26, 8 
is perfectly separable and therefore S' is perfectly separable by Theorem 1.10. 
As every compact space is normal by Theorem 1.27, the theorem now follows 
from Theorem 1.14. 

From Theorems 1.6 and 1.28 we now have: 

1.29 Theorem. The result of a continuous mapping of the real number in- 
terval [0, 1] into a Hausdorff space is a compact, metric, Ic space. 

2. Topological chaiacteiization of Peano continua. We now turn to the 
converse of Theorem 1.29. 

Definition. By the Cantor ternary set we mean the set T of real numbers 
X, 0 ^ X ^ 1, such that x is expressible in the ternary number scale without 
use of the digit 1. In geometric terms, T is often described as f \ M„ , where 
Mt is a straight line interval, M 2 is the result of deleting the open middle third 
interval from Mi , Mi is the result of deleting the open middle third intervals 
from the components of M 2 , and so on. 

2.1 Theorem. In order that a space 8 should be compact and metric, it is 
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necessary and sufficient that it be the result of a continuous mapping of the Cantor 
ternary set T into a Hausdorff space. 


Proof. The sufficiency is of course a consequence of Theorem 1.28 above. 

Suppose aS is a compact metric space. Then 8 = \Jt Si , where »o is finite, 
Si is closed, and 3(<S..) < 1. Let T = \Jt Ti , where the T.'s are disjoint closed 
sets, and let Ti correspond to Si . 

Next, express each Si as \Ju Sti where Su is closed and < 1/2; and 

then express the corresponding Ti as UlUTii , where again the T a are disjoint 
closed sets, and let Tij correspond to Sa , 

In continuing this process, the decomposition of T is made in such a maimer 
that the sets involved at each step decrease uniformly to zero in diameter as 
the number of steps in the process increases indefinitely. The sets in the de- 
composition of S at the nth stage are all to be of diameter <l/n., and every 
set obtained from S at the nth step is decomposed into at least two closed sub- 
sets in the (n + l)th step. 

Now if x' G >S, then x' is the common point of at least one sequence Si ID 
Sii ID • * • . And for each such sequence, the corresponding sequence in T, 
Ti Z) T^i Z) * * • has a unique point x which is common to all elements of the 
sequence. We let f{x) == x\ (Evidently there may be many such that 
f(x) = x'j but we only ask that f(x) be single-valued, since generally a single- 
valued inverse would be impossible.) 

To show/(ic) continuous, consider a fixed pair Xj x' such that x^ = /(^)> and 
arbitrary e > 0. Determine an integer h such that l//c < c; then the subsets 
Si,,„ of S with /c indices are all of diameter <€. In the decomposition of T 
at the /cth step of the above process, let the set that contains x be denoted by 
Tk{o^- There exists 5 > 0 such that Six, 6) fD [T — Tj,{x)] = 0. Hence if 
X G S{x, S), then x G Tk(x) andf(x) G e). 

2.2 Lemma. If a compact metric space is Icj then it is ulc (II 5.32). 

2.3 Lemma. If S is a compact, metric, connected, Ic space, aru^a, b ^ S, 
then there exists a continuous mapping f of the real number interval E = [0, 1], 
such thatfiO) == a, /(I) = b, and in general f{x) G S, 


Proof. Define the function f{x) as follows: Let /(O) = a and /(I) = h. 
By Theorem I 12.3, there exists a simple chain So = [C^i ? * ” ? C^ncol of open 
connected subsets — ^i.e., domains — of S from a to 6 such that each Ui is of 
diameter <1. For each i, 1 ^ i < ^(0), let Xi ^ Ui r\ Ui+i • Then let 
f{i/n(0)) = X* . 

Denoting a, b respectively by Xo , Xnio)} for each i, 1 ^ i ^ ^(0)> lot S,* = 
‘ , ?7tn(o] be a simple chain of domains from Xi-x to Xi such that each 

Uii c Ui and 8(Uii) < 1 / 2 . Let G U^ r\ Ui,i^x ,l£j ^ n(i) - 1, and 


let/(^/n(0) + j/n(0)n(j)) ^ x,,- , ^ 

At the next step we introduce simple chains 6,/ in the sets U a made up of 
domains of diameter <11/3, etc. This process defined inductively generates 
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functional values for a countable subset M dense in E^, which can then be 
extended to the points of — ilf so as to provide for the continuity of f(x), 

2.4 Lemma. Let S he a compact, metric, Ic space. Then for every e > 0 
there exists a d > 0 such that if a, b ^ S for which pfa, b) < 8, then there exists 
a continuous mapping f of tJw real number interval E^ == [0, 1] into S such that 
/(O) = a, /(I) = b and 8[f{E^)] < e. 

Indication op troop. By Lemma 2.2, there exists 5 > 0 such that if 
p(a, b) < 8, then there exists a connected subset M of S containing a and b 
such that 8{M) < e. Hence one can commence the process used in proving 
Lemma 2.3 above with the elements of the chain So forming a point set of diam- 
eter <€. 

2.5 Theorem. In order that a space S should be compact, metric, connected 
and Ic, it is necessary and sufficient that it be the result of a continuous mapping 
of the real number interval [0, 1] into a Hausdorff space. 

Proof. The sufficiency is a consequence of Theorems 1.29 and I 5.2a. 

To prove the necessity, let S be compact, metric, connected and Ic. Since 
S is compact and metric, there exists, by Theorem 2.1, a continuous function 
f(x), X ^ T, such that f{T) = S. Denote the intervals complementary to T 
in the real number interval [0, 1] by Ji , J 2 , • * * , In , * • • , and denote the end 
points of In by a„ , 6n . If /(Un) = /(W, then we let fnix) = /(Un) for all numbers 
X between a^ and bn , Otherwise, there exist, by application of Lemma 2.4, 
mappings /„(!«) into S such that (1) fn{af) = f{af) and /n(6n) == /(W; 
(2) a[/n(In)] < €n , Hm €n = 0. Finally, if we letf(x) = fn(x) for x Gin, f{x) = 
f{x) ii X G T, then the new function /(^) is the continuous mapping desired. 

3. Peano spaces. Throu^out the present section we shall deal with a space 
C having the following properties: (1) nondegenerate, perfectly separable and 
normal; (2) locally compact; (3) connected; (4) Ic. Such a space we shall call 
a Peano space. In case C is compact, it constitutes a Peano continuum. 

Since C is perfectly separable and normal, we may assume that it has been 
assigned a metric p{x, y), in view of Theorem 1.14. 

Let p G C, € > 0, and let R{p, e) be the component of S(p, c) determined 
by p. Then R{p, e) is a domain (Theorem II 3.1) of C which we shall call an 
e-region; we frequently drop the e, however, using merely the term region when 
not interested in the diameter. And since C is locally compact, we shall assume 
without explicit mention hereafter that the closures of all re^ons employed are 
compact. Clearly the set of all regions is equivalent to the set of all open subsets 
of C. 

Given p GC,e> e' > 0, we call R(p, /) a shrinkage olR{p, €), If 17 — € •— c', 
we may call R{p, c') an iq-shrinkage of R{p, e). 

If a, b G C, then by C{a, b) we shall denote a simple chain of regions from 
a to 6. 
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3.1 Lemma. Let M he a compact subset of a region R = R(v, e). Then some 
shrinkage of R covers M. 

Proof. For each x S R let R{x) == R{x, 7 ff)j where = p(x, R R)/2. 
The set M ^ p is compact and is therefore covered by a finite set of the R{xys, 
say R(xi)j • • • , R(x„i). By Theorem I 12.3 there exists for each i = 1, • • • , 
m, a C(p,^Xi) consisting of elements of the collection {R(x)}, Let A = 
u [i2(a;,) VJ C(p, X,)]. Then A is a subcontinutim of R containmg Af VJ p. 

Let €' be a posi^e number < e such that S{pj e') D A. Since A is connected, 
-KCp, e') contains A, and as e' < €, R(pj e') is a shrinkage of R containing M, 

3.2 Lemma. Let M he a compact point set and a collection of regions covering 
M. Then there exists an rj > 0 such that the set G(rj) consisting of rj-shrinkages of 
the regions of 3i also covers M. 

Proof. If is infinite, we select a finite set , jB 2 , • • * , Ru of regions of 
9^ which covers Af, and continue to call this set 5R. Evidently an rj which satisfies 
the conclusion of the lemma for the new will also do so for the old and 
we therefore carry out the proof for the finite case. Also, if fc == 1, the lemma 
follows from Lemma 3.1. 

Using a mathematical induction argument, suppose the lemma holds for every 
covering of ft — 1 regions, ft > 1, and let 9?, ft be as above. Let A = Af — 
M r\ Ri .If A = Oj the lemma follows from the induction assumption. 
Otherwise, let rj' > 0 he such that an ly'-shrinkage Ri of Rk covers A. 

Now M r\ RiD M r\ A ^ A. Hence M-MnRiCM-A=Mr\ 
u -i Ri . That is, Af — Af P\ is a closed set covered by the ft — 1 regions 
JJi , • • , Rjt^i . Hence by the induction assumption there exists 17 " > 0 such 
that ? 7 "-shrinkages of , • • • , Rk-i cover M — M r\ Ri . Evidently ij-shrink- 
ages, where 77 = min 77 "), of , • • * , Rk cover Af. 

Remark. Any positive number <77 will obviously still satisfy the require- 
ments of Lemma 3 . 2 . 

3.3 Theorem. // p G 0 and e > 0, then there exists a domain U which is 
ulc and such that p & U C. S(p, e). 

Proof. We may assume e < 1 as well as small enough so that S(pj e) is 
compact. For each natural number n, let €„ = 1/2”. Our general process will 
be to commence with an e-ca-region Uoo containing p, which we augment with 
€•€„+ 2 -regions Uni where for each n, Uni meets some , so that the union 

U„, KJ Un.i Uni will be of diameter <€. It will be assumed throughout the 
discussion that this condition relative to the diameters of the sets Uni is complied 
with, without necessarily making explicit mention of the fact. We shall denote 
the boundary of a Uni by J5„i . 

As Boo is compact, it may be covered by a finite set of €• es-regions jffii , • • • , 

. Let 77 be such that an 77 -shrinkage of these regions still covers Boo 
(Lemma 3 . 2 ). Suppose it is true that if Ri has a boundary point in common 
with any Rj , i > 1 , then it overlaps Rj ; then in this case we let Ri = ?7i,i . 
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If this is not the case^ then Ui,i is an ??'-shrinkage of i?i , t?' < Vj which does 
have this property, while at the same time overlapping the same regions Rj 
that Ri overlapped — this may be accomplished by use of Lemma 3.2, by selecting 
a point Xj in each nonempty Ri H R^ and applying the lemma to the closed 
set M = Ux,. We next shrink R2 if necessary, so that it has similar properties 
relative to C/1.1 ? -K3 , • • • , RnU) ? and call the resulting set C/1.2 ; and so on until 
from jBn(i) we get a region C/i.„(i) (actually, Rna) = 

Let C/1.0 = C/00 kJ \J Uii . Now C/1.0 is a connected open set, of which we 
assert that there exists a 61 > 0 such that if a and b are points of C/1.0 such that 
p(a, 6) < 61 , then there exists C(a, b) C C/1.0 such that 5[C(a, b)] < ex (cf. the 
last smtence preceding Lemma 3.1). For suppose this is not the case. Then, 
since C/1.0 is compact, there must exist c G Bx,q such that in each S(c, €„) there 
is a pair a„ , G C/1.0 not joined by a C(a„ , 6„) C C/1.0 of diameter <€i . Now 
Bt.o C U Bii and c is therefore in some Bn , say Bi,i . And as c ^ Boo , we 
may select n so great that /S(c, €„) contains no point of C/00 ? as well as no point 
of a C/ii unless C/1,1 and that Uu overlap. But then a„ , either lie in one 
region Un or in overlapping regions Un , Uu , and in either case we have a 
, bn) of diameter <ei , since the Uu are of diameter <€3 . Thus a 8x of 
the sort described above must exist. For use later on we record the (trivial) 
fact that if 5i = 5(/3, a, 6 G C/1.0 such that p(a, b) < 8x , then there exists a 
C(a, h) such that the diameter of C(a, b) < Sex . 

We now cover Bi.o by a finite set of regions Kx , K2 ^ • , Kni2) of diameters 

<ci- 5i . By shrinking the iT^s we obtain a set of regions C/2»- , i = 1, 2, • • • , 
n(2), still covering jBi.o , such that if two of them have a common boundary 
point then they overlap. Then the set C/2,0 = C/1,0 ^ u C/2 1 is such that if 
ot, & G C/2,0 , p(U; &) < 5i , then there exists a C(a, 2>) C C/2,0 such that the diameter 
of this set C(a, 6) is < Sci . For if a, for instance, is not in C/1,0 , it is in a set 
C/2*- which contains a point a' of C/1,0 , and similarly if b is not in C/i.o it is in 
a set C/2/ which contains a point ¥ of C/1,0 ; and as p(a', 6') < 5i , there exists 
a C(a'j 6') C C/i,o of diameter <€i . From this chain and the regions C/2* , 
C/2, we may get a C(a, 6) C C/2.0 of diameter Oei . Finally, by an argument 
identical with that used in the paragraph above we prove that there exists a 
82 such that if a, 6 G C/2,0 and p(a, b) < 82 f then there exists a C(a, b) C C/2,0 
such that 6[(7(a, 6)] <62 . And we record the trivial fact that if 82 — ^2/3 and 
p(a, b) < 82 3 then there exists a C(a, b) of diameter < 3€2 . 

Instead of describing the general nth stage of the process at this point, we 
shall describe the next, third stage — ^the general inductive definition should be 
clear thereafter without explicit formulation. Proceeding as in the first two 
stages, we cover £2,0 by regions C/a*- , i = 1, 2, • • • , n(3), such that 8{Uzi) < min 
(^€281 , ci 52). Let C/3.0 ™ C/2,0 u Uzi . We assert first that if a, & G C/3,0 
and p(a, b) < 8x , then there exists a C7(a, b) C C/3,0 of diameter < 3€i . We 
have already shown this if a, 6 G C/2, 0 . If C C/2.0 , then a is in a C/s* of diameter 
<€261 which contains a point a' of a C/2/ of diameter < €i8x , which in turn 
contains a point a'' of C/1,0 ; thus a and a" are joined by the connected set 
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Uz% ^ U2j whose diameter is <(€2 + €1)81 < 81 . Similarly b is joined to a 
point 6" of f7i,o by a connected set of diameter <5i . As p(a", 6") <3 81 == 
8i , there exists a (7 (a", 6") in Ui,o of diameter <€i . The remainder of this 
part of the argument should be clear. We next assert that if p(a, b) < 82 , 
then there exists a (7(a, b) in JJg.o of diameter <3 €2 — ^the proof is similar to 
that already employed above. And finally we prove the existence of a Sg > 0 
such that if p(a, b) < 63 , then there exists a C(a, b) of diameter <€3 . We 
define 8^ = 8i/3. 

In general, we set up a Uno = ^ u Uni , and a number > 0 such 

that for 1 ^ A; ^ n, a, 6 G Uno , and p(a, b) < 8k , there will exist a (7 (a, b) of 
diameter < , 

Let U = KJ Uno . Then ?7 is a connected open subset of S{p, e). We assert 
that for arbitrary ?? > 0, there exists a 5 > 0 such that if a, 6 G U and p(a, b) < 
8, then there exists a C(a, b) of diameter <71. For take n such that < ri 
and let 8 = 8n . There exists k > n such that a^b S Uko . By the method of 
construction we have already provided that if a, 6 G Uko and p(a, &) < 5^ , 
then there exists a C(a, b) in Uko of diameter less than < 77. Hence U is ulc. 

It will be noticed that we have also proved: 

3.4 Theorem. If M is a compact point set, then for an arbitrary € > 0 there 
exists a ulc, open set U such that M Q U Q S{M, c); and if M is connected then 
U is connected, and in any case U has a finite number of components whose closures 
are disjoint. 

For the single point case we have the following important corollary: 

3.5 Theorem. If p G C, e > 0 , tj >_ 0, and R(p, e) is compact, then C con- 
tains a ulc, connected open set U such thatR(p, e) C C -RCp, « + 1?). 

3.6 Theorem. If a point set M is ulc, then M is Icf 

Proof. By Theorem II 1.8 it will be sufiScient to show that M is Icq. Let 
p G AT, € > 0. Since M is ulc, there exists 5 > 0 such that it x, y ^ M and 
p(x, y) < 28, then some connected subset of M of diameter <€/2 contains x 
and y. We may suppose 8 < e/f2. 

assert that all points ot M r\ S{p, 8) are in the same guasi-component 
ot M r\ jS(p, e). For suppose x, y ^ M D S(p, 8) and that M r\ S(p, e) = 
A \J B separate, where x ^ A, y ^ B. Let rj > 0 he such that S(x, tj) C 
S{p, 8) “ B, and let x' E: M r\ S(x, n)- Then x^ EM r\ A r\ S(p, 8). Simi- 
larly there exists y' E M r\ B H S(p, 8). By our selection of 8, there exists a 
connected set K in M such that x', y' E K Q S{p, e). But then if is a con- 
nected subset of A W jB which has points in both A and B, which is impossible 
(I 7.1). 

As a corollary of Theorems 3.4 and 3.6 we now have: 

3.7 Theorem. If M is a compact point set, then for arbitrary e > 0 there 


®See Theorem IV 4.12. 
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exists a closed set K and 'positive number 17 such that (1) S{M, rf) CZ K C. S(M, e); 
(2) the components of K form a finite set of Peano continua; (3) if M is connected, 
K is connected. 

In particular, then, arbitrarily small neighborhoods of each point of C lie in 
arbitrarily small Peano continua. 

For the next theorem we need the following lemma: 

3.8 Lemma. If Mx , , • • • , is a sequence of compact, connected, 

nonempty subsets of a Hausdorff space S such that for each n, D , then 
n Mn is nonempty, closed and connected. 

Proof. That the set K = n Mn is nonempty and closed is a consequence 
of I 4.3 and I 12.8. Suppose K ^ A KJ B separate. Since Mx is a compact 
space, there exist by Theorem 1.27 disjoint open subsets U, V of Mx such that 
U Z) A,V Z) B. Denoting the boundary of ?7 in Mi by F, let — F r\ Mn . 
Each of the sets is nonempty by Theorem I 7.8, and since each M„ is closed 
by Lemma 1.1, Fn is closed. Hence n 0 by 1 12.8. Butn^’ncn^-, 
contradicting the supposition that n Mn has no points on F. 

3.9 Theorem. Every two points of a region R are the end points of an arc of 
that region. 

Proof. If a and b are points, then by a regular e-chain (of R) from a to & 
we mean a simple chain (I 12.2) of Peano continua Ci , i = 1 , * * n, from a 
to b such that Ci H (7*+i is a point and 5(C^) < e. Then, R being a region 
and a, 6 G E, we assert that for every e > 0 there is a regular e-chain in R from 
a to b. For let A denote the set of all rr G -K such 1!hat there is such a chain 
from a to x, the number e being now fixed. Then A is open in R. To see this, 
let :r G S a regular e-chain in R from a to x, and L the link (I 12.2) of 6 
containing x. Let 77 > 0 be such that 

77 < min {e - b{L), p[x, F{R) U (S - L)]}. 

By Theorem 3.7, there exists a Peano continuum C' such that x G C', 5((70 < 77, 
and all points of C in some neighborhood of x lie in C\ Then the chain obtained 
from S by replacing, in S, the set L by L W C' is a regular e-chain from a to a; 
in R having x as an interior point. 

The set A is also closed in R. For suppose 2/ G is a limit point of A. Let 
Cx{y) be a Peano continuum in B such that for some neighborhood U{y), 
U(y) C Cx{y) and 5[(7i(2/)] <€. Since A Pi U(y) 5^ 0, A P Cx(y) 9^ 0, and there- 
fore for some x G Cx{y) there exists a regular e-chain 8 from a to x consisting 
of continua Lx , Lz , • * • , L„ . Evidently we may suppose Li P Cx(y) = 0 
for i < n, and if 2/ G -L„ , then 8 is a regular e-chain from a to y. Suppose, how- 
ever, that y ^ Ln. Let 0 < ei < min [1/2, p{y, LZ)]] then, by Theorem 3.7, 
(^x{y) is the union of a finite collection Si of Peano continua of diameter <ci . 
Let Hx be the union of those elements of that fail to meet !/« , and let Fi 
be the component of Hx containing y. Then at least one element, Kz , of ®i 
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contains both a point of Fj and a point of L„ . In general, for ft > 1, let 0 < e*, < 
min [l/2ft, , L„)], and express Kk as the union of a finite collection of 

Peano continua of diameter <et . Let Hk be the union of those elements of 
©4 that fail to meet L„ , and let F* be the component of Fi_i U Hk that contains 
y. Then at least one element Kk+x of S* contains both a point of F^ and a 
point of I/„ . Let F = KJk-i Yk . 

Now Pi Kk^L^nn Kk is a single point p because of the restriction on 
the diameters of the sets Kk , and since jeach F* is closed, F H L„ = 0 and 
F — Ffc C _Kk ) it follows that the set F — F = /^ = p. It is readily 

shown that F is a Peano continuum of diameter < e having just^ in common 
with Ln , and the collection whose elements are Li , Ls , • • • , I/„ , F, is a regular 
€-chain of Peano continua from a to p. Hence p S A and we conclude that A 
is a closed set. And now, since A is both open and closed in the connected 
set jB, A = 72. 

To show the existence of an arc from a to 5 in 72 we now proceed as follows: 
Let Cl be the set of all points in some regular 1-chain of 72 from a to 5. For 
each n > 1, let be the set of all points in some regular l/n-chain of Cn-i 
from a to h. Let K = n:. 1 Cn . We shall show that K is an arc of 72 from a to 6. 

Since the sets are compact and connected, K must be a continuum by 
Lemma 3.8. Every x ^ K -- (aU b) separates a and b in K, For let Pn be 
the set of all points of Cn that lie on two links of (7„ , and P = u P,, . Then 
P (Z K and every point of P separates a and b in K. Let xSK — P — a — b. 
Then for n large enough, x lies in exactly one link Ln of Cn , and L^f^ia^Jb) == 0. 
If we let Cna denote the union of those links of Cn that precede Ln and Cnh denote 
the union of those that are preceded by Ln , in the order from a to b, then 
K-x = iSjKr\ C^fr), and this is easily seen to be a separa- 

tion. That K is an arc now follows from Theorem I 11.15, 

3.10 Theorem. Every two points of a domain are the end points of an arc 
of that domain. 

The proof follows easily from the simple chain theorem 1 12.3 and Theorem 3.9. 

3.11 Corollary. Every two points of C are the end points of an arc of C. 

3.12 Definition. A space S is called locally arcwise connected at x ^ S 
if every neighborhood ?7 of a: contains a neighborhood V of x such that if a, 
5 G F, then U contains an arc from atob. A space S is called locally arcwise 
connected if it is locally arcwise connected at every x G >S. Note that as a 
consequence of 3.9: 

3.13 The space C is locally arcwise connected, 

3.14 If ilf C and every two points of M are joined by an arc of S,^then 
M is said to be arcwise connected through S, If M = >S, we say simply that S 
is arcwise connected. For example, by virtue of Theorem 3.10, every domain of 
C is arcwise connected. 



82 


PEANO SPACES; AND THE 2-MANIFOLDS 


[HI] 


3.15 Theorem. If x is a non-cut point of C and € > 0 such that F{xj e) is 
compact^ then there exists 5 > 0 such that F(x, e) is arcwise connected through 
C - Six, 8). 

Proof. By Theorem 3.7, Fix, e) is contained in the union of a finite number 
of Peano continua , • • • , C* which lie inC — x. And, since (7 — x is a domain, 
by Theorem 3.10 these continua are joined by a finite number of arcs in C — x 
which, together with the continua Ci , • , form a Peano continuum 

K C. C -- X. Let 8 = p(x, K), 

3.16 Corollary. If x is a non-cut point of C and e > 0, then there exists 
a 8 > 0 such that all points of C — Six, e) lie in one component of C — Six, 8). 

3.17 Definition. A point p G 0 is called an end point of C if for every 
€ > 0 there exists a point x such that C — x = Ci VJ (72 separate and p G C 
Sip, e), 

3.18 Definition. With every non-cut point p of C, we associate a set (7^ 
which consists of all points x of (7 such that ior no y G C isC — y = Ci^J C 2 
separate such that p G Ci , x G C 2 > In other words (see 1 5.11), (73, is the set 
of all points x of C such that no point of C separates p and x in (7. Evidently 
if p is an end point of C, then consists only of p itself. And if C has no cut 
points, C is itself a . 

3.19 Definition. By a cyclic element of (7 will be meant either a cut point® 
of C or a set Cp . 

For example, it follows easily that what we have hitherto been calling the 
end points of an arc (1 11.1) are also end points in the sense defined in 3.17 iif 
the arc is the space (7); and the other points of the arc, being cut points, are 
themselves cyclic elements of the arc. Every point of an arc, then, constitutes 
a cyclic element of the arc. 

The space consisting of two tangent circles in a plane, as a space (7, has just 
three cyclic elements, consisting respectively of the point of tangency and the 
two sets of points lying on the respective circles. Incidentally, this example 
shows that cyclic elements are generally not disjoint. 

3.20 Theorem. A point p G C is a Cp if and only if it is an end point 

Proof. If p is a set Cp , then it is by definition a non-cut point. Hence, if 
€ > 0, there exists by Corollary 3.16 a 5 > 0 such that all points of (7 — Sip, e) 
lie in one component if of (7 — >S(p, S). Let px be an arc such that pxr\ K == x. 
Since p is a (7„ , there exists a point y such that C — y = CiU C 2 separate and 
such that p G Cl , X G C 2 • Evidently y G px, and consequently y ^ K. 
Hence K must lie in C 2 and Ci C ^(x, e). 

We have already observed in 3.18 that every end point p constitutes its own Cp . 

®More precisely, *^the set consisting of a cut point of but we say simply ^^cut point of <7” 
in the interest of brevity. 
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3.21 Theorem. Every set Cp is closed. 

Proof. If a; $ Cp , then there exists y such that C — y = Ci^ C 2 separate 
where p E: Ci , x E: • Since Cp must lie in Ci , a; cannot be a limit point of Cp . 

We now recall Definition II 5.36 of arcwise accessibility. Throughout the 
present chapter we shall use the term ^^accessible^’ to mean ^^arcwise accessible”. 

3.22 Definition. If K and M are point sets such that K E M and KZ) M, 
then K is said to be dense in M. 

For example, a space is separable (1 10.22) if it has a countable subset which 
is dense in it. It will be noted in the example referred to in II 5.36 (this was 
Example I 10.13) that although the indicated portion of the boundary contains 
no accessible points, every point of it is a limit point of accessible points. This 
is an important property of the boundaries of domains, not only in the plane 
but in any space of type C: 

3.23 Theorem. If D is a domain, then the set of all boundary points of D 
which are accessible from D is dense in the boundary. 

Proof. Denoting the boundary of D by B, let rr G 5 and e > 0. Let R 
be an €-region of x, and y E D r\ R. Then there exists an arc xy in R by 
Theorem 3.9, and if p is the first point of B on xy in the order from y to x, then 
p is accessible from D. 

3.24 Theorem. If M is a set Cp , then every component of C -- M has exactly 
one limit point in M. 

Proof. Let K be a component of C — Af . By Corollary II 3.4, K has at 
least one limit point in M. Suppose K has two limit points x, y in M. With 
e < p{x, y)/2, let u, v be accessible boundary points of K in 8{x, e), S{y, e) 
respectively — such points exist by Theorem 3.23. Being a domain (Theorem 
II 3.1), K is arcwise connected by Theorem 3.10. It follows that K\J u\J v 
contains an arc uv. 

Let whQ a point of uv in K, and (since Af is a CJ g a point such that C “ 
q =z Ci\J C 2 separate, where p E Ci , w E C 2 • Then necessarily M — q E Ci 
and therefore either u E Ci or v E Ci . But then either the portion of uv from 
u to Wj or the portion from v to w, is in Ci , which is impossible. 

3.25 Theorem. If M is a connected point set and K is a Cp , then M Cx K 
is connected. 

Proof. Suppose M r\ K ^ A\J B separate. Then M = M{A) \J M{B) 
disjoint, where M{A) consists of A together with points of M lying in com- 
ponents of C — iT whose boundary points lie in A (cf. Theorems I 7.8 and 3.24); 
M{B) is defined similarly relative to B. As M is connected, M{B), say, contains 
a limit point, x, of M(A). Then x E B, since each point of M{B) — JS is in a 
domain containing no point of M(A). However, if € < p{x, A), then an c- 
region R oi x containing points of M{A) must contain points of M{A) — A, 
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hence points of some component L of C — K whose boundary point is in 
A violation of Theorem 3.24 is now easily established by means of the set L W i?. 

3.26 Theorem. Every nondegenerate set K which is a set is a connected 
and Ic point set which has no cut point 

Proof. Since C is connected, C K ^ K is connected by Theorem 3.25. 
Also, if X S K and R is an e-region of Xj then again by Theorem 3.25, H if 
is connected and consequently K is Ic. Finally, if x ^ K, then K -- x is con- 
nected. For suppose K -- x = A yj B separate, and let a G A, & G 5. Then 
a and b are g-equivalent in C — x; this is certainly the case if x is the non-cut 
point p, and also when x p, otherwise the point x would separate p from one 
of the points a, h. Hence by Theorem II 3.6, a and h are in the same component 
L of C — X. Since by Theorem 3.25 the set L H if is connected, although 
a: ^ L, a contradiction results. 

We may now state, as a result of preceding theorems: 

3.27 Theorem. Every nondegenerate set has all the properties (1) — (4) 
0 / the space C itself. 

3.28 Theorem. If K is a set and A, B are disjoint, nondegenerate closed 
subsets of K, then there exist in K two disjoint arcs ab, cd such that A r\ (abU cd) — 
a\Jc,Br\(ab^cd) = b\Jd. 

Proof. Since K has properties (l)-(4) by Theorem 3.27, it follows from 
Corollary 3.11 that K contains an arc ab such that A r\ ab = a and B r\ ab = b. 
Let p G A — a, and R a region containing p and no points of ab (all regions 
will be regions of K throughout the proof). Then every x G R is joined to p 
by an arc px of R not meeting ab. Let S denote the set of all points a; of if 
such that either (1) rc G A or (2) there exist such arcs as ab and px above. 
Then we assert that S = K. 

To prove this, we shall show that S is both open and closed in if. That S 
is open in if follows from Theorem 3.27 and the local arcwise connectedness 
of if. Let 2 / be a limit point of S — ^we may suppose y ^ A, since all points of 
A are in S. Since, by Theorem 3.26, p is a non-cut point of if, there exists 
in if — 2 / an arc aV meeting A and B only in a' and V respectively. Let R 
be a region containing y such that iZ Pi (A VJ a'60 = 0, and let x G i2 P >8. 
There exist arcs ab and px satisfying (1) and (2) above. 

Now if i? P a6 = 0, p is certainly a point of S. If Rr\ ab 0, then ab 
and px contain arcs aw and pr respectively such that aw r\ R = w, pr r\ R = r. 
Let H = A KJ aw ^ pr. Then aV contains an arc uv (possibly degenerate) 
such that uv r\ H ^ u and uv r\ B = v. Let T denote one of the sets aw, pr 
which does not contain u and let Z deimte the other one of these sets. Let Q 
be a region containing the point T r\ R and containing no point of Z \J uv. 
Then Z \J uv contains an arc st and T \J Q\J R contains an arc qy such that 
str\ A = s, st r\ B 2) t, qy r\ A = g, and st H qy ^ 0. Consequently y E: S. 
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3.29 Lemma. If K is a nondegenerate Cp , D a domain of K, and p a non’- 
cut point of D, then the set Cp of D determined by p is nondegenerate, 

Pkoof. Since every domain itself satisfies conditions (l)-(4) defining C, 
Theorem 3.20 applies. Hence if the set Cp of D determined by p were degenerate, 
then p would be an end point of D. Then p would be an end point of K, But 
in order to have an end point, a space such as C must at least have cut points 
(cf. Definition 3.17), whereas by Theorem 3.26, K has no cut points. 

3.30 Theoeem. If K is a nondegenerate set Cp and x ^ K, then there exists 
an arc axb in K such that x G CL^b and a 9^ x 9^ h. 

Peoof. By Theorem 3.27, K has all the properties (1)“(4) defining C. If 
aj is a cut point of some region of iT, then by use of Theorem 3.9 the existence 
of an arc of the desired type is easily shown. Hence we may suppose x to be 
a cut point of no region of K, 

Let a, b be distinct points of K — By Theorem 3.3, x lies in a ulc domain 
Di of K of diameter <1 such that Di r\ (aKJ b) = 0. By Theorem 3.6, Di is 
Ic. By Lemma 3.29, the set C* of Di determined by x is nondegenerate, so 
that the same holds for the set (7* of Di determined by x; denote this C* by Ci . 
By Theorem 3.28 there exist in K disjoint arcs aai and bbi meeting Ci only 
in ai and bi respectively. If ai = x or bi = x, an arc of the type desired is 
immediately obtained from the arcwise connectedness of Ci . Hence we suppose 

Ui 9^ X 9^ bi • 

Again, x lies in a_ulc domain D2 of Ci of diameter < 1/2 such that D 2 
(ai \J bi) = 0 and D2 is Ic. We may again suppose that x cuts no region of 
Cl , so that the C* of D2 determined by a; is a nondegenerate set C2 . By Theorem 
3.28 there exist in Ci disjoint arcs aia2 and bibz meeting C2 only in 02 and ^2 
respectively. 

Continuing, let Da be a ulc domain in C2 containing Xj of diameter <1/3, 
etc. The inductive definition of the process indicated should be clear. Then 
the point set 

xKJ aai^J bbi \J aia2 VJ bibz VJ Uzas W 6263 W • • • 
contains an arc of the type desired. 

3.31 Definition. A space C is called cyclicly connected or cyclic if x, 
y ^ C implies that there exists a 1-sphere in C which contains both x and y, 
A space C which contains no 1-sphere whatsoever will be called acyclic. 

3.32 Theoeem. Every nondegenerate set Cp is cyclicly connected. 

Peoof. Let if be a set Cp and a, b E. K. Now every point a: of if lies on 
some 1 -sphere |of if. For by Theorem 3.30 there exists an arc pxq in if, and 
by Theorem 3.10 there exists an arc pyq in if — a:. The set pxq U pyq contains 
a 1 -sphere which contains x. Hence we may assert that there exist 1-spheres 
Ja , Jb containing a and 5, respectively. 
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It Ja Jb == 0, there exist in K by Theorem 3.28 disjoint arcs uv and rt 
such that uv C\ Ja — Uj uv r\ Ji, — V, rt r\ Ja — r, rt Jb = t A l-sphere 
containing a and b is now easily shown to exist in the set W U uv \J rt. 

If Ja Jb = Pi Sb single point, then by Theorem 3.10, K — p contains an 
arc uv meeting Ja and Jb only in u and v, respectively, and the point set 
Ja^ Jb^ uv contains a l-sphere of the desired type. 

Finally, if r\ is nondegenerate, then Jb contains an arc pbq which 
contains b and such that pbq r\ Ja ~ p ^ q- Then Ja pbq contains a 1- 
sphere which contains both a and b. 

3,32a Corollary. If C has no cut points, then C is cyclicly connected. 

3.33 Theorem. If K is a set (7p and a, 6, c are three distinct points of K, 
then K contains an arc from a to c which contains b. 

Proof, Let J and L be 1-spheres of K such that J Z) aU b and L D 6 VJ c 
(Theorem 3.32). If either J or L contains all three of the points a, b, c, the 
theorem follows. It J r\ L — b, then arcs ab and be on J and L, respectively, 
combine to give the desired arc. And if J H L is nondegenerate, it is easy to 
show that if A is that arc of L which contains c and has only its end points on 
J, then J \J A contains an arc of the desired type. 

We recall at this point that (Theorem II 3.6) if two points are g-equivalent 
in an open subset XJ of an Ic space 8, then they are c-equivalent in U] i.e., they 
lie in the same domain D QU. Consequently we can state: 

3.34 Theorem. If two points of an open subset XJ of C are q-equivalent in XJ, 
then they are joined by an arc of XJ. 

3.35 Lemma. If K is a connected subset of a separable, connected space 8, 
then the set of cut points of 8 that lie in K and are non-cut points of K is countable. 

Proof. Let {a:,,} be a collection of points Xy ^ K such that (1) >8 — = 

Ay\J By separate, and (2) the set is connected. Then K — Xy C. By , 

say. And if v', /' are different values of the index v, then Ay^ Hi Ay'* = 0. 
For Xy" G By' , and since Xy' ^ Ay" , the connected set Ay" U Xy" must lie 
in By* . 

Now let M be a countable subset of 8 that is dense in 8. Then since each 
Ay is open, the set Ay r\ M ^ 0, and since M is countable, the collection {A„}, 
and consequently is countable. 

3.36 Theorem. If M is a nondegenerate subset of C such that no point of 
C separates points of M in C, then M lies in a single set Cp of C. 

Proof. Let x, y Q M, and A be an arc from x to y. Let a G A — rr — ?/• 
Then, since a does not separate x and y in C, there exists by Theorem 3.34 an 
arc B from xtoymC-- a. Then there exists in A VJ B a l-sphere, J, which 
contains a subarc A' of A. By Lemma 3.35 there exists p G A' such that p 
is a non-cut point of C. Then the set K = Cp contains M. 

In order to show this, note that K certainly contains x, since a point q sepa- 
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rating p and a; in C would of necessity lie between p and a; on and therefore 
separate x and y in C. And similarly y E: K. Finally, if z E M and z ^ K, 
then the boundary point u of the domain of C — K that contains z must separate 
z from either x or y, contradicting the hypothesis. Hence M E K. 

3.37 Theorem. If p is a non-cut point of C, then the set Cj, may be defined 
as the maximal, cyclicly connected subset of C that contains p. 

Proof. Let p be a non-cut point of C, and let K be the maximal cyclicly 
connected subset of C that contains p. Then K Q C^, . For if = p, then, 
by Theorem 3.20, p is an end point, and since from its definition it is clear that 
no end point lies on a 1-sphere of (7, = p = (7^ . If (7„ is nondegenerate, 

then by virtue of Theorem 3.24, no point of a component M of C — Cj, could 
lie on the same 1-sphere of C as a point of distinct from the boundary of 
the component. Hence all points that lie on a 1-sphere with p must lie in Cj, . 

Conversely, (7^ C K, since by Theorem 3.32 the set is cyclicly connected. 

3.38 Theorem. If M is an Ic, closed, connected subset of (7, then the union 
of M and any collection of components of C — M is again an Ic, closed, connected 
subset of C. 

Proof. Let {(7„} be any collection of components of C — Af, and let H = 
Ua U M, Then H is connected, since every (7v has a boundary point in 
M by Corollary II 3.4. The set (7 — H is of the form [J C7^ , where (7^ is a 
component of C — Af and hence C — fl* is open by Corollary II 3.2; conse- 
quently H is closed. 

The set Uc, is open and therefore H is Ic at every point of U Cy . If 
p E M, and € > 0, let 6 > 0 be such that if x, y E M r\ S{p, 5), then there 
is an arc from xtoym.Mr\ S{p, e) ; and let tj > 0 be such that if x, y E S(p, rj), 
then there is an arc of C from rr to p in S{p, d). Consider any x,y EH I^’S>{p, rj). 
Let A be an arc from a; to t/ in S{p, 5). In the order from a; to ^ on A let x' 
be the first point of Af, and in the order from y to x let y' be the first point of 
Af. Then since x', y' E M r\ S{p, b), there is an arc A' in Af S{p, c) from 
x' to y\ The arc A' together with the portions of A from x to x' and from p' 
to y forms an arc of H in S{p, e). 

4. Recognition of the 2-sphere. The 2-sphere may be recognized among the 
Peano continua by a variety of conditions, a number of which we 'shall give 
below. 

4,1 Lemma. If Mi and M 2 are subsets of the countably compact metric spaces 
Si and S 2 , respectively, such that Mi = Si , i = 1, 2, and there exists a (1-1) 
mapping f of Mi onto M 2 such that bothf and are uniformly continuous, then 
f may be extended to a homeomorphism between Si and S 2 . 

^As in the case of uniform continuity of real functions, a mapping 01 a metric space A onto a 
metric space is called uniformly continuous if e > 0 implies the existence of a 5 > 0 such that 
ifx,y EA and pix, y) < 5, then p[/(x), f{y)] < «. 
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We leave the proof of this lemma to the reader. 

4.2 Theorem (Zippin). A Peano continuum C which satisfies the following 
three conditions is a 2r sphere: 

4.2a. C contains at least one 1-sphere. 

4.2b. Every 1-sphere of C separates C. 

4.2c. No arc which lies on a 1-sphere of C separates C. 

The reader will be interested in comparing Theorem 4.2 with Theorem II 2.12. 
If in conditions 4.2a and 4.2b “l-sphere^^ is replaced by ^^0-sphere^^ and 4.2c 
is replaced by ‘‘no point of C disconnects C”, then the resulting conditions are 
exactly those which characterize the 1-sphere among the separable, connected, 
Ic spaces. We did not need compactness in the case of the 1-sphere, however; 
as a matter of fact, we shall see later that the l-sphere may be characterized 
among the Peano continua by a very weak condition. 

In Theorem II 2.16 we found that among the separable, connected, Ic spaces 
the l-sphere is also characterized by the fact that it is nondegenerate (“contains 
a 0-sphere'O aiid is separated by every 0-sphere into just two components. 
For the 2-sphere, the analogue of this is as follows: 

4.3 Theorem. A Peano continuum which contains at least one l-sphere and 
which satisfies the Jordan curve theorem is a 2-sphere. 

By “satisfies the Jordan curve theorem’^ is meant that the complement of a 
l-sphere is exactly two domains which have the l-sphere as common boundary. 
In Theorem 4,3 the Jordan Curve Theorem appears in its true light as a basic 
property of the 2-sphere. 

We first notice the equivalence of Theorems 4.2 and 4.3. That Theorem 4.2 
implies Theorem 4.3 is almost self-evident. As for the converse, it is easily 
seen that under conditions 4.2a-c, every l-sphere of C is the common boundary 
of all its complementary domains. The burden of the proof must be devoted 
to showing that there are not more than two such domains. 

Suppose, then, / is a l-sphere of C and that there exist (at least) three com- 
ponents Di , Dz , Ds in (7 J. Let us make the following definition: 

4.4 Definition. If if is a point set and ai is an arc with end points a 
and 6, then by the statement that ah spans K is meant that if H a5 = a W 6. 

Since J is the boundary of each of the domains D^ , there exists in D,- an 
arc Ti that spans J and whose end points are in any two preassigned open arcs 
of J. However, we can prove: 

4.5 Under conditions 4.2a-c, if Tj Ti , Tg are three arcs spanning a l-sphere 
J of C such that (Ti) and (Tz) (1 11.1) are in different components of C -- J and 
T r\ Ti = 0, i = 1, 2, then the end points of T cannot he separated on J hy the 
end points of Ti as well as by the end points of T 2 . 

For in the contrary case, J U TiU T 2 contains a l-sphere J' that does not 
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meet T, such that the set if = J U Ti U Tg ^ J' consists of T and two open 
arcs of J each containing an end point of T, Each domain, D, of (7 — must 
meet the domains Di ^ D 2 oi C — J that contain {T^), {T^ respectively, and 
hence D must meet J and therefore meet if. But as if is connected, this implies 
that C — J' is connected. 

We may now proceed to prove Theorems 4.2 and 4.3 simultaneously. For 
later purposes, successive parts of the proof will be numbered. 

4.6 Under conditions 4.2a~c, if X, Y and Z are three arcs with common end 
points, but otherwise disjoint, then (7 — X — - F — Z is the union of three domains 
having X \J Y , Y KJ Z and X 'U Z as their respective boundaries. 

The domain E of C (X W F) not containing (Z), and analogous domains 
of C — (Yyj Z),C — (X U Z), are separated inC~X~F — Z and have the 
boundaries designated above. Suppose D is a fourth domain of C — X ~ F ~ Z. 
Then D necessarily has boundary points in (X), (F) and (Z), since otherwise one 
of the 1-spheres designated in 4.6 would separate C into at least three com- 
ponents. A contradiction of 4.5 is now obtainable using X W F as J, an arc 
in D with end points on (X) and (F) as T, Z a>s , and T 2 an arc spanning 
X VJ F such that (T 2 ) lies in E. 

4.7 Under conditions 4.2a-c, C is cyclic. 

For by 4.2a, C contains at least one 1-sphere J, and by Theorem 3.36, J lies 
in a nondegenerate set Cp which we shall denote by K. UK 9 ^ C, then a com- 
ponent A of C X has only one limit point, x, in K by Theorem 3.24, and 
by Theorem 3.32, x lies on a 1-sphere J' of K. But then an arc of J' containing 
X separates C, contradicting 4.2c. Hence K = C and C is cyclic by Theorem 3.32. 

4.8 From now on we let J denote a fixed 1-sphere of C and E denote one 

of the components of C — J. The remainder of the proof will be devoted to 
showing that X is a closed 2-cell (1 11.16) whose boundary 1-sphere is J. Theorem 
4.2, and hence 4.3, will then follow. The mode of proof will be to set up a process 
closely analogous to that of subdivision of an such as is described in II 5.1. 
It will be helpful to adopt, for the purposes of the present proof, a nomenclature 
bearing out this analogy, and accordingly we call any finite collection of arcs 
meeting, in pairs, at most in their end points a 1-complex; and by an X-complex 
[E] will be designated any subdivision of X by a 1-complex G provided G = 
J w U:-i T, can be constructed by performing n times the following_operation: 
Augment J W Ti by an arc spanning J \J \J 7 Z 1 Ti in E. The 0-, 

1- and 2-cells of [E] are the end points of the arcs forming G, the open arcs of 
the latter, and the components of E — G, respectively. The boundary of a 

2- cell M consists of the closure of aU 1-cells T such that M has ajimit point in T. 
_ Given any [E], there exists a subdivision of the closed 2-cell E^ (the euclidean 
E^, that is) by means of polygons such that the resulting complex [E^] is isomorphic^ 
with [E], 


®Two complexes are isomorphic if there exists a (l-l)-correspondence between their cells 
which preserves dimensionality and incidence [I 6] both ways. 
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This is readily proved on the basis of 4.6, using induction on the number of 
arcs Ti employed in constructing G. __ 

Conversely, if there is given a subdivision of yielding a complex [E^] such 
that each spanning arc used in the construction of [E^] has its end points in 
the interiors of two 1 -cells of the complex at that stage of the construction, then 
there exists an isomorphic JS-complex [jB]. 

The proof is as in the above case; the provision regarding the end points of 
arcs used in tl^ construction of [E^] is made to avoid having to prove accessibility 
properties of E. 

4.9a For later purposes, we note the following, which may be proved by 
the sort of argument used in 4.7: 

The closure of each domain of C — G is cyclic. 

Also, we have: 

4.9b Each domain of C — G is cyclic. 

To prove this, it is sufficient to consickr E itself. Suppose E has a cut point p; 
E — 'p ^ El VJ E 2 separate. Then E contains an arc Z = apb spanning J 
such that the portion Zi — ap — p — a oi Z lies in Ei and the portion Z 2 = 
pb — p -- h oi Z lies in E 2 , Denoting the two arcs of J with end points a and b 
by X and Y respectively, and applying 4.6, C — X Y — z = UU Di where 
the sets D* are domains such that D 2 and D 3 have X^J Z and 2 VJ F as their 
respective boundaries. Then since D 2 G Ei U E 2 ^ and D 2 has limit points 
in Zi and Z 2 , it meets both Ei and E 2 . But this is impossible since D 2 is con- 
nected. _ _ 

4.10 If x^y GEjX ^ y, then x and y can he separated in E by an arc spanning 
J. If X ^ Jj th^n, using Theorem 3.33 and 4.9a, we may show the existence 
of an arc axb of E spanning J and containing x. li y G cixb, then, using 4.6, 
axb may be altered so that y ^ axb. And then if ^ ^ J, by use of 4.6, 4.9b 
and Theorem 3.33 it may be shown that there exists an arc cyd of E spanning 
J and containing y which does not meet axb. Then there exists a simple closed 
curve containing x and y as well as two arcs Ji , J 2 ot J which separate 
X and y on J'; and there exists an ^rc of E spanning /' with end points on Ji 
and J 2 which separates x and y in E. Cases where x or y, or both, lie on J we 
leave to the reader. 

We next show the existenc^of a finite number of arcs, not necessarily forming 
a YcompleXy which separate E into arbitrarily small components. Fo£ any given 
5 > 0 let Fr , r = 1 , • • * , n, be closed sets of diameter < 5/2 such that E = 

Since each Fr is compact we may assume for each p G E — Fr the existence of 
a finite set of arcs spanning J such that for any x G Fr , p and x are separated 
in E by at least one of these arcs. Accordingly, given Fr and F, such that 
Fr r\ F^ 0, we may assume the existence of a finite set of arcs spanning J 
such that ii X G Fr , y G F, J then x and y are separated in E by an arc of the 
new set. Hence, finally, there exists a finite set of arcs spanning /, say Ti , 

• — J Tj y • • • , J such_that if x and y are points of disjoint sets Fr , then some 
Ti separates x and y in E. 
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4.11 We now construct a sequence of E- complexes [E], defined by 1-complexes 

Gi contained in J U Ur, and approximating J \J U . Let Go = / = Go - 
If G\ has been defined and j < m, we select for G^^ the union of G\ and all 
sub-arcs of , spanning G \ , such that the end points of each sub-arc cannot 
be joined in G\ by an arc of diameter <l/i. Since G\ is Ic, the number of such 
arcs must be finite and therefore G\'^^ is actually a 1-complex. If G\ has been 
defined andj = m, we let Gr = G,+i = G^+i . _ 

For some /c, Gk contains arcs spanning J which separate in E every possible 
pair X, y such that x ^ Fr , y E: F^ , Fr = 0. For suppose this not to be the 
case. Then for each there exists such a pair, say x ^ , Pi , with the property 
that G^ contains no arc spanning J which separates Xi and in E. Without loss 
of generality we may assume that all points x^ are in a fixed Fr and all points 
y^ in a fixed F^ such that Fr r\ F, = 0. There exist a; Ip [x^] and y \p {y^} 
such that X E Fr , y E F^ , No Gx contains an arc spanning J and separating 
X and y, but some Tj (which we consider as fixed from now on) does. Let X 
and Y be arcs not meeting Tj joining x and y respectively tc^J, ^d let k be 
a positive integer such that l//c < p (T,- , X U F). Let U ^ E r\ S{T, , l/k). 
Then the end points x' and y' of T, are in a connected subset of the set XJ' = 
U r\ Gk+i . For if U' = UiU separate, x' E Ui , y' E U 2 , then there 
exist p, q E Tj such that p is the last point of T, H , and q the first point 
of Tj r\ U 2 after p, in the order from x' to y\ But then Gk+i must contain an 
arc from p to g of diameter <l/k, and this arc must therefore lie in U ' — ^which 
is impossible. Thus G' must contain an arc Z from x' to ?/' and Z contains an 
arc spanning J separating the end points of X and Y on J, and accordingly 
separating x and y in E, which is impossible. 

4.12 The E-complex [E]k defined by Gk has no cells of diameter ^ 5, since 

two points on the closure of a 2-cell of [BJa, would have to be in the same or 
intersecting sets Fr . _ 

Let [E\ be a polygonal subdivision of E^ isomorphic to {E]k , [E^^ 5]* a 
polygonal subdivision of [E\ whose cells are all of diameter <5 (such that 
any new 0-cell is interior to some old 1-cell), and [G, a subdivision of [jS]* 
isomorphic to [E^, 5]a: . In this manner we see, then, that we may construct a 
sequence of isomorphic pairs [E, 5^, [X^, such that hi approaches zero with 
increasing i, inasmuch as the process defined as above for jE? may be repeated 
for the closure of any 2-cell of [X, 5]. 

4.13 Let A and^ be_the sets o:^0-cells of all [G, 5j^s and of all [X^, 
respectively. Then A = E and B == E^. Moreover, there exists a (l-l)-mappmg 
f of A onto B such that both / and are uniformly continuous. The corre- 
spondence / is obtained from the above-mentioned isomorphisms. As for the 
uniform continuity: Let € > 0 be given, and let n be such that 28^ < e. It is 
^sily slmwn that there exists a 5 > 0 such that if x, y are a pair of points of 
E or of E^, such that p(Xj y) < 5, then x and y are in or on the boundary of the 
same or intersecting 2-cells of [X, 5„] or 5„]. If two 0-cells of any sub- 
division of E (E^) are of distance apart < 5, the 0-cells corresponding to them 
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under / (/■'^) in {E) are in or on the boundary of the same or intersecting 2- 
cells of [E^y 5„] ([Ef 5j), so that their distance apart is <€. Hence / and 
are uniformly continuous. Sinc^by Lemma 4.1 the mapping/ may be extended 
to a homeomorphism between E and it follows that jB is a closed 2-cell, 
which is what we set out to prove. As noted above, Theorems 4.2 and 4.3 
follow immediately, since the space C and the 2-sphere are readily shown 
to be homeomorphic, in view of the existenc'e of the homeomorphism / defined 
above. 

5. Recognition of the closed 2-cell. As a basis for later (VII 9.5; IX 7.11) 
characterizations in terms of homology, we shall give here a characterization 
of the closed 2-cell. 

5.1 Theorem (Zippin). A Peano continuum C containing a l-sphere X and 
satisfying the following three conditions is a closed 2-cell with boundary J: 

5.1a C contains an arc that spans J. 

5.1b Every arc of C that spans J separates C. 

5.1c No closed proper subset of an arc spanning J separates C. 

As in the case of the above proof of Theorems 4.2 and 4.3, we shall sectionalize 
the proof. 

5.2 From conditions 5.1b and 5.1c, and the properties of Ic spaces, we have: 
If X ^ xy is an arc spanning J in (7, then every component of C -- X has every 
point of X as a limit point, 

5.3 Let X be as in 5.2. Then C does not contain three arcs T = a6, Ti == 

) T 2 = ajb 2 having the following properties: Tx and T 2 span J VJ X and 

(ITi), {T^ lie in different components of C — X; T spans X and meets neither 
Ti nor T 2 ; furthermore^ the end point a, (i = 1, 2) is between a and b on X and 
separated from hi in JKJ X by a^h, and if bi , 62 are on X, then they are separated 
on X by both a and b. 

If such arcs as T, Ti and T 2 existed, then there would exist an arc Y spanning 
J consisting of Tx , Tg and 0, 1, 2 or 3 arcs on X, depending on whether ax = Ug 
or not and whether hx and 62 are on (X) or not. Every component D of C — Y 
would intersect X but all points of X — F would lie in one component of C — F 
so that C — Y would be connected. 

5.4 It follows from 5.3 that C — X consists of exactly two components, 

5.5 We shall now suppose that C — X has a component A which does not 
meet /, and showjhat this supposition leads to contradiction. _ 

The set A^ A — X is cyclicly connected. We note^that A is a Peano 
continuum by Theorem 3.3^and rc is a non-cut point of A, The set (X) con- 
tains no cut point of either A or A' because of 5.2, and therefore X — :cjnust 
lie wholly in one cyclic element ikf of A' and X in one cyclic element of A. If 
A', then M contains a cut point z of A' through which passes an arc xzy 
of A (by virtue of Theorem 3.33). But then the subset x\J z oi xzy disconnects 
<7, contradicting 5.1c. 
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We shall say that an arc Z covers a point jp if Z has x and y as end points, 
contains a subarc xz of X,_js contained in A, and if p lies in the component 
oi C — Z containing C — A. Each point p of A' — y is covered hy at least one 
arc. For A' contains an arc zpy spanning (X)^ y by Theorem 3.33. In the 
component of <7 — xzpy not containing C — A, there exists an open arc {sry\ 
where s G {zp). Now the component H oi C — xzpy that contains C — A 
has p as limit point by 5.2 and consequently VJ p C C — xzsry. Hence the 
component of C — xzsry that co^ains C — A also containsj) and xzsry covers p. 
Now if U is an open subset of A containing x and y ^ Uj then each point of 
F(JJ) is covered by some arc, and this arc covers an open subset of F{U)- 
Hence there exists a finite set of arcs, Ti , • • • , T,* , • • • , , covering all points 

of F{V). 

We next define a sequence of 1 -complexes G^ approximating {X) U \J T,- 
analogous to the sequence of 4.11. Then there must be an integer k such that 
for each point p of F(JJ) there is an arc in Gk that covers p. Otherwise we 
could show as in 4.11 the existence of a p G F(JJ) covered by a T,- but not 
covered by an arc of a G* . Let T' be an arc joining p to a point of X but not 
meeting T,- . Then some G^ contains an arc xy not meeting T', and this arc 
must cover p. 

The 1-complex Gi contains an arc Bi that covers all points of Gi — Bi . In 
view of how G^ was constructed, in order to prove this we need only show that 
if any 1 -complex G contained in X W U Ti contains an arc B covering all 
points of G — jB, and if N is an arc in X VJ Ur, spanning G, then G^ GU N 
contains an arc B' covering all points of G' ~ B\ If B covers all points of 
{N}j we may let JS' = B. Otherwise, (N) is contained in the component of 
C — B not meeting J and N must span B. Its end points determine a subarc 
N' of B and we may let B' = B KJ (N) — (iV')* 

The arc Bk of Gk covers all points that are covered by any arc B' of Gk . If Dk {D') 
is the domain of G ~ (G — B') not meeting /, we must prove that Dk C D'. 
Since C DkD B'j the only alternative is that Dk r\ D^ = 0 (for Dk D' 9^ 0 
and Dk C would imply D* H 5' 5 ^ 0 by Theorem I 7.8). The arcs Bk , B' 
must have some subarc xz of X in common, inasmuch as all the arcs T,- have a 
subarc in common. Hency^three disjoint domains have xz on their boundaries, 
namely Dk , and G A, and in each of these there exists an open arc with 
end points on any two open subarcs of xz. But this implies a contradiction of 5.3. 

The arc jB& would now of necessity cover all points of F(G), and this is im- 
possible because Bk must contain points of F(U). 

We conclude, then, that each component of G — X meets J. As a corollary, 
we have: 

5.6 There do not exist disjoint arcs Ti and T2 spanning J such that the end 

points of Ti separate the end points of T2 on J. 

5.7 If M is a component of C — J containing an arc spanning /, then M Z) J. 
For suppose not. Then there exists a maximal open subarc (T) = (pq) of J 
such that no point of it is a limit point of M. The set ilf VJ / “• (T) is Ic by 
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Theorem 3.38, and both p and q lie in a cyclic element N of this set — for a 
point separating p and q in M J — (T) would of necessity lie on J — T 
and its existence would imply nonconnectedness of M. By Theorem 3.32, there 
exists a 1-sphere J' in N containing p VJ and J' contains an arc pq spanning J. 
But then p^O q would be a subset of an arc spanning J and separating C, which 
is impossible. 

It follows, because of 5.6, that every component oi C — J different from M 
has exactly one limit point on /. If all such components are deleted, C will 
satisfy the condition that C — J is connected. We shall prove that (7 is a closed 
2-cell under this condition, and it will then follow that no components other 
than M can have formed part of C — We note before proceeding that under 
the additional condition, C is cyclic. 

5.8 If A is a component of C — X, it follows from what we have alreac^ 

proved that the portion of J which it contains is an open arc (T). Then A 
]^s all the properties that were assumed for (7, with X KJ T replacing J. That 
A contains a spanning arc of X VJ T and is cyclic is easily proved. We have 
to show: __ __ 

(a) If B is an arc in A spanning X \J T, then A B is not connected. If 
bo^ end points of B are on /, the separation of C by JS defines a separation 
of A by B. Suppose, however, that at least one end point of B is on X. There 
is an arc Y spanning /, contained inXU B and containing B. The portion of 
X not on Y is an open su^rc (D) of X. Suppose B does not separate A. Then 
there exists an arc pq in A from a point p on (D) to a point q of X — D. The 
arc jB, the arc pq, and an arc in (7 — A from a point on X between p and q to 
a point of J are three arcs contradicting^5.3. We conclude, then, that (a) holds. 

(b) IfjE is a subarc of an arc B in A spanning X\J T, thm B — E does not 
separate A. Defining Y and D as before, any two points of 4^ — F are joined 
by an arc of (7 — (F — {E)). All portions of that arc in C — A. can be rep^ced 
by subarcs of D, so that the two points mentioned are joined by an arc in A. — 
{B ^ (E)). 

From here on, the proof of Tl^rem 5.1 is like that of Theorems 4.2 and 4.3 
from 4.8 on, with E replaced by A, and may be omitted. 

As an immediate corollary of Theorem 6.1 we have: 

5.9 ScHOENFLiES EXTENSION THEOREM. If D is a domain {bounded domain) 
complementary to a simple closed curve J in {E^)j then D is a closed %‘Cell with 
boundary J. 

6. Recognition of the 2-manifolds. Up to this point, our attention has been 
fixed mainly on the sphere, of 1 and 2 dimensions. It is time, however, ’to 
generalize to the more general configurations known under the name 2-manifolds. 
It is not our intention to give an exhaustive treatment of these — ^they have 
been adequately treated elsewhere; in particular the reader is referred to 
Ker^kjdrtd [K]. But for the sake of completeness, and in order to make con- 
nections with the general n-dimensional case in which we are mainly interested, 
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we shall give the properties which serve to characterize them among the Peano 
spaces. 

Generally, by a 2-mamfold, we shall mean a connected, s'eparable metric 
space, every point of which has a neighborhood that is homeomorphic with the 
euclidean plane; in other words, every point has a 2-cell neighborhood. A 2- 
manifold is obviously a special type of Peano space. And in case a 2-manifold 
is compact, we call it a closed 2-manifold^ — otherwise, an infinite 2-manifolds 
Thus the 2-sphere is a special type of closed 2-manifold, and the 2-cell an 
infinite 2-manifold. The torus (surface of the anchor ring) is another example 
of a closed 2-manifold, as are also the projective plane and ^^Klein bottle.^' 
Other simple examples of closed 2-manifolds are obtainable through the device 
of cutting nonintersecting tunnels through a spherical block, and considering 
the surfaces of the resulting solids (Alexander [e]); these are frequently described 
as ^ ^spheres with handles,^’ since they are also obtainable by attaching '^handles” 
to the 2-sphere. Other examples of infinite 2-manifolds, topologically distinct 
from may be obtained by deleting nonintersecting closed 2-cells from E^, 

We shall prove the following theorems: 

6.1 Theorem. A Peano continuum B whichj for some positive number e, 
satisfies the following three conditions is a closed 2-manifold: 

6.1a B contains at least one 1-spkere of diameter <€, 

6.1b Every \-sphere of diameter <ein B separates B, 

6.1c No arc of a 1-sphere of diameter Kein B separates B, 

6.2 Theorem. If B is a noncompact Peano space such that for every compact 
subset F of B there exists a positive number e{F) such that the following three condi- 
tions are satisfied^ then B is an infinite 2-manifold, 

6.2a B contains a 1-sphere J of diameter <e{J), 

6.2b If F is any compact subset of B and J is a 1-sphere of F of diameter 
<e(F), then J separates B. 

6.2c With F as before, no subarc of a 1-sphere of F of diameter < e(F) separates 
B. 

The practically identical proofs of these two theorems are given below in 
sectionalized form. 

6.3 Suppose B has a non-cut point p and that d is an arbitrary positive 

number. There exists, by Corollary 3.16, a positive number such that all 
points of jB S(p, d) lie in one component of 5 — S(p, v{b)). Then if H is 
a 1-sphere in S{p, Ihe set B - H has exactly two components, the closure 

of one of which is a closed 2-cell of diameter <€. (In the case of Theorem 6.2, 
we use e{F) instead of e, where F is the compact closure of a sufficiently small 
neighborhood of p). To see this, note that B - S{p, e/2) lies in one com- 
ponent A ol B - H, and hence all 1-spheres in B - A are of diameter <€ 
and separate B, The method used in 4.5 shows that the number of components 

^Frequently called, m the literature, a manifold without boundary. 
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of B is two (let T lie in A)^ The method of 4.6 shows that an arc spanning 
H in B -- A separates B — A into two components (let H play the part of 
X \J Z in 4.6). The method of 4.8-4.13 may then be applied to show that the 
set jB — A is a closed 2-cell. 

6.4 We shall need, for present purposes, a notion like that of the 2-complex 
of II 5.2, which is somewhat different from the latter, however. By a B-complex 
K we shall mean a point set consisting of a finite or countable set of arcs (closed 

1- cells) and closed 2-cells, called basic, such that (1) two basic closed i-cells 
(i = 1 or 2) meet at most in their boundaries, and no basic closed 1-cell meets 
a basic closed 2-ceU except in the boundary of the latter; (2) each closed cell 
of K has a neighborhood in B that meets only a finite number of the cells of 
K; and (3) no basic arc is on the boundary of more than two basic 2-cells. The 
collection of all points in a B-complex K that lie in open 2-cells (not necessarily 
basic) of K is the union of infinite 2-manifolds, each component being an infinite 

2- manifold; we may call it the interior of K. 

We shall call a point of B regular if it has a neighborhood which is a 2-cell in B. 

We first construct a jB-complex K such that the set C of all regular points of 
5 is a subset of the interior of K. 

There exists a countable set of open 2-cells Mi , • • • , , • • • covering C 

and a similar set of 2-cells , • • • , Wn , • • • covering^C such that for each n, 
Nn C Mn . Let Ki be the J5-compIex consisting of Ni as basic closed 2-^11, 
and suppose that a B-complex has been cons^cted covering \Ji<m Ni . 
We shall construct a jB-con^lex covering u t’Sm Ni . _ 

If doe^not meet , let T be an arc spanning Km-i ^ — ^then 

\J T VJ forms a 5-complex with T and Nm as basic closed cells 
augmenting the basic cells of • If meets , then owing to the fact 
that is Ic, only a finite number of components of M^r\ {B — meet 

; and of these, the intersection of each with — Nm has only a finite 
number of components Ui having limit points on the boundaries of both Mr». 
and . In each of the sets Ui there e^sts an arc Ti spanning both and 
the boundary of Ui , and separating in Ui the boundaries of and . Let 
\J \J Ti , and let consist of augmented by the components 
of separated by from F(M’^), after suitable subdivision by arcs 

spanning if necessary. That is actually a 5-complex will follow from 5.9. 

As no basic 2-cell of Km-i is subdivided, and each point of C is regular, this 
process leads to a 5-complex whose interior covers C. 

6.5 The remainder of the proof will consist in showing that 5 = C. 

Every point of the given 1-sphere J (6.1a or 6.2a) is a limit point of 5 — / 

and is a non-cut point of 5; this follows at once from the given conditions. 

If p G every neighborhood of p contains 1-spheres. For let > 0 be 
such that 5(p, rj) is compact. There exists a sequence of arcs from a point 
not on J to a sequence of distinct points on J converging to p, and hence a 
subsequence of subarcs p^g,- of these arcs such that: p*- G J and {p*-} converges 
to p; for a certain 5, 0 < 5 < t?, g< is the first point of 5(pi , 5/3) in the order 
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from p, on the arc with end point pi ; {g.} converges to a point q. If g ^ Jr 
there exists m such that for i ^ m there is an arc pp, on J of diameter g S/3, 
and an arc qq, in B of diameter ^5/3 not meeting J. Then for i > m, PmP^ 

p, q^ VJ q^q \J qq„ VJ q^p^ contains' a 1-sphere that lies in S{p, ij). If O' G 

5 must satisfy an additional condition; The set J r\ S{p, 5/3) must lie on a 
subarc X of J such that X C S{p, tj/Z). There is a number m such that for 
i — m there exists an arc qqi of diameter ^ 5/3 not meeting p, . Then p^q^ VJ 

q, q KJ Z, where Z is the subarc qp, of J, will contain a 1-sphere that lies in 

-S(p, v). 

From 6.3 and 6.5 it follows that B contains regular points, i.e., (7 5^ 0. 

6.6 Suppose B contains a point that is not regular. Then since C is open, 
there exists an arc X which lies in C except for one end point p, which is a non- 
regular point. If 17 is a connected neighborhood of p, then p is in the cyclic 
element of U containing the component XiXJ) of X r\ U determined by p. Con- 
sequently by Theorem 3.32, p lies on arbitrarily small 1-spheres, and bj- 6.1c or 
6.2c is not a cut point of B. 

There exists a neighborhood V of p such that every \-sphere in V is the boundary 
of a 2-cell in V. Let 17 be a neighborhood of p of diameter <i7(e/2) (see 6.3) 
and let V be the union of U and all 2-cells that are bounded by 1-spheres of 
U and that contain no points of B — S{p, e/2) (we assume e < diameter B). 
Then if is a 1-sphere contained in the union of U and a finite number of such 
2-cells, evidently S also bounds a 2-cell in V. That such is the case for every 

1- sphere )S of 7 follows from the compactness of S. 

6.7 The component 72 of C H F determined by X(F) (see 6.6) is a 2-cell. 
This follows from 6.4 and the fact that the interior of a F-complex which is 
“simply connected”, in the sense that every 1-sphere in it is the boundary of a 

2- cell in it, is a 2-cell. _ 

There exists an open set W containing nonregular points, suchjhat R QW CR- 

The cyclic_element of V which contains R is identical with R r\ V and every 
point of (S - 72) A F is accessible by arcs from 72. For each point y of that 
cyclic element is on a 1-sphere of F containing a point of 72 so that, by definition 
of F, p is on a closed 2-cdl whose interior meets 72. Now let us delete from 
F the cut points of F on S A F as well as all points of F that are separated 
from points of 72 A F by ^ch cut points. The resulting set W is open, satisfies 
the relations 72 C IF C 5, and contains at least one nonregular point. For 
5 — 72 is a connected set contaimng at least one continuum of nonregular 
points, and the set of cut points on 72 A F has no limit point in F . (The latter 
statement foUows from the fact that the cut points on 72 A F cannot be cut 
points of B, so that the portions separated from points of 72 A F must have 
limit points on the boundary of F .) 

6.8 The existence of the set W implies a wntradiction. 

If Z is an arc with md points q and r in 72 - 72 and {Z) in 72, then IF —_Z = 
TFi VJ Wi separate, IFi A TF2 This follows from the fact that 72 is a 

closed 2-ceIl and that 72 C IF C 72. If « and r are in the same component of 



98 


PEANO SPACES; AND THE 2-MANIFOLDS 


[HI] 


nonregular points in W, then Z is part of a 1-sphere in so that Z cannot 
separate JS by 6.1c or 6.2c. But if both Wi and W 2 had limit points ini? — 
W (CZ Z), there would exist an arc Z' meeting Z in one point with end 
points mR — Wj and {Z^) would separate q and r in TT. And {Z^) would contain 
no nonregular points, whereas q and r are on the same component of nonregular 
points in W. Hence Wi — Z, say, is a subset of TF, and it follows that B -- Z 
is not connected, contradicting the fact that Z cannot separate 

This completes the proof of Theorems 6.1 and 6.2. 

It will be noted that in 6.4 it was shown that there exists a jS-complex K 
such that the set C of all regular points of B is interior to K. And since, as is 
easily shown, every closed or infinite 2-manifold satisfies the conditions of 
Theorems 6.1 or 6.2, we have: 

6.9 (“Tbiangulation theobem’O* If B is a closed or infinite 2-manifold^ 
then there exists a B-complex K covering B, In case B is closed^ then K has only 
a finite number of cells. 
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CHAPTER IV 


NON-METRIC LC SPACES, WITH APPLICATIONS TO SUBSETS OF 

THE 2-SPHERE 

The preceding chapter was devoted to the study of metric (chiefly Peano) 
spaces. In the present chapter we return to the general Hausdorff space without 
any assumption of a metric, with some applications in the closing sections to 
euclidean spaces. 

The Hahn-Mazurkiewicz theorem (III 2.5) gave rise to a new development 
in the set-theoretic topology, namely the investigation of Peano continua. A 
number of new characterizations of these continua were found in the search 
for their topological properties. The chief tools in the investigation were the 
arc theorem (III 3.10) and the Whyburn cyclic element theory (III 3.18-3.32), 
and while generalizations were made to non compact spaces, the basic space 
was always metric. There seems no reason, a priori, why the structure study 
of locally connected, compact (or locally compact) connected spaces should be 
confined to the metric case. (While in the book of Moore [Mo], Chapter II, 
there is no explicit. assumption of a metric in the continuous curve characteriza- 
tions (for example, Theorems 60, 52, 53), the continua involved are nevertheless 
metrizable (as proved in loc. cit. I, Theorem 19).) It is not the purpose of the 
present chapter to settle the problem as to whether such a study could be 
carried through to a satisfactory conclusion, but some results are obtained that 
might be taken to indicate that it could. Even such basic configurations as the 
arc and 1-sphere, occupying a central position in the classical theory, permit of 
satisfactory generalizations (see Chapters IX and X), so that their retention is 
not precluded by complete exclusion of a metric-. (One may ask, for example, 
does the arc theorem (III 3.10) generalize to nonmetric spaces, when for *^arc’’ 
is substituted the case n = 1 of the generalized closed n-cell of Chapter IX?) 

It will be necessary first to establish further properties of locally compact 
Hausdorff spaces. 

1. Components of locally compact Hausdorff spaces. 

1.1 Theorem. In a compact Hausdorff space ^ quasi-components and com- 
ponents are identical. 

Proof. Let Q be a quasi-component of a compact Hausdorff space S , and 
suppose that Q = A VJ R separate. Since (I 8.8) Q is closed, the sets A and B 
are closed. And as every compact Hausdorff space is normal (III 1.27), there 
exist disjoint open sets f7, V containing A, B respectively. Denote the com- 
plement of U VJ F by C. Then C is compact, since it is a closed subset of a 
compact space. (1 12. 1 1) . 
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For each x S C, S = A{x) U B{x) separate, where x G A{x)j Q C B{x), 
since Q is a quasi-component of S. As C is compact, a finite number of the open 
sets A{x) cover C — say A{xi)^ • * * , A{Xk). Let G = UA(x.), E = ns(a:,). 
Then S = G E separate, where G Z) G and E Z) Q- 

Now (? U U and E r\ V are disjoint open sets. And since every point of 
V that is not in E is in (?, the union of (? VJ ?7 and E CW h 8 . Furthermore, 
G'U U Z) U Z) A and E r\ V Z) B, But this implies that A and B are not in 
the same quasi-component of 8 , 

1.2 Theorem. If M is a compact component of a locally compact Hamdorff 
space Sj and P is an open set containing M, then 8 is the union of disjoint open 
sets Uy V such that M (Z U CZ P- 

Proof. Since 8 is locally compact, each a: G /S is in an open set E{x) whose 
closure is compact. And inasmuch as M is compact, a finite number of such 
sets E{x)y each of which may be assumed to lie in P, cover Af. Consequently 
we may replace P by a union of the sets E(x ) — or what amounts to the same 
thing, we may assume that P is compact. _ _ 

Since Af is a component of 8 , it is cer^inly a component of P. And as P is 
compact, ilf is a quasi-component of P by the preceding theorem. Since 
M n P(P) = 0 (I 7.5), for each x G P(P) there exists a separation P = A(x) \J 
B(x), where x M C B(x). As F(P) is a closed subset of a compact 

Hausdorff space P, it is itself compact, and therefore a finite set of the A(a:)’s, 
say A(x^), • • • , A{zu), cover F{P). Le^U = KJA(^), 7 = H Then 

U and V are disjoint open subs^s of P such that P = C/ U F, P(P) C U, 
M CV. Evidently 8 [(8 - P) U U]U V separate, where F C P. 

1.3 Theorem. Let Abe a compact subset of a locally compact Hausdorff space 
S such that for each x ^ A the componenty C{x)y of 8 that contains x is compact 
Let C = KJxga C(x), and let B be a closed subset of 8 lying in 8 — C. Then 
8 Si KJ 82 separatCy where C C. 8 x and B <Z 82 • 

Proof. For each x ^ A there exists, by Theorem 1.2, a decomposition 8 == 
U{x) KJ V(x) separate such that C(x) (Z U{x) C. 8 -- B, Since A is compact, 
there exists a finite number of points Xi y • • • , a;* G A such that the sets U(xi)y 
i = 1, • • - , ft, form a covering of A. Then Si == U{x,)j 82 = V{Xi) 
satisfy the conclusion of the theorem. 

1.4 Corollary. In a locally compact Hausdorff space, the compact com^ 
ponents and the compact quasi-^components are identical. 

Remark. The necessity of the qualifying '^compacP' in the statement of 
this corollary is shown by the following example (cf. Hausdorff [H, 249]): In 
the cartesian plane let Rn be the set of points on the perimeter of the rectangle 
determined by the lines x = dhn/in + 1), y = Azn, = 1, 2, 3, • • • . Let 8 
denote the union of the sets Rn and of the lines a; == dzi. Then the two lines 
X = ±1 lie in the same quasi-component of the space 8 . 
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And as a corollary of 1.4 and Theorem I 9.7b: 

L4a Corollary. If Xi , X2 , • • • , Xk are a finite numher of points of a locally 
compact Hausdorff space S, no two of which lie in the same component of S but 
such that the components containing them are all compact, then S is the union of 
pairwise separated open sets 5* , i = 1, 2, • • • , ^ such that Xi G Si . 

The following corollaries of Theorem 1.3 are also worth noting: 

1.5 Corollary. If Ai and A2 are disjoint closed subsets of a compact Haus^ 
dorff space S, and no point of Ai is c-equivalent to a point of A ^ , then S === Si^ S2 
separate, where >S, 3 A,- , ^ = 1, 2. 

1.6 Corollary. If K is a compact subset of a locally compact Hausdorff space 
S, and every component of S that intersects K is compact, then the set, M, composed 
of all points of S that are c-equivalent to points of K, is closed, 

1.7 Corollary. If K is a closed subset of a compact Hausdorff space S, 
and M is the set composed of all points of S that are c-equivalent to points of K, 
then M is closed. 

We recall that in 12.14 we defined continuum to mean a nondegenerate, com- 
pact, connected space. From now on, we shall always assume that a continuum 
is a Hausdorff space. 

1.8 Theorem. If K is a closed subset of a continuum S, and C is a component 
of S - K, then K Pi F(C) 9^ 0. 

Actually, we may prove a more general theorem than this, for which we need 
the following lemma: 

1.9 Lemma. If S is locally compact, and A, B are disjoint closed subsets of S 
such that A is compact, then there exist disjoint open subsets of S containing A 
and B respectively. 

Proof. Each a; G A is in an open set such that is compact and con- 
tained in S — B; and as A is compact, a finite number of th^ open sets covers 
A, the union of these yielding nn open set U', Evidently U' is compact and 
P J5 = 0; hence U', S — U' are disjoint open sets containing A and B re- 
spectively. 

1.10 Theorem. If K is a closed subset jof a locally compact, connected space 
S and C is a component of S - K such that C is compact, then K P F{C) 9^ 0. 

Proof. Suppose K P F{C) = 0, so that C = C is a subset oi S K. By 
the above lemma, there exist disjoint open sets U, V containing C, K, respec- 
tively. By Theorem 1.2, S - K AKJ B separate, where C C A CU, But 
then S = A\J (BU K) separate, contradicting the fact that >S is connected. 

Remark. In general, F{C) is not a subset of K, For example, in the car- 
tesian plane, let K = {(:r, y) \ (0 ^ x ^ l)&iy = 0)}, C = {fe y) \ (x ^ 0)& 
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(0 < 2 / g 1)}, L„ = {(a:, y)\ {x ^ l/n)&(0 g 2 / g 1)} for = 1, 2, 3, • • • . 
Let S = Ln^ K \J C. Then C is a component of and F(C) = C. 

That the conclusion of Theorem 1.10 no longer holds if C is not compact, 
even when K is compact, is shown by the following example in the cartesian 
plane: Leti? = (1, 0); C = {fe y) ! (^ = —1)&(2/ ^ 0)};L = {(x, 2 /) I (^ = 1)& 
( 2 / ^ 0)}; and for each natural number n, = (0, n)y qn = {—n/(n+ 1), 0). 
Let Cn be the set of all points on the straight line intervals PnQn and Kpn ? except 
for the point K. Finally, let S = C KJ L U Cn • 

1.11 Definition. If {M^} is a collection of sets , then by lim sup 

{My} we denote the set of all points x such that every open set which contains 
X also contains points of infinitely many of the sets . The following lemma 
is evident from the definition: 

L12 Lemma, If {M^} is a subcollection of {My}, then lim sup C 

lim sup {My}. 

1.13 Lemma. Lim sup [My] is a closed point set 

(We leave the proof of this lemma to the reader.) 

1.14 Theorem. In a compact Hausdorff space S, let [My] be a collection of 
sets My , each component of My being a continuum that meets a fixed closed set A, 
Then every component of lim sup {My] meets A. 

Proof. Let C be a component of lim sup {My] and suppose C r\ A =0. 
Then by Theorem 1.2, lim sup {My} — G KJ H separate such that C d G CZ 
S A. Since G and H are closed, there exist disjoint open sets U', F' con- 
taining G and H \J A respectively. But there is an infinite subcollection 
{M^} of {My} such that each set M,^ r\U' 9^ Q, since every open set containing 
C must contain points of infinitely many sets My . Let ikf' be a component 
of M^ such that M^, r\ 9 ^ 0. But Ml r\ A d Ml r\ {S - U'). Hence 
each set Ml A F(U') 9^ 0, and as F(U^) is compact, F{U') r\ lim sup {Ml} d 
F(U') n lim sup {M,} d F(U') H lim sup {My} 9^ 0. 

2. A characterization of locally compact, connected spaces that fail to be Ic. 

2.1 Theorem. If the locally compact, connected Hausdorff space S is not Ic, 
then there exist x d S, and open sets P,jQ such that x d Q P a/nd such that 
(1) infinitely many components, My , of P — Q contain points of both F{P) and 
F(Q), (2) there exists a component M^ of lim sup {My}, such that M^ meets both 
F{P) and F(Q) and such that (3) if K is the component of P — Q that contains 
M^ , then some component of S — K contains infinitely many of the sets My having 
a component of their lim sup in M^ H (P — Q), this component meeting F{P) 
and F(Q). 

Proof. Since S is not Ic, there exist [II 1.7] xd S and open set P' containing 
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X such that no open set Q such that x ^ Q (Z P' lies in one component of P'. 
We may assume P' compact. Let Q be an open set such that x E Q C P'- 
Then the collection {C',} of components of P' that have points in Q is infinite. 
Let P be an open set such that Q C P C P', and let xi G Ci r\ Q. Then by 
Theorem 1.10 the component C, ot Ci r\ P that contains xi has limit points in 
^ ~ ^ ™ ^ G C, n P(P). Again by Theorem 1.10, the 

component K, of C, r\ (3 ~ Q)_that contains x, has limit points in F(Q). Let 
M, be the component of C, n (P ~ Q) that contains K, . 

Let Pi , P2 , Ps , P4 be open sets such that P S Pi 3 P2 5 P3 3 P4 3 Q. 
By an argument similar to that just employed to show the existence of the sets 
My , we may show that for each v there exists a subcontinuum M', of M, that 
is a component of Pi - P^ and meets both F(Pi) and FiP^). Let Mi, be a 
component of lim sup {Mi}. By Theorem 1.14, Mi meets both P(Pi) and 
F{PZ). Let T be the component of Pi — P^ that contains Mi . In 8 — T let 
L, be the component which contains Mi . If only finitely many sets L, are 
distinct, then at least one of them contains a subcollection {Mi} of {Mi} having 
a component M'J of its lim sup in Mi . Then if in the statement of the Theorem 
we replace P and Q by Pi and P^ , respectively, My and by Mi and Mi' 
respectively, and K by T, the statement of the theorem follows. 

If on the other hand there exist infinitely many sets L , , let H, be the union 
of all components of M, r\ (P3 - P4) that meet both PCP,) and F{PJ). Let 
IF be a component of lim sup {H,} and let W' be the component of P3 — P4 
containing W. If any set L, contains W', we delete it from the set of Li’s and 
change {H,} accordingly— the lim sup {H.} is unaffected. Now if each L, has 
limit points in T, u Ly 'U r is a connected subset of /S — W' which contains 
infinitely many of the sets Hy . Denote the components of the HyS by K/s. 
Then lim sup {Hy} G lim sup {K„}, so that IF C lim sup {K„}. Hence the 
statement of the theorem now holds if we replace P and Q by K and P4 re- 
spectively, M, and My, by K„ and W respectively, and K by W'. 

[If 8 is compact, each L, has limit points in T by Theorem 1.8, and the proof 
of the theorem is complete at this point.] 

Suppose, however, that for some index = i, L, has no limit point in T. 
Then, since 18 is connected, L, contains a limit point, p, of 8 — {T \J Li). 
But no one component of iS — {T \J Li) can have p as a limit point, and hence 
there exists a collection of such components, [Ca], such that p G lim sup 
{O',,}; each Ca is, furthennore, a component of 8 — T. Let U be an open set 
containing p such that U is compact and U r\ T = 0. Let V be an open set 
such that p G y C U. We may delete from the collection {(?„} all elements 
that do not meet V, and continue to denote the new collection by [(!«}. Now 
since T is compact and is a component of 8 — T, each is either not com- 
pact and hence meets 8 — U, or is coinpact and by Theorem 1.10 has a limi t 
point in T, and thus again meets 8 — U. And by the same method as used 
above to establish the existence of t^ sets C, , we can show that there exist 
components C'a of C„r\U such that Ci H F(U) ^ 0. Then by Theorem 1.14, 
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the component C of lim sup {Ca} which contains p lies in U and meets F{U), 
Evidently C Q „ 

Let Hcc be the union of all components oi r\ (U — V) that meet both 
F(U) and F(7). Every component of H = lim sup {Ha} meets both F(U) 
and F(V) by Theorem 1.14. Suppose no such component lies in (7. Then H 
and C are closed, disjoint sets, and as C was a component of lim sup {Ci}, the 
latter is the union of disjoint closed sets E and F such that E Z) C, F 'Z) H, 
But let Pi and be disjoint open sets with compa^ct closures such that Pi 3 E, 
P 2 3 F. There do not exist infinitely many sets that meet both Pi and P 2 ; 
and all but a finite number must lie in Pi 2 • _On the other hand, infinitely 
many must lie in Pi since Pi 3 C, and each Ca H ((7 — F) contains a nonempty 
Ha . Then H has points in Pi , contrary to the choice of Pi and P 2 . 

Thus some component JTo, of H lies in C. ‘Now /S — L,- is connected by 
Theorem I 9.11. The statement of the theorem now becomes valid if P and Q 
are replaced by U and 7, respectively, {My} by the set of all components of 
the sets Ha , and ikf « by H^ . 

Remark. It may help, in considering the meaning of Theorem 2.1, to con- 
sider some examples of continua that are not Ic. In this connection, Example 
I 10.13 might be recalled, with x any point (1, B) and P, Q interiors of circles 
with center x and radii 1/2, 1/4 respectively. The sets My will be arcs cut 
from the spiral p = — 1)/^, M^, an arc of the curve p == 1. 

In the examples of the ^^Remark’^ following Theorem 1.10 above, the spaces 
S are not Ic for any point of C for which y > Q. In the second of these examples 
S is not compact, and the component whose existence is asserted in (3) of 
Theorem 2.1 will be an unbounded subset of the plane. 

It will be imticed that the space S of Theorem 2.1 is not Ic at any point of 
M^ r\ (P — Q). We can therefore state: 

2.2 CoROLiiAKY. A locally compact^ connected Hausdorff space cannot fail to 
be Ic at only one point] indeed, if such a space is not Ic, it contains a continuum of 
points at which it is not Ic. 

3. Some characterizations of locally compact Ic spaces. 

3.1 Theorem. In order that a locally compact, connected Hausdorff space S 
should he Ic, it is necessary and sufficient that if two points x, y lie in a component 
of an open subset G of S, then x and y lie in a subcontinuum of (?. 

Prooe of the necessity. Since S is Ic, the component, C, of G which 
contains x and y is open (Theorem II 3.1). In order to obtain a continuum in 
C containing x and y we may cover each point p of (7 by a domain such that 
Dj, C <7, D„ compact, and select a simple chain of these domains (Theorem 
1 12.3) from x to y. The union of the closures of the sets Dp which make up this 
simple chain will be the continuum desired. 

Proof of the sufficiency. Suppose a continuum S is not Ic. Then we 
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may assert the existence of the sets P, Q, ikf, , etc., as in the statement of 
Theorem 2.1 above; let H be the component oi S -- K mentioned in (3), and 
X a limit point of H in H (P — Q). Then H a connected set. 

Now let D be an open set containing x such that D C: P -- Q, and let K A 
D = Q\ Then K — Q' is closed, and H'U x lies in the open set S (K — Q'), 
Consequently, by the hypothesis of the theorem, x and y lie in a subcontinuum 
C of >S — (K — By Theorem 1.8, C r\ D has a component C' which con- 
tains X and has limit points on F(D); let p be_one such limit point. Then since 
C' U p is a connected subset of 5 in P — Q that contains x S Kj so must 
C' \J p Q K. But yj p dCy implying that p E: S K inasmuch as C meets 
K only in x. 

3.2 Definition. A space S is called regular at x G >S if for every open 
set P containing x there exists an open set Q such that x ^ Q C P- If >S is 
regular at every x ^ 8, then 8 is called regular. 

Remark. Obviously a space 8 is regular at x G if and only if for every 
closed set M not containing x there exists an open set Q such that x G Q C ^ — AT. 
Phrased in this manner, it is clear that regularity of a Hausdorff space is a weaker 
separation property than normality (II 4.6). 

The property stated in the above theorem — ^that the points of a component 
of an open set lie, in pairs, in subcontinua of that component — ^is a special case 
of a general and important property of Ic spaces which is needed in the sequel. 

3.3 Theorem. If 8 is regular and Ic, U a connected open subset of Sy and A 
is a compact subset of U, then A lies in a closed {rel, 8) connected subset L of U, 
And if 8 is locally compact, then L may be taken so as to be compact 

Proof. Each x G A is in a domain R{x) C U, and a finite collection, U, of 
these covers A, Denoting the elements of U by P(xi), * • ' , Rixk), let denote 
a simple chain of sets R(x) from Xi to Xi , i = 2, • • • , k. The closure of the 
set of all points in elements of U, as well as in elements of ®/s, is a closed con- 
nected subset L of ?7 containing A. 

If 8 is locally compact, the sets P(x) may be taken with compact closures, 
and in this case the set L will be compact. 

3.4 Coroleary. If 8 is regular and Ic, U is an open subset of 8, and K is 
a compact subset of U, then K lies in a finite number of closed {ret 8) connected 
subsets of U, equal in number to the number of components of U that intersect K. 
And if 8 is locally compact, then these subsets may be taken so as to be compact 

Proof. Since, by Theorem II 3.1, the components of U are open and K is 
compact, K must lie in a finite number of components of U — say Ui , U 2 , • ' • , 
Uk . Each set if A i = 1, 2, • • • , ft, is compact, and by Theorem 3.3 lies 
in a closed connected subset L,- of Ui . 
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3.5 Definition. If (S is a covering of a space S, then a point set M is said 
to be of diameter < (S if some element of @ contains M. 

3.6 Definition. A subset M of a space S is said to have property S if for 
arbitrary covering @ of S by open sets there exists a finite number of connected 
sets Mi each of which is of diameter < @ and such that M = KJ Mi . 

3.7 Theorem. In order that a continuum S should be Ic, it is necessary and 
sufficient that it have property S. 

Proof. To prove the necessity, all we need notice is that if @ is any covering 
of S by open sets, each x E S is in a domain R(x) which lies in an element of 

and as S is compact, a finite number of the sets R{x) covers S. 

To prove the sufficiency, suppose that /S is a continuum that is not Ic. Then 
the statements (1) and (2) of Theorem 2.1 hold. Let <g be a covering of S 
obtained as follows: As S — P and Q are disjoint closed sets and S is normal 
(III 1^7) there exist disjoint open sets U and V such t^t U D S — P and 
T D Q. Let @ consist of the three open sets U,V,P — Q. 

Since for subsets of a compact space, the Ic property implies a finite number 
of components, and property S also implies this, we have: 

3.8 Corollary. In order that a compact siAset of a Hausdorff space S should 
be Ic, it is necessary and sufficient that it have property S. 

3.9 Corollary (Sderpinski). In order thai a metric continuum 8 should be 
Ic it is necessary and sufficient that for each e > 0, S be the union of a finite number 
of continua of diameter < e. 

The necessity follows from utilization of a covering of >8 by spherical neigh- 
borhoods Six, e/2); the sufficiency follows from the following lemma, whose 
proof we leave to the reader. 

3.10 Lemma, If M is a compact metric space and @ a covering of M by open 
sets, then there exists e > 0 such that if K is a subset of M of diameter less than e, 
then K is of diameter < @. 

In Theorem III 3.23 we proved that if Z> is a domain in a locally compact, 
metric, Ic, connected space C, then the set of all boundary points of D which 
are accessible from D is dense in the boundary of D. The same argument shows 
that for any open set D whatsoever, the set of points of FiD) that are accessible 
from D is dense in FiD). It is an interesting and easy consequence of Theorem 
2.1 that this property is characteristic of such spaces. 

3.11 Theorem. If C is a locally compact, metric, connected space, then in 
order that C should be Ic, it is necessary and sufficient that for every open subset D 
of C, the points of FiD) that are accessible from D be dense in FiD). 

Proof of sufficiency. With C replacing S, the sets P, Q, M, , and 
K exist as in the statement of Theorem 2.1 if C be assumed not Ic. Let D - 
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C — K. Then D is an open set such that F(D) C K. Moreover, since iW„_C 
lim sup {M,} and U Af, C -D, so must C F{D)^ Let p G n (P - Q), 
and let R be an open set such that p G C — Q- 

Since p is a boundary point of D and the accessible points of F{D) are dense 
in F(D), there exists x Q R r\ F{D) such that x is accessible from D. Let xy be 
an arc from a: to a point y of D, having only x on F{D). In the order from xtoy 
kt z be the first point of F{R), Then since the portion xz of the arc xy lies in 
R, which is a subset of P — Q, so must the arc xz lie in K. But this is impossible 
since all of the arc except x lies in P = (7 — if. 

Remark. The principal reason for assuming a metric in the above theorem 
is that in the definition of accessibility the arc is employed. One may expect 
that the theorem can be extended to more general spaces, and this might be 
done in a number of ways. One might, for example, generalize the notion of 
arc (see the generalized closed 1-cell of chap. IX). Or one might generalize 
the notion of accessibility in other ways, such as will be done in chap. XII. 
It is evident from the method of proof used alone, that the suflSciency of Theorem 
3.11 holds for the nonmetric case if accessibility by continua instead of arcs 
be employed (see §5). 

3.12 Theorem. In order that a locally compact^ connected space S should he 
Icj it is necessary and sufficient that every two disjoint closed sets, at least one of 
which is compact, he separated by a finite set of continua of S. 

Proof. To prove the necessity, let A and B be closed sets, A being compact. 
There exists an open set P such that A C P C — P and such that P is com- 
pact. Each X G F{P) is in a domain R{x) such that R{x) is compact and 
R{x) n (A U P) = 0. As F(JP) is compact, a finite set U of the sets R{x) covers 
P(P). The closures of the elements of U yield the finite set of continua which 
separate A and P. _ _ 

To prove the sufficiency, we use Theorem 2.1. Let A = Q, with Q compact, 
and B = S — P — where P and Q are the open sets of Theorem 2.1. Then a 
finite set of continua separating A and P would necessarily lie in a finite set 
of the sets ; and as the sets My are infinite in number and each meets both 
A and P, there could not exist such a finite set of separating continua. 

The above theorems do not exhaust, by any means, the enumeration of 
properties of general compact, or locally compact, connected spaces that are 
equivalent to the Ic property. They suggest, however, that such equivalences 
do not depend, in general, on separability or metric assumptions, or assumptions 
regarding the existence of special neighborhood systems, such as have generally 
been used in proving the equivalences to the Ic property. 

4. Relations between Ic, S and ulc properties. Because of the special role 
played by property S and its higher-dimensional extensions later on, we point 
out here that the sufficiency part of Theorem 3.7, the theorem that characterizes 
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the Ic continua by means of the S property, can be proved in much more general 
form. 

4.1 Lemma. In a regular space >S, let M be a set having property S. Then 
if X G. S and P is an open set containing x, there exists an open set Q such that 
^ ^ Q Q P o/nd M r\ Q lies in a finite number of components of M r\ P. 

Proof. Let TJ be an open set containing S -- P such tha;^a: ^ U. Let (S 
be the covering of S consisting of P and C7. Let Q == S — U, Since M has 
property S, there exists a finite number of connected sets Mi of diameter less 
than @ such that M = KjMi. A set Mi which meets Q must lie in P, and there- 
fore M r\ Q lies in a finite number of components oi M P. 

4.2 Theorem. If a subset M of a regular space S has property S, then M 
is Ic. 

Proof. Let x ^ M, and P an open set containing x. With Q as in Lemma 

4.1, and Mf that component of M r\ P that contains cc, there exists an open 
subset R of Q such that x ^ R and M r\ R CZ M r\ Mj , 

4.3 Remark. That a set may be Ic but not have property S may be seen 
if we let S be the set of all points in the polar coordinate plane for which p ^ 1, 
S' denote the set S of Example I 10.13, and M — S — S', Here M is Ic but 
does not have property S. 

4.4 This also seems the appropriate time to remark that although property 
/S is a topological invariant of a space, it is not necessarily topologically in- 
variant for subsets of a space. Thus, in the example of 4.3, the set M is 
homeomorphic to the set {(p, ^) | p < 1} (although this is not obvious) and 
the latter has property S. A more obvious example is afforded by the sets 

2/) I (0 < ^ ^ l)&(y = sin 1/x)}, {{x, y)\ if) < x ^ 1)&(2/ = 0)} in E^. 
We are dealing, then, with a property that is only a positional invariant for 
certain subsets of a space (see I 6), inasmuch as it is defined relative to the 
open sets of the imbedding space. 

4.6 Theorem. If a subset M of a regular space S has property S, then for 
arbitrary covering ^ of S by open sets, M is the union of a finite collection of domains 
of M — i,e., open (rel. to M) connected subsets of M — of diameter < 

Proof. We first express M as the union of a finite number of connected 
sets Mi of diameter <(S. Each Mi is in some E,- G (g, and since by Theorem 

4.2, M is Ic, each x G Mi lies in a domain R{x) of M that lies in E,* . The set 
KJxEMi R{o^) is an open connected subset of M containing M^ and l 3 dng in E,- . 

4.6 Corollary. If a subset M of a regular space S has property S, then for 
arbitrary covering ^ of S by open sets, the set M is the union of a finite number of 
sets of diameter < each of which is the closure in M of an open, connected subset 
ofM, 
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In II 5.32 we defined uniform local connectedness for metric spaces. For 
nonmetric spaces we may paraphrase this definition as follows: 

4.7 Definition. A subset ilf of a space S is called ulc if for arbitrary 
covering @ of /S by open sets there exists a covering 5) of S by open sets such 
that it X, y ^ M and a: U is of diameter < then xU y lies in a connected 
subset of M which is of diameter < 

By way of justification of the definition just given we may prove: 

4.8 Theoeem. In a compact metric space^ a set which is ulc in the sense of 
the above definition is ulc in the sense of II 5.32 and conversely. 

(We leave the proof to the reader.) 

4.9 Theoeem. If a subset M of a space S is ulcj then M is Ic. 

(Hint: If U is an open (rel. M) set containing a: G M, let V be an open subset 
of S such that V r\ M Q U. Let (S be the covering of S consisting of V and 
S — Xj and apply Definition 4.7.) 

Remaek. For a noncompact Ic subset of a compact space that is not ulc, 
see 4.14 below. For compact subsets of a Hausdorff space, ulc and Ic are 
equivalent: 

4.10 Theoeem. Every compact Ic subset of a space S is ulc, 

(By Corollary 3.8 and Theorem 4.5, if (g is a covering of S by open sets then 
S is the union of a finite collection 2) of domains of diameter < (g.) 

4.11 Lemma. If a subset M of a regular space S is ulc, and x ^ S, then 
for any open set P containing x there exists an open set Q such that x ^ Q d P 
and M r\ Q lies in one component of M r\ P. 

Peoof, Let U be an open set containing S — P such that x ^ U, Let 
@ be the covering of S consisting of P and U. Since M is ulc, there exists a 
covering D of /S by open sets such that if x, y d M r\ D, D d then there 
exists P G (g such that x^J y lies in a connected subset oiM r\ E. I^t D G 30 
such that X d P>, and Q an open set such that a:GQCD/^(P — U), 

4.12 Theoeem. If a subset M of a regular space S is ulc, then M is Ic. 

Peoof. Let X d M and P an open set containing x. By Lemma 4,11, there 
exists an open set Q such that a: G Q C P and M C) Q lies in on^omponent 
N ot M r\P, Since S is regidar, we may assume Q C. P. ^w ilf H Q is a 
subsej^f N r\Q, and as W VJ (A Pi Q) is a connected^ubset of M P P, it follows 
that M is lew at x. As x was an arbitrary point of M, the latter set is Ic. 

Of importance for later purposes is the following theorem: 

4.13 Theoeem. If a subset M of a compact space S is uU, then M has property 
S. 
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Peoof. Let (S be any covering of S by open sets. For each x ^ S, let 
E{x) G (S such that x G E(x), By Lemma 4.11, there exists an open set D(x) 
such that X Ei D{x) a E(x) and M r\ D{x) lies in one component C{x) of 
M r\ E{x). Let 3) be a finite collection of the sets D{x) covering S. The sets 
C{x) corresponding to the elements of 3) form a finite collection of connected 
sets of diameter < @ whose union is M, 

4.14 Remaek. That ulc is actually stronger than property S, and hence 

than Ic, in a compact space, is shown by the following example in the cartesian 
plane: Let S = {(a:, y)\x^ ^ 1}, M = {{x, y)\x^ + y^ < 1} — 

{ (a;, 0) 1 0 ^ x < 1 } . Then M has property S but is not ulc. 

4.15 Note that the ulc property, like property S (4.4), is only a positional 
invariant for subsets of a space. As will be seen below, the domains comple- 
mentary to an in are ulc — a positional invariant of the in — ^but the 
ulc property is not a topological invariant of such domains, since of themselves 
they are homeomorphic with the set M of 4.14. 

5. Accessibility. We saw in Theorem II 5.37 that the fc-sphere in S'" is 
arcwise accessible from each of its complementary domains; also, in II 5.38, 
that the in may be characterized by this property. And in Theorem 3.11 
above the density of accessible points on domain boundaries was employed to 
characterize the Ic property in the locally compact, metric, connected spaces. 
In the latter connection it was remarked that the principal reason for assuming 
a metric was the use of the arc in the definition of accessibility. In nonmetric 
spaces accessibility by continua, or, more generally, by closed, connected sets, 
may be substituted. Thus, a point x may be called accessible from a point 
set M by continua (or by closed, connected sets) if for each y E M there exists 
a continuum (or a closed, connected set) K which contains x and y and such 
that K — X E M. For euclidean spaces, or, more generally, Peano spaces, 
accessibility by continua is equivalent to arcwise accessibility: 

5.1 Theokem. If Sis a Peano space j then a necessary and sufficient condition 
that a point p of the boundary B of a domain D in S should be arcwise accessible 
from D is that p be accessible by closed, connected sets from D. 

Peoof of sufficiency. Let N be a closed, connected subset of D\J p that 
contains p. Let tji be a positive number such that N — Sip, rji) ^ 0, and 
EiPi ^ 7 i) is compact. Then by Theorem 1.10, the component CiofNCs Sip, 
that contains p has limit points in Pip, tjOj let pi be one such point. If Ki is 
the component of Cx — p that contains px , then Nx = KxU pis a subcontinuum 
of A n Sip, vi) containing pE) px and Ai — p is connected. In general, having 
defined, for n > 1, continua Ai , • • • , Nn-x , let rin == Vn-xf^ and by the same 
procedure as was used to obtmn Nx from N, we may show the existence of a 
subcontinuum An of A^-i H Sip, rjn) containing p and a Pn G F(p, i/n)? and 
such that An — p is connected. 
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For each n > 1 and x ^ — p, let rj^ be a positive number such that 

S{x, ? 7 *) C. D r\ S(p, rjn-i). By Theorems III 3.3 and 4.1^there exists for each 
such X a domain such that x E: Rx G Sir ):, , x), and is peanian. Since 
Nn p is connected, there exists a simple chain of the sets R^^. from pr, to Pn+i 
(Theorem I 12.3); let the closure of the set of all points in such a simple chain 
be denoted by . Then 1^“ A,, VJ p is a Peano continuum (cf. Corollary 2.2) 
which contains an arc from p 2 to p. It follows that p is arcwise accessible 
from D. 

5.2 Lemma. In anlc regular space let D be a domain and x G F(D) a point 
of countable character such that if P is an open set containing Xj then there exists 
an open set Q such that x G: Q G P o/nd D r\ Q is contained in a finite number 
of components of D r\P. Then x is accessible from D by closed {rel. S)j connected 
sets. 

Proof, Since x is of countable character, it follows from the hypothesis 
that there exists a sequence ?7i , U '2 , • ** , , • • • of open sets such that 

n TJ„ = X, U„'D Un+i , and D r\ U„+i lies in the union of a finite number of 
domains D(n, i), f = 1, • • • , i(n), which lie in Z) ?7„ . 

Let p(n, i) G 17n+i H Din, i). For each j, 1 g i ^ f(n + 1), there is an i 
and (Theorem 3.3) a closed (rel. S), connected subset C(n, i, j) of Din, i) con- 
taining pin, i) U pin -f 1, j). Ity G D, let C(f) be a closed, connected subset 
of D containing y U p(l, i), i — 1, 2, , f(l). Then C = x^J \J Cii) W 

UCin, i, j) is a closed, connected subset of DU x containing xU y. 

As a consequence of Lemma 5.2 and Lemmas 4.1, 4.11 we have: 

5.3 Theorem. If D is a domain in a regular space 8, and D either (1) has 
property S, or (2) is ulc, then every point of F{D) of countable character is accessible 
from D by closed (rel. S)j connected sets. 

And from Theorems 5.1 and 5.3 we have: 

5.4 Theorem. If a domain D in a Peano space has property 8, then every 
point of F(D) is accessible from D by arcs. 

5.5 Theorem. If D is a uh domain in a locally compact^ metric space >S, 
then every point of F(D) is accessible from D by arcs. 

[By Theorem 4.12, ikf is a Peano space.] 

Remark. That neither the ulc nor the S property is necessary for the 
arcwise connectedness of a domain boundary in general is shown by the fol- 
lowing example in the coordinate plane: Let 8 be the first example of the 
Remark following Theorem 1.10.* To 8 add an arc T joining (0, 0) to (1, 0) such 
that (T) G — 8 and the simple closed curve T U K has all sets (Lf) in its 
bounded complementary domain D. Every point of F(D) is arcwise accessible 
from D. 
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It will be noted that Theorem II 5.37 is a corollary of Theorem 5.6. Another 
interesting application of the above to the euclidean case follows below: 

5.6 Theorem. In >S”, let D he a domain and F a closed subset of B, the 
boundary of D, such that — F, 2) = 0. Then if F separates x, y E: B in 
By there exists a subcontinuum N of D\J F that separates x and y in aS”. 

Proof. By hypothesis, B — F = KU L separate, x E K, y E L. Since 
aS” has Property F' of Chapter II (Theorem II 5.19), there exists a continuum 
M E S'" — {K yj L) which separates x and y in S'", Let M r\ D = and 
ikf — (Af' VJ F) = Af". Then the set A = M'KJ FU Af " contains Af, separates 
X and y in S”, and lies in S'" — {K\J L), 

The set M'\J F separates x and y in S", For suppose not. Let be a positive 
number such that S{x, if) r\ A — 0 — S(yy yj) A, Let x' and y' be 0-cells 
of some subdivision s^ of S" that lie in D r\ S(Xy tj) and D r\ S(yy if), respectively. 
Since x and y are not separated by Af' W F in S'", the same holds for x' and y\ 
and hence :c' + 0 in >S” — (Af' U F). And since x' and y' both lie in D, 

they are not separated by Af" U F and therefore a:' + 2/^ ^ 0 i^ ^ P)- 

It follows from Theorem II 5.18 that x' and y', and hence x and y, are not 
separated in /S” by A, contradicting the fact that A was so chosen as to separate 
X and y. 

By Lemma II 5.20, x and y are separated in S'" by a subcontinuum N of 
M'UF. 

As consequences of Theorem 5.6 we can state: 

5.7 Theorem. If D is a domain in S^ and F a subcontinuum of the boundary 
B of D which separates x,yEB in B, then some subcontinuum of D\J F separates 
X and y in S^, 

[Cf. Theorem II 5,25.] 

5.8 Theorem. If D is a domain in S'" and K, L are disjoint components of 
the boundary of D, then there exists a subcontinuum of D which separates K and 
L in S'", 

[Cf. Theorem 1,1.] 

5.9 Theorem. If D is a domain in S" and p is a cut point of the {connected) 
boundary of D, then p is arcwise accessible from D, 

[This is an immediate consequence of Theorems II 5.21, 5.1 and 5.6.] 

6. More properties of the 2-sphere. As a special case of the n-sphere, the 
S^ partakes of the properties of the S'" already found in §2 of Chapter II. 
Besides the Properties I — of II 1, it was shown, for instance, that the domains 
complementary to an S^ in S^ are ulc (Theorem II 5.35). Also, as a special 
case of an Ic space, the has the properties of the latter, such as for instance 
the openness of the components of open sets (Theorem II 3.1), the arcwise 
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connectedness of the domains (Theorem III 3.10), and the density of the ac- 
cessible points of the boundary of a domain (Theorem III 3.23). The present 
section is interpolated to indicate more fully the role of the ulc and S properties 
in the investigation of positional properties of the 2-sphere, and to point the 
way to similar properties and their role in the higher-dimensional manifolds. 
It is not intended to be exhaustive, however; further properties of the 2-sphere 
will come out as special cases of the studies made of the n-dimensional case 
in the sequel. And the theorems below are themselves special cases of theorems 
in Chapter XII 1, 2. 

6.1 Theorem. Let M be a Peano continuum in S^, Then if D is a domain 
complementary to M, D has property S. 

Proof. Suppose D does not have property S. Then there exists e > 0 
such that D is not the union of a finite number of connected sets of diameter 
< €. Now for each x ^ let H(x) denote the set of all points y of D such 
that x^J y lies in a connected subset of D of diameter < e/2; obviously each 
set H{x) is a connected subset of D of diameter < e. Then there exists a sequence 
Xi , X 2 j ••• j • of points of D having a sequential limit point x ^ Dj such 

that no two points x^ , Xj ,i 9 ^ y, lie in the same set H{x), Let U = S{x, €/4), 
F == 5f(a;, e/8). Since all but a finite number of the points x^ lie in F, we may 
suppose they all do. For any i > 1, there exists an arc U in D with end points 
Xi and Xi . Let yi be the first point of this arc on F{Xy e/4) in the order from 
Xi to Xi , and Zi the first point of ^x^ e/8) in the order from yi to x^ . Then 
the potion y^z^ of U is wholly in — F, and only its end points am not in 
U — V, No two arcs y,Zi , y,Zi , i 9 ^ j, lie in a connected subset of D r\ {U — V), 
and therefore if Ci is the component of D H (O’ — F) containing ytZi , every 
two components Ci , Cj ^ i 9 ^ j, are disjoint. 

Let K = F{xj Se/IG). Since y^Zi r\ K 9 ^ 0, let Qi G y^z^ r\ K. In some 
cyclic order on X, there exists an infinite subsequence of {g*} such that 
g„ < g„+i . As the arc g„gn+i of K that contains no other g„ cannot lie wholly 
in D, there exists a G Af such that Qn < Pn < Qn+i • Now despite the fact 
that (10 because M is Ic, almost all the points are joined by arcs of M in 
?7 — F, it is easily shown that (2) it is impossible to join any two points Pr, , 
Pn' , n 9 ^ n', by an arc of ilf in — F, since any such arc must meet PnZn or 

2^n + l^n + l • 

As a corollary of Theorems 5.3 and 6.1 we have: 

6.2 Corollary. If M is a Peano continuum in and D is a domain com- 
plementary to My then F(D) is accessible from D. 

6.3 Theorem. If a domain D complementary to a continuum M in has 
property S, then the boundary of D is peanian. 

Proof. Since has Property II of Chapter II, the boundary of D is a 
continuum, and we may therefore suppose that M == F(D). Suppose M not 
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Ic. Then by virtue of Theorem 2.1, there exist x E: M, and e > 6 > 0 such that 
i:^P = S{x, e)j Q = S{xj 5), then infinitely many components of M r\ 
{P — Q) contain points of both F(P) and F{Q), Let K = P(rr, (e + 5)/2). 
Then there exist points Pi , P2 , * * • ? ? * * * of sets My on K such that in some 

cyclic order and no two points Pn belong to the same My . 

Now there exists a number m such that D is the union of m connected sets 

, - • • , of diameter < (e ~ 5)/8. One of these, say Di , must have infinitely 
many of the points Pn as limit points, and w^may suppose for the sake of 
brevity that every Ip Di . But Di E P ^ Qj and any connected subset of 
P — Q containing p 2 and p4 , such as p 2 ^ p^ , must meet ikfi W ilfs VJ if 5 . 
(This is easily shown, for example, by the fact that such a connected set must 
meet any set of broken lines from F{P) to F{Q) having vertices on the sets 
ifi , ifs and Ms and approximating these sets sufficiently closely.) 

6.4 Corollary. In order that the boundary of a domain D of such that 
p^(D, 2) — 0 should be Ic, it is necessary and sufficient that D have property S. 

Remark. The domain D defined in the Remark following Theorem 5.5 does 
not have property S. 

6.5 Corollary. If M is a Peano continuum in then the boundaries of 
the domains complementary to M are all peanian, 

6.6 Theorem. If the common boundary of (at least) two domains in is 
Ic, then it is an 

Proof. If if is a common boundary of two domains A and B in and is 
Ic, then if is a Peano continuum (cf. Theorem II 4.12). Hence if is accessible 
from both A and B by Corollary 6.2, and is an by Theorem II 5.38. 

6.7 Theorem. If two points of are separated by a Peano continuum M 
in 8^, then they are separated by some simple closed curve of if. 

Proof. Denoting the points separated by if by a; and y, l^D denote the 
component of S — if that contains j;, E the component of 8 — D that contains 
y, and D' the component of 8 — E that contains D, Then D' and E have a 
common boundary, and this common boundary is Ic (as is shown by successive 
applications of Corollary 6.5). 

6.8 Lemma. If p is a cut point of the boundary, B, of a domain D in 5”, and 
X, y are points separated by p in B, then there exists a Peano continuum C in 
DKJ p that separates x and y in 

Proof. By Theorem 5.6, there exists a subcontinuum N of D KJ p that 
separates x and y in >S”. Let rj be aj)ositive number such that 8(p, r{) 3 N. 
For each natural number kloiN r\ [8(p, rj/k) — 8(p, r)/(k + 1))] = Hk . Then 
iVfc is a compact subset of D which in an obvious manner can be covered by a 
finite set of spherical neighborhoods S(Xki , h) = 8ki ,Xki E Ffk , whose closures 
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lie in D. Let C = p. That C is connected follows from the fact 

that H contains N and each aS** is connected (cf. Theorem I 7.3a). And since 
each Sk^ is Ic, the only point at which C could fail to be Ic is p, and this is im- 
possible since a continuum cannot fail to be Ic at a single point (Corollary 2.2). 

6.9 Corollary. If p is a cut point of the boundary, B, of a domain D in 
S^, and X, y are points separated by p in B, then some in D KJ p separates x 
and y in S^. 

6.W Definition. Let J be an in 8^, P) q G. and tj > 0 such that 
Q ^ S{P} v)- Note that since J is Ic there exists 5 > 0 such that J Sip, 5) 
is a subset of H, the component of / H S(p, rj) containing p. Let T be an arc 
in Sip, 8) with end points on Since H is itself an arc cd, there exist first 
and last points, e and /, of T on jET in the order from c to d. Then the arc eqf of 
J, together with the portion of T from e to f, is an S^ which we call an nj-alteration 
of J at p. 

6.11 Lemma. In S^, let J he an S^, A and B the domains complementary to 
J, and X ^ A, y ^ B. Then if p ^ J, there exists a positive number tj such that 
every rj-alteration of J at p also separates x and y in S^, 

(Roughly speaking, Lemma 6.11 means simply that a simple closed curve 
which separates two points x and y will still separate x and y if altered only in 
the neighborhood of one of its points.) 

Proof. Let q E: J -- P- By Theorem II 5.38, there exist arcs xq and yq 
in A\J q and B\J q, respectively. Let tj be such that Sip, tj) r\ ixq KJ yq) = 0. 
Let K be an 17-alteration of / at p as defined in 6.10. If K does not separate 
X and y in S^, then xq -- q and yq — q lie in the same domain D complementary 
to K in S^. Let € > 0 be such that Siq, e) H Sip, tj) = 0. Then, since D is 
ulc, there exists 5 > 0 such that if x', y' E D r\ Siq, 8), then there exists an arc 
x'y' in D n Siq, e). In particular, let x' E xq, y' E yq- Then in xy x'y' 
there is an arc Q from x to y that fails to meet the arc cqd of J as defined in 
6.10. But Q r\ Sip, tj) =0 and hence Q — 0, where H is as in 6.10. But 
then Q n J = 0, contradicting the fact that x and y are separated by J. 

6.12 Theorem. Let D he a ulc domain in S^ such that p^iD, 2) = 0, Then 
B, the boundary of D, is either degenerate or an S^, 

Proof. Suppose B is nondegenerate. Then — D is a continuum by 
Theorem II 6.25, and hence R is a continuum by Theorem II 4.12. Furthermore, 
since D has property S by Theorem 4.13, B is Ic by Theorem 6.3. Thus B is 
a Peano continuum. 

Suppose p is a cut point of B. Then by Corollary 6.9 there exists in D VJ p 
a simple closed curve J that separates points x and y oi B in S^. By Lemma 
6.11 there exists a positive number tj such that every 17-alteration of / at p 
also separates x and y in S^. Since D is ulc, there exists 5 > 0 such that any 
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two points of D n S{p, 5 ) are joined by an arc of D H S{p, ri). Hence there 
exists an 17 -alteration K oi J that lies in D. But then K cannot separate x and 
y since B r\ K — 0. We conclude that B has no- cut point. 

By Theorems III 3.32 and III 3.37, B is cyclicly connected. Hence B contains 
a simple closed curve J. Let D' denote that domain complementary to J that 
contains D. Then D = DKJ B C D' = D' \J J, so that it B 9 ^ J, there exists 
a point X of B in B'. Since B is cyclicly connected, there exists an arc ab of B 
which contains x and lies, except for a and b, in D ' — ^where a,b^J. However, 
by III 4.6, if X = ah and Y, Z are the two arcs of J having end points a and 5, 
then - X - F - .Z is the union of three domains having XU F, F U Z 
and X U Z as their respective boundaries. And since XUFUZCB, Z) 
must lie in one of these domains and cannot, therefore, have B as its boundary. 
We must conclude, then, that B = J. 

Bemaek. The example in 4.14 might be recalled here. 

7 . Recognition of Peano continua in by accessibiliiy properties. It was 
pointed out in I 6 that Schoenflies [S] gave a characterization of planar Peano 
continua by means of accessibility properties. The type of accessibility em- 
ployed by Schoenflies was shown by Whyburn [see W, Theorem VI 4.2] to be 
equivalent, for domains complementary to continua in S‘, to regular accessi- 
bility: A point X is reguLa/rly accessible from a domain D if for arbitrary positive 
number 1 ; there exists a positive number S such that if t/ G B A S(,x, 8 ) then 
there exists an arc xy such that {xy) C. D r\ S(x, e). (If all points of F{D) 
are regularly accessible from B, we say simply that F (B) is regularly accessible 
from. B.) Since this formulation of the accessibility property allows of im- 
mediate generalization (see Chapter XII) to higher dimensions, we shall utilize 
it instead of the “all-sided accessibility” of Schoenflies. Note that, as stated 
above, the definition of regular accessibility is meaningful for any metric space. 

[If B is a domain in with connected boundary B, then p £ B was said by 
Sclmenflies to be accessible from all sides from B if, for any arc db spanning B 
in B, the point p is arcwise accessible from each domain of B — a 6 having p 
on its boundary. Schoenflies showed that in order that a continuum in 
should be peanian, it is necessary and sufficient that for arbitrary positive 
number r? at most a fi.nite number of domains complementary to M be of diameter 
>rj and that each point of the boundary of a complementary domain B be 
accessible from all sides from B. Compare Theorem 7.7 below.] 

By the methods used in proving 5.1 and 5.2 above it may be shown: 

7.1 Lemma. Let B be an open subset of a Peano space. Then in order that 
X ^F{D) should be regularly accessible from B, it is necessary and sufficient that 
for arbitrary 77 > 0 there exist 5 > 0 such that each point of D r\ S{x, 8 ) lie in 
same component of D H S(x, rj) which has x as a limit point. 

In view of Lemma 4.1 we have: 
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7.2 Corollary. If an open set D in a Peano space has property S, then 
F{D) is regularly accessible from D. 

7.3 Theorem. In order that a domain D with connected boundary in should 
have property S, it is necessary and sufficient that the boundary of D be regularly 
accessible. 

The necessity follows immediately from Corollary 7.2. To prove the suffi- 
ciency, suppose D does not have property S. Then as in the proof of Theorem 
6.1 we may obtain the sets U, V, K and points . The sequence converges 
to a point q of K r\ F(P), and if 17 < e/16 and 8 < tj, the component 
of D n >S(g, Ti) that contains a qn ^ S(q, 8) fails to have g as a limit point. 

Remark. The example in the Remark following Theorem 5.5 might be 
recalled here. In this example F{D) is not regularly accessible from D. 

As a corollary of 6.4 and 7.3 we have: 

7.4 Corollary. In order that the boundary^ B, of a domain D in such 
that p^(Dj 2) = 0 should be Ic, it is necessary and sufficient that B be regularly 
accessible from D. 

And in view of Theorem 6.1: 

7.5 Corollary. If M is a Peano continuum in and D is a domain com- 
plementary to Mj then F(D) is regularly accessible from D. 

Since by Theorem II 5.35 the A:-sphere in S'" has a ulc complement unless 
fc = n — 1, and in the latter case the complementary domains are ulc, and 
since by Theorem 4.13 every ulc subset of /S” has property S, we may state as 
a corollary of 7.2 

7.6 Corollary. If M is a k-sphere in /S”, then M is regularly accessible 
from its complement 

7.7 Theorem. In order that a continuum in should be peanian, it is 
necessary and sufficient that each of its complementary domains have property S, 
and that for arbitrary positive number 77 at most a finite number of these domains 
be of diameter greater than 17. 

Proof. Let M he a Peano continuum in S^. The domains complementary 
to M all have property S by Theorem 6.1. Suppose {D^} is a denumerable 
collection of such domains Di such that 8{DI) > n for some fixed rj and all i. 
Then each D* contains an arc such that 8{TJ) > 77. From this situation 
and the compactness of follows readily that we may assume the existence 
of a point p and a subcollection {Tn} of {Ti} such that each meets both 
F(p, 77/2) and F(p, 77/8). Each such Tn contains a subarc An = anbn such that 
an e F(p, 77/2), bn e F(p, 77/8) and (aA) C S(p, rj/^) - S(p, 77/8). Each Tn 
meets F(p, 17/4); let Xn E: Tn r\ F{py ri/A). Then there exists a subsequence 
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{a;,} of {x„\ such that in some cyclical order on F{p, x, < a;,+i for ally 
And there exists x sip {Xi}, x G M r\ F(p, rj/i). Now by consideration of 
points Pi E M r\ XjX,+i , where a:,a:,+i is the arc of F(p, v/i) not containing 
Xi+ 2 , it is readily shown that M cannot be Ic at a:. 

Conversely, suppose M a continuum in satisfying the conditions stated in 
the theorem. If M is not peanian, then by Theorem 2.1 there exist sets P, 
Q, Mr satisfying the conditions of that theorem, with v replaced by n (repre- 
senting a natural number). Since is metric we may assume a p E M and 
17 > 0, 5 > 0 such thatP = S(p, rj), Q — S(p, 8). Let a- = (rj + 8)/2. Without 
loss of generality, we may assume Xn G Mn F{p, c) such that x„ < x„+i in 
a cycUc order on F(p, a-). Sinc£, by Theorem II 5.19, has property V of 
II 4, there exists in - M Pi [-S(p, v) - Sip, 5)] a continuum C„ separating 

and x„^, in S\ Then (7„ P x„x„^r 5^ 0, and by Theorem 1.8, C„ contains a 
continuum Kn which meets both F(p, F) and P(p, 17) Fip, 8) and lies in 
Sip, v) — Sip, 8). 

Now from the hypothesis concerning diameters of domains complementary to 
M it follows that we may assume the K^’s all to lie in one such domain, say D. 
But D has property S and must therefore contain a connected subset of diameter 
<(1? ~ F)/2 which contains points of infinitely many of the sets Kn P Fip, F); 
this is impossible. 

In view of Theorem 7.3 we may also state: 

7.8 Thboeem. In order that a continuum in should be peanian, it is 
necessary and sufficient that if D is a domain complementary to M, FiD) be regularly 
accessible from D, and that for arbitrary positive number 17, at most a finite number 
of such domains be of diameter > 17. 

7.9 Remaek. The necessity for the condition placed on the diameters of 
the complementary domains in Theorems 7.7 and 7.8 is shown by the following 
example: In the coordinate plane, let S be the set defined in the Remark 
following Theorem 1.10, and let N be the set {(x, y) | (0 g a; g 1)&(2/ = !)}• 
Then if ikf = S\J N th.e continuum M can be considered as lying on an and 
satisfying the conditions of 7.7 and 7.8 so far as the individual complementary 
domains are concerned. However, the condition on the diameters of these 
domains is not satisfied, and hence M is not peanian. 

8. Remarks. The restriction of some of the noteworthy theorems of this 
chapter to (e.g., 6.4, 6.6, 6.12, 7.3) raises the question as to whether such 
restriction is necessary. That this seems to be the case may be shown by 
examples. For instance, that the connected boundary of a domain P in iS® may 
be peanian without D having property S may be seen by a glance at the figure 
accompanying Example XI 5.1; and no point of the subcontinuum E of FiD) is 
accessible from D. By extending the plane rectangles E.- of this example down 
to the base of the wedge and the Si’s to the top of the wedge, there is obtained 
a Peano continuum in ^ whose complementary domains all have diameters 
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> 7) = h/2, where h is the height of the wedge (see also Example XI 5.17). If 
Example XI 5.2 is considered as lying in S^, then it is a common boundary of 
two domains one of which is ulc — ^but the boundary is not Ic. As regards 
Theorem 6.6, a Peano continuum in that is the common boundary of two 
domains may not only fail to be a sphere, but may be the common boundary of in- 
finitely many domains, all of which may be ulc. [Wilder [k]]. Nevertheless, 
Theorem 6.6 has a generalization: If a Peano continuum in S'" is irreducibly 
linked (II 5.22) by an (n — 2)-cycle, then it is an — the case n == 2 is precisely 
Theorem 6.6. (See Wilder [j, Corollary 4].) And Theorem 6.7 has a generaliza- 
tion to higher dimensions, viz: If a cycle links a Peano continuum in S'", 
then 7 ”“^ links some in M (the case n = 2 is exactly Theorem 6.7). (See 
Wilder [j].)] 

The restriction to S^ of the theorems cited, however, is due not to necessity, 
but to limitations in the concepts involved. As we shall see in the sequel, the 
Ic property, property S and the ulc property are only the cases n = 2 of general 
n-dimensional concepts; we have already noticed this (Theorem II 5.33) in the 
case of the ulc property so far as open subsets of S'" are concerned. When 
such concepts as these are seen in the proper perspective, the theorems cited 
fall into their places in the general theory of manifolds. Before this can be 
achieved, however, it is necessary to digress into the domain of algebraic topology 
in order to set up the needed tools. This will be the function of Chapter V. 
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BASIC ALGEBRAIC TOPOLOGY' 

1. Complexes. Let S be a collection, finite or infinite, in which certain finite 
subsets, to be called simplexes, have been specified. If a simplex consists of 
71+1 elements of S, it will be called an n-dimensional simpleXj or simply an 
n-simplex. The elements of the simplex are called vertices. In all applications, 

Vq , ‘ denote vertices of an n-simplex S”, then all (nonempty) sub- 

collections , • • • , V,, oi JET will also be simplexes and will be called r-dimen- 
sional faces of E”, or simply r-faces of ET. Thus the vertices become “0-faces^' 
of although the latter term is rarely used. As an example, one may think 
of the four vertices of a tetrahedron as constituting a 3-simplex E^; the faces 
correspond to the subcollections of three vertices which correspond to the 
triangular faces of the tetrahedron, the subcollections of two vertices which 
form pairs of endpoints of edges, and the individual 0-faces or vertices. (Every 
triangulated polyhedron similarly yields an example.) 

Any collection of simplexes, which, if it contains a simplex E”, also contains 
all faces of E"", will be called an unrestricted complex. If it consists only of n- 
simplexes and their faces, we call it an unrestricted n-dimensional complex^ or 
unrestricted n-complex. Of fundamental importance are the incidences between 
simplexes of a complex: If E^ is a simplex and is a face of E"", we say that 
is incident to E^ and that and E'^ are incident. We shall use the symbol 
St E ^ — ^^star of — ^to denote the collection of simplexes consisting of E" and 

all simplexes of which E” is a face. 

2. Algebraic apparatus. We next associate with S and its simplexes an 
algebraic apparatus. To each 7i-simplex E”, n > 0, we first assign positive and 
negative orientations as follows: A certain linear ordering Vq , Vi ^ • • • , its 
vertices is selected, and the s 3 anbol VqV^ Vn , or any even permutation of 
the v^s therein, regarded as an algebraic symbol associated with the simplex 
and determining its positive orientation. The symbol derived from VqVi ^ • Vn 
by any odd permutation of the v’s therein is similarly related to negative 
orientation. The symbols associated with the simplex and determining its 
positive orientation are considered as equivalent, any of them being denoted 
by and we call a"" the n-cell associated with The symbol will 


^The reader may compare the notions introduced below with the material of II 5. A knowl- 
edge of the latter is not presumed below, however. 

Tt will be noted that although in II 5 the term '^celF* stood for a euclidean geometric element, 
here it seems to have only algebraic significance. However, if one wishes to do so, he may 
imagine that to each n-simplex there is made to correspond a euclidean geometric element with 
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denote any of the symbols associated with negative orientation of JBT. With a 
0-simplex we also, associate, for sake of completeness, symbols <r°, —a- 
denoting its ^'positive and negative orientations,^^ but make the convention 
that in the algebra = tr®, — = — <r®. 

Let d be an operator, which may be called a boundary operator, such that, if 

n > 0, 

(2.1) = 2 (-1)' > 

«=0 

and more generally, 

(2.2) d(Z = Z 

where the are integers, finite in number, and the laws of ordinary algebra 
hold — (— l)cr” = — <r”, — (—cr”) = o'”, etc In particular, for a single o-”, n > 1„ 
it easily follows that 

(2.3) a"(0 = a(d(0) = 0. 

The coefficient of a in the expression 3(a-'‘) is called the incidence number 
of <r" and <7““\ and for the sake of completeness one may call the incidence number 
of a O'" and <t'~^ whose corresponding simplexes are not incident, zero. 

For d<r°, either of two conventions may be made; (1) Define Ser” = 0, or 
(2) augment the complex under consideration by an ideal simplex E~^ with 
corresponding cell cr~^, and for all 0-cells of the complex let dff’ — a (Then 
if <r? and cj are distinct 0-cells, d{a{ — 0-2) = 0.) In case (2) is used, the complex 
is called augmented, case (1) then being identified by the adjective non-aug- 
mented. In either case, relation (2.3) continues to hold when n = 1. 

A complex to all of whose simplexes have been assigned positive and negative 
orientations constitutes, together with its cells, an oriented complex. Let K be 
a fixed oriented complex, {c”} any collection of n-cells of K, and let Q be any 
abelian group. By an unrestricted n-chain of K over 0 is meant a single-valued 
function defined over the ?j-cells <r“ of K with values in G. Usually we shall 
treat the latter values as coefficients, directly associating each 71-cell with the 
functional value thereon by means of the expression gc', g E: G. We may 
then indicate an 7i-chain as a collection {g'v”), or [g^cl] when a distinguishing 
index is needed for the cells. The number n is called the dimension of the 71- 
chain. 

If {g-Vp} is an unrestricted 77-chain of K over G, n Q, and if no (77 — 1)- 
cell o-r' of K appears in more than a finite number of the polynomials d(<r") 
for which g" ^ 0 (the identity of G), then we may define what may be called 
a boundary chain SfffVp} as follows: Consider the collection assum- 


+ 1 vertices, and that the symbol o-” stands for this geometric element together with some 
orientation of the same. As we use the term, “simplex” encompasses more than the euclidean 
element, but allows of interpretation by means of, the latter. 
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ing the distributive law and making the convention that ^-0 = 0, the identity 
of G, g* (— 1) = —g, the inverse of g in 0, etc., then each g^d(cr^) yields a finite 
collection {gl<rT^} (in the nonaugmented case, if n = 0, this becomes 0, of 
course). As a given occurs in only a finite number of such collections, 
we may assemble all the coefficients gl with which it occurs, obtain the group 
element g" = XIp qI ) hence the form The collection thus 

obtained for all {n — l)-cells of K is called the houndary-chain, or simply 
boundary^ of the ?^-chain, and denoted by 

The machinery of unrestricted complexes and chains is more general than 
we shall need in the applications. As a matter of fact, we may hereafter assume 
that all complexes considered contain at most a denumerable number of simplexes 
and are star-finite — ^i.e., no n-simplex, n ^ 0, is incident with more than a finite 
number of (n + l)-simplexes. Most of the time we shall be dealing mth. finite 
complexes, and throughout we shall use only finite chains, i.e., chains having 
only a finite number of nonzero coefficients. Hence we shall be able to represent 
each chain {^Vp} as a polynomial 

(2.4) giOi + g2<r2 + gzciz + * * • = S • 

The advantage in so doing is that when we wish to find the boundary of the 
chain we may simply write 

(2.5) + g^ol + gzcfiz + • • •) = gid{a^ + g2^W'2) + • • • . 

With the algebraic conventions adopted above and addition of group elements, 
this yields a polynomial on the right of the form glcrT^ + g\<rT^ . Thus 

both chains and their boundaries may be conveniently written in polynomial 
form, and we shall continue to do so throughout. 

From (2.3) it follows that for any chain C" of the form (2.4), with n > Q, 
we shall have — ^making the convention of denoting the chain all of whose co- 
eflBicients are zero by 0 — 

( 2 . 6 ) = d{dCr) - 0 . 

Usually, in writing any particular chain in polynomial form, it is the practice 
to omit aU terms with coefficients zero, although in most general discussions 
we retain the complete form (2.4). 

In case the complex is nonaugmented, dCfi = 0 for all 0-chains C°; and as 
only finite chains are used, dC^ is defined and may or may not be zero in the 
augmented case. 

For future purposes we record here: 

2.1 Definition*. If = X) j then by Ki(C®), or Kronecker index of 
Cfi, is meant the sum 23 ?p- 

3. Chain groups. Given a complex K and a dimension n, we arrange the 
n-ceUs in a certain indexed array cr^ , i ^ Ij 2, 3, • • • , and represent each n- 
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chain as a polynomial (2.4), which we abbreviate to 2^-1 ■ If 

is another chain, we define the sum of the two chains as 

(3-1) E gy, + i: =j2(g, + g'd<A , 

t«l t = 

where the in. + Qi denotes the group operation in G. Hence the sum 
of two chains is again a chain, and this addition of chains is commutative and 
associative. Consequently the operation (3.1) defines an abelian group which 
we denote by (?), and which we call the group of n-chains of K over 0. 

The identity of G"(K] (?) is obviously the chain all of whose coefficients are 0, 
and which we denote by 0. The inverse of gxO\ is which 

we abbreviate to — ^icr” . 

Since by our algebraic conventions, for ^ ^ 0, 

(3.2) d{Cl + Q = diPD + a(CS), 

for all Cl , Cl El C'^iK] (?), the linear operator d induces a homomorphism of 
C^{K) G) into G) (or into 0, the identity of (?, in the nonaugmented 

case when n = 0), .^ad since the images of the elements of G*’{K; G), n > 0, 
under d are always chains such that d((r~^) = 0, we are naturally led to 
a consideration of the collection G) of {n — 1) -chains whose boundary- 

chains are all 0. 

It follows from (3.2) that the collection Z'^iK; G), ^ ^ 0, is a subgroup of 
G*(K; (?). We call it the group of n-cycles of K over G. (It is defined only for 
n ^ 0, since the operator d was defined only for this case.) 

Finally, we define a group G); which is that subgroup of Z”(if; G) 

consisting of all boundary chains or hounding cycles. We .note that by (2.3) 
every boundary chain is a cycle when n > 0; every 0-chain is a cycle in the 
nonaugmented case, and in the augmented case every boundary 0-chain is a 
cycle since d[d(T\] = 5[(rpi crja] = <r~^ — = 0. And by (3.2) the sum of 

bounding cycles is again a bounding cycle. The chain 0 of dimension n bounds 
the chain 0 of dimension n + 1, so that E^{K\ G) contains the identity. 

Frequently, in the sequel, we may use the terms ^^augmented cycle,’^ ^'aug- 
mented chain,’’ etc., to indicate that the complex under discussion is augmented. 

4. Homology groups. We have defined a descending series of abelian groups, 

Cr(K; G) D Z\K; G) D B\K] G), n ^ 0, 

For 71 > 0, the linear operator d applied to G) effects a homomorphism 

of that group into the subgroup G) of Cr~‘^{K; G). The kernel of this 

homomorphism is the group Z'^iK; Cf). 

If now we form the factor group Z^'iK; G)/E^{K] (?), we obtain the n-dimertn 
sional (or nth) homology group of K over G, G), also commonly called the 

nth Betti group of K over G. Evidently two elements of Z'^ifK] G), say Zl , 
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Z 2 are in the same element of G) if and only if Zx — Z 2 is a bounding 

cycle. We express this fact by the relation 

(4.1) Z^r^Zl, 

called a homology or homology relation (compare II 5.5). The fact that a cycle 
Z"" is an element of G) may therefore be expressed by the relation Z"" ^ 0, 
and (4.1) may be written in the form ZJ — Z 2 ^ 0. In view of (3.2) this implies 
that relations such as (4.1) may be treated like ordinary algebraic equations so 
far as addition and transposition of elements are concerned. And a useful 
corollary in the sequel will be that when we desire to show that a single- valued 
mapping ^ of one group of cycles into another induces a homomorphism in the 
corresponding homology groups it is sufficient to show that Z"" 0 implies 

that (p{Z^) ^ 0. 

(A relation such as (4.1) may be read “ZJ is homologous to Z 2 Zl and 
Zl are also called homologous cycles,) 

In case the group IP{K; G) has finite rank, then the minimum number in a 
complete set of linearly independent generators is called the n-dimensional Betti 
number of K over G and is denoted by G). (Also sometimes called ‘^con- 
nectivity number^^ For the case where G is an algebraic field, a somewhat 
different definition is given below.) Otherwise we may write p”(if ; G) = 00 . 
Evidently for p”(ir; (?) to be a positive integer k means that there exist n-cycles 
Zij • • • , Zfc such that no homology of the form aiZJ + * . . + UkZl ^ 0 exists, 
where the a’s are integers not all zero, and such that if Z” is an arbitrary n-cycle, 
then there exists a homology aZ” + aiZi + a^Z* 0. In other words, 

if we call a set of cycles ZJ , • • • , Z* linearly independent relative to homology 
(=lirh) provided there does not exist any relation of the form axZ\ + • • * + 
a^Zl ^ 0, then p"(K; G) is the maximum number of n-cycles of K over G that 
are lirh. 

Frequently, in the sequel, when augmented complexes are used, this fact is 
indicated by a subscript “a”; for example, Hl{K; (?), El{K) (?), pZ{K] (?). 

5. Important special cases and geometric interpretations. The simplest case 
of the theory outlined above is illustrated by the finite complex and the additive 
group of integers mod 2 (cf. II 5). In all chains only the coefficients 0, 1 occur; 
thus the effect of orientation is eliminated inasmuch as — tr" == Further- 
more a geometric interpretation of the algebra is quite immediate, in that 
each n-chain may be considered as a selection or collection of certain simplexes 
jB’*, and in a sum of chains the cells that have coefficient 1 represent exactly 
those simplexes that have been “selected’' in an odd number of the chains. 
In particular, relation (3.2) shows that the boundary of an n-chain, being the 
sum, mod 2, of the boundaries of th©» individual n-cells, is simply the selection 
of those {n — l)-simplexes that occur in an odd number of the individual 
simplexes. This modulo 2 “combinatorial topology”, originally explored by 
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Tietze, Veblen and Alexander, has consequently great advantages due to its 
simplicity, but as will be pointed out below does not suffice to detect certain 
topological properties, and historically it contributed to some confusion in that 
the obviousness of the geometric interpretation of chain, bounding, etc., modulo 
2, retarded the necessary distinction between what is geometric and what is of 
purely algebraic character 

As for the finite complex, evidently any ordinary geometric surface or solid 
which has been ' 'triangulated' ’ or cut up into a finite number of nonintersecting 
tetrahedra furnishes an illustration, if one selects the vertices of each edge, 
triangle and tetrahedron as the vertices of the 1-, 2- and 3-simplexes respec- 
tively. The classical combinatorial topology was essentially a study of such 
configurations and their higher-dimensional analogues, and the proof that the 
Betti groups obtained are topologically invariant, not dependent upon the 
particular mode of subdivision, was a central problem (and a difficult one). 
For exposition of the modulo 2 topology of finite complexes, the reader may be 
referred to the Colloquium volume of Veblen [V]. A brief but satisfactory 
account of the homology theory of finite complexes may also be found in Alex- 
androff [g]. 

Historically, the additive group of integers took precedence as coefficient 
group (vide Poincar4 [a]; in this paper "homologies" as used above were intro- 
duced, but the relations between chains and their bounding cycles were repre- 
sented by congruences C” = Here orientation plays an important and 

significant role, and each s 3 anbol <r” as well as the polynomial do*” becomes a 
chain. The orientation can be easily interpreted in an inductive manner, for 
n = 1 considering it as indicating direction from one vertex to another. The 
appearance of c a positive integer, in a chain can be interpreted as a selection 
or collection of the corresponding simplex c times; — ccr” as the occurrence c 
times of the oppositely oriented simplex. The geometric significance of the 
integer coefficients is well exemplified in such an elementary complex as that 
obtained by a triangulation of the projective plane. Here it will be found that 
the cycle mod 2 associated with a "straight line through infinity" (topologically 
a circle) is unbounding, yielding p^(if; (?) — !, whereas the analogous cycle 
with integers as coefficients has a "multiple" that bounds — 2Z^ ^ 0 — ^rendering 
(?) = 0. This circumstance is described as the presence of torsion in 
the surface, the coefficient 2 being called a 1-dimensional coefficient of torsion of 
the projective plane (see Veblen [V, p. 119]). One may also compare the mod 
2 and integer Betti groups of the torus and Klein bottle. For a discussion of 
these matters, especially as related to such 2-dimensional surfaces, the reader 
may consult the notes of Tucker [Tj; also Hilbert and Cohn-Vossen [H-C, 
Chap. 6] and Ker6kjM6 [K, IV]. 

It is a classical theorem that the 2-dimensional closed manifolds are char- 
acterized topologically by their 1-dimensional Betti numbers mod 2 and their 
"orientableness" (in the sense that a surface is called orientable when its sim- 
plexes E^i can be so assigned orientations that d X 0* surfaces in 
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euclidean 3-space, this conception coincides with ^^two-sidedness’^, so that all 
such surfaces are orientable.) Cf. Ker^kjartd [K, IV]. 

It is now well known that for any finite complex the additive group of integers 
forms a ‘^universar’ coefficient group, in that knowledge of the groups I), 

where I is the group of integers, is sufficient to calculate the groups G) 

for any coefficient group G (cf. Lefschetz [L, 109]). 

It was shown by Alexander [b] that use of the integers mod m for arbitrarily 
large m is sufficient for the determination of torsion in a finite complex. And 
as shown by Steenrod [a], the additive group of real numbers modulo 1 (iso- 
morph of the group of rotations of a circle) forms a universal coefficient group 
for the homology theory of a compact metric space. 

The last mentioned group, that of the real numbers modulo 1, has a topo- 
logical character not evidenced in the previously mentioned discrete coefficient 
groups — ^mod 2, integers, etc. It lacks the fundamental distributive property 
of algebraic rings, but possesses a continuity which can be defined in an obvious 
manner by a fundamental neighborhood system. Indeed, when so set up as a 
topological space, it becomes both compact and metric (having a denumerable 
fundamental neighborhood system), as well as connected. 

From the point of view of the present work, the case where the group G is an 
algebraic field (discrete), CF, such as that of the rational numbers (originally 
introduced by Lefschetz [b]), and chains are finite is of paramount importance. 
The chain groups C"(ir; CF) then become vector spaces whose generators are 
the cells (rj . The groups Z”(Z; CF), CF) are subspaces of G'iK; CF). Cycles 
Zij • * • , are called linearly independent relative to homology (lirh) if there 
does not exist any relation of the form ajZ” -f- . • . OkZl 0, where the a's 
are now elements of CF not all zero. Then, with the usual definition of dimension 
of a vector space, p”(Jr; CF) = dimension CF) dimension CF) for 

finite K, We shall go into these matters more fully later on. 

For an example of an infinite complex, we may consider any open subset P 
of the euclidean plane (compare II 5.12). Let Ti , • • • , jP* , • • • be a sequence 
of triangulations of the plane, each T^+i being obtained from T* by further 
subdivision, such that if Gk is the collection of simplexes in Tk+i but not in 
Tk , then the maximum diameter of simplexes in Gk approaches zero as . 
For each fc, let Kk be the complex obtained from the simplexes of Tk which lie 
wholly in P. Then K = U Kk is an infinite complex. Of simpler structure, 
however, and topologically as useful, is the complex obtained by selecting for 
each Kk+x only those simplexes which were present in Kk , and those simplexes 
of Tk^i not occurring in Kk . 

6. Some fundamental lemmas. Suppose if is a finite oriented complex with 
cells <rj , i = 1, 2, • • • . Let us add to if a new vertex Vq and form a new complex 
J?, the cone-complex of if, as follows: livi fV 2 , • • • , are vertices of a simplex 
of if, then 2 ^ 0 , ^ 1 , ^ 2 , * ’ * , form a simplex of R, For each cell (r\ of if, define 
a new cell ; i.e., if cr^ = V 1 V 2 • • • Vr^x j then = VqVi • • • • 
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The oriented complex ^ consists of the new simplexes with corresponding cells 
so formed, together with the new vertex Vq and the original simplexes with 
corresponding cells of if; if is a subcomplex of K which may be called the base 
of R. (The complex K may also be referred to as the join of K and Vq .) 

6.1 Lemma. For any finite oriented complex K, the groups Hl(R; G) all 
reduce to the identity. 

Peoof. Treating R as an augmented complex, we define a mapping, /, of 
the r-chains of R into the (r + l)-chains of R as follows: f(cr~^) == Vo ; if <7**^ 
is a cell having Vq as a vertex, then /(cr**) = 0, but otherwise /(cr'‘) = Vqct^, The 
extension to arbitrary chains is made linearly. Then for any chain C% 

(6.1a) d/(C0 == (7^ - /(dCO, r ^ 0. 

Since d is linear, it suffices to prove (6.1a) for the case where C** is a cell c^^ 

(Of course a"' may not be an r-chain, but this does not invalidate the argument.) 
Suppose a = Vi^Vi^ 0 < io < <•• • < ir . Then f (a) = VoVi, • • • Vi, 

and df{a) = o-’’ - ^ (-l)'^ ••• ••• v,, = a - f{da). (By the symbol 

we indicate that Vi^ is deleted.) On, the other hand, if cr'' = VoVi^ • • • , 

0 < < • • • < ir i then/(a'0 = 0 = d/(a''’). Hence we must show that a*’’ = 

f(d<r^). Now dtr'’ = (—lyVo* • • * * • Vi, ; hence by defini- 

tion, /(^O = VoVi, • • • Vi, = cr^ 

To complete the proof of the lemma we need only notice that if in (6.1a) 
the chain C is a cycle, then df{C'‘) = O’*. 

6.2 CoEOLLARY. The {augmented) homology groups of the complex consisting 
of a single oriented simplex are all zero. 

Remark. The mapping/ used in the proof of Lemma 6.1 is a special case of 
a chain-mapping; i.e., a homomorphism of one chain-group into another. 
Usually the chain-groups involved belong to different complexes, however. The 
case (exemplified above) where the homomorphism is into a group of one 
dimension higher is a common one, and the simplest case therein occurs when 
the mapping commutes with the boundary operator: df = fd. This com- 
mutativity also occurs in simplicial mappings: 

6.3 Definition. Let K and Jf' be oriented complexes, and to each vertex 

of if let correspond a vertex v^ — f{v) of if' in such a way that if «;o , * • * , 

are vertices of a simplex of if, then *Vo , vi , - • * j Vr , whether distinct or not, 
are vertices of a simplex of if'. Now suppose a"" = VqVi • • • is a cell of if. 
If the Vi j i = Oj Ij ••• j Vj are not all distinct, define f(cr^) = 0; if they are 
distinct, they form a cell cr'"' (or — <r"') of if' and we define /(o-O = cr'"* (or —a'% 
as the case may be), and f{—(r^) — — cr'*^ (or cr'O* Then/ is called a simplicial 
mapping of if into if'. We may use the symbols / : if if' to express the fact 
that / is a simplicial mapping of if into if'. Finally, if == S a chain 

of if, we define (p{C") = ^ where by convention ^-0 = 0 and g* (—o-') = 



128 


BASIC ALGEBRAIC TOPOLOGY 


[V] 


—g<x\ Such a mapping (p is called the chain-ma'p'ping of C\K] G) into C\K'] G) 
induced by the simplicial mapping /. Such a mapping may be denoted by the 
symbols <p : C^(Z; (?) (?). 

6.4 Lemma. If K and Z' are complexes, and f a simplicial mapping of K 

into K', then the chain-mapping <p : C'‘{K] (?) C\K^] (?) induced by f commutes 

with d. 

We leave the details of the proof to the reader. 

As a corollaryj such a mapping <p induces a homomorphism of H\K] (?) into 

(?). 

In the sequel, we shall ordinarily use / throughout instead of / and (p; it will 
be understood that if / is a simplicial mapping of K into K', then /(CO really 
means the ^(CO defined above, etc. 

With a simplicial mapping f : K —> K! we may associate a third complex, 
the deformation-complex. Let the vertices of be ordered, and then order the 
vertices of K so that if Vi < V 2 ^ thenfivl) ^ f{vf) in K\ Then if Vi^ • • • Vi^ , 
io < • * • < in , is a simplex of K, the collection of simplexes Vi, • • • 

(where the v' symbol indicates a vertex of K^) together with their faces forms 
an {n + l)-complex, and the totality of these over K forms the deformation- 
complex SDK. Thus contains simplexes of both K and K' (all of the former), 
as well as new simplexes. The new simplexes may be oriented, and with the 
old orientation of the simplexes of K and K', becomes an oriented complex. 

If O’"' = is a cell of K, then * • * 2 ;*,?;^,. * • • vj* 

(with the convention that cells with nondistinct vertices become zero) is called 
the deformation-chain of a" induced by / (it is not necessarily an element of 
Gf), ot course). 

6.5 Lemma. If f is a simplicial mapping of K into K\ x" is a cell of K, and 

3Dcr” the deformation-chain of induced by f, then d^cr^ = /(O — — ^dcr^. 

The extension of 2) to a mapping of chains is made in linear fashion, and 
thereby a chain-mapping of CiK; G) into (?) induced. And we then 

have: 

6.6 Lemma. Under the hypothesis of Lemma 6.5, if C” G C{K; (?), then 
= /(C") - Cr - ^ dC \ 

In particular, if U" is a cycle, dU" = 0 and we have: 

6.7 Lemma. If f is a simplicial mapping of K into K' and is a cycle of 
K, then f{Z^) on^K. 

Remark. It may occur to the reader that a relation such as that in Lemma 

6.6 is probably a special case of a relation involving two mappings, / and g. 
If we consider / as a mapping of K into SDif, and g as the identity mapping on 
K, then the relation mentioned becomes da)C” = /(C") — ^(C”) — . In 
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the sequel we encounter just such relations (see the proof of Theorem 7.2 below)- 

In general, if / and g are mappings of G) into (?), where K and 

K' are any two complexes, and if there exists a mapping 3D of G) into 

G) such that 53D(7” = /(CT) — g{C^) ~ then/ and g are called 

chain-‘homotopic. Evidently from this definition follows: 

6.8 Lemma. If f and g are chain-homotopic mappings {that commute with d) 
of G'{K] (?) into C"'{K'] (?), thenf and g induce the same homomorphism of ir'{K] G) 
into ir{K'] G). 

7. Cech cycles and homology groups. We next define the type of cycle in- 
introduced by Cech for general spaces. We first give the mode of definition 
due to Cech. 

In general, spaces will be Hausdorff. And throughout the present section, a 
covering of a space will be a covering by a finite number of open sets (fcos). 
Coverings will be denoted by German capitals U, 3S, • • • , and their elements 
(the individual open sets) will be denoted by italic capitals U, V, • * • , If 
every element of a covering 23 is a subset of some element of U, then 23 will 
be called a refinement of U; this will be symbolized 23 > U. If 23 is a refine- 
ment of every covering of a collection {U^}, then 23 will be called a common 
refinement of the coverings . That 23 is a common refinement of the cover- 
ings Ui , • • • , Uft will be denoted by the symbols 23 > (Hi , • • • , U*). We 
denote the collection of all coverings of the space by 2. If U, 23 G 2, then 
by U n 23 will be meant the covering consisting of all nonempty sets U CW 
such that 17 G U, y G 25. Evidently U H 23 > (U, 23). Thus 

7.0 Every finite set of coverings has a common refinement 

7.1 Cech cycles. Let U G 2. We may think of U as constituting a com- 
plex if we let each (7 G U be called a “vertex^’, and a collection ?7o , ?7i , * • • , 
XJn constitute an n-simplex if their nucleus Ui 9 ^ 0. We shall speak hence- 
forth of chains of U, etc., meaning chains of the complex U. And we shall use 
U to denote both the covering and the complex; the context should make clear 
in each case which of the two meanings is indicated. 

If 23 > U, a projection xu© of 23 into tl will be a simplicial mapping of 23 
into U such that if E G 23, then xuss E D E. Since projections are not usually 
unique, of fundamental importance is the theorem: 

7.2 Theoebm. // 23 > U, then all projections of 23 into U induce the same 

homomorphism of G) into i7”(ll; G), Hence if ^ is a cycle of 23, then 

for every pair of projections xi , xa o/ 23 into U, xi^” ^ X 2 z”. 

Pkooe. Let the elements of 23 be ordered: Ei , E 2 , * • * , and let xiE, X 2 E 
be denoted by JJ, U\ respectively. (Note that E C 17 r\ 17'.) 

If rja' = VuVi^ • • • E.-, , io < • • • < , is a positively or negatively oriented 

cell of 23, let P(i?0 be defined by 

(7.2a) P(,0 = P(7,.Fu • • • VJ = v E (-l)’V.-. • • • U;,U'u ■•■Ul, 
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with the convention that every term in the right-hand member of (7.2a) whose 
vertices are not all distinct is zero. Since JJi^ r\ • • • r\ Ui^ r\ Ui^ H ■ Pi 
D Vio n • • • n n • • • Pi , each term on the right of (7.2a) is a 
positively or negatively oriented cell of U or zero. If P is extended linearly to 
chains of SB, there is obtained a chain-mapping of ^(SB) into Cr'^^(U). This is a 
homomorphism such that 

(7.2b) dP{(r) = t2(p - TiCr - p(ac"). 

Hence xi and X 2 are chain-homotopic and the theorem follows from Lemma 6.8. 

7.3 Definition. An n-dimensional Cech cycle, or C-cycle of a space S is 
a collection {z”CU)}, U G 2, where 2 ?*‘(U) is a cycle of U called the coordinate 
of the cycle on U, and such that if SB > U, then 7ru582J''(SB) ^ on U. By 
Theorem 7.2 this homology is independent of the particular projection em- 
ployed. Instead of '^n-dimensional Cech cycle’’ we may say ^^Cech n-cycle”. 
It must he emphasized that a C-cycle has a coordinate on every U G S. 

If = {^i(U)}, Z 2 = {ZKU)} are two C-cycles of S, then we let Zi + Z 2 = 
{Zi(Vi) + ZJ(U)}, and in terms of this addition we obtain the group Z^'iS; G) 
of n-dimensional C7-cycles of S, In order to obtain a homology group IPiS] G), 
we define 0 on 5 to mean that for every U, ZiQX) ^ 0 on U. Then if ;G) 
is the group of all C-cycles that are ^ 0 on iS, H'^^SiG) is Z”(/5 ;(t)/jB”(5;(t). 
The corresponding Betti number (§4) is denoted by p”(/S;G). 

7.4 Definition. Let D' C Then S' will be called a complete family of 
coverings of S if for every U G 2 there exists U' G 2' such that U' > U. 

Evidently by restricting the choice of coordinates to cycles on the elements 
of a complete family S', cycles similar to the (7-cycles and their corresponding 
homology groups may be defined, and it is important to notice that the homology 
groups defined thus with respect to a complete family are isomorphic with 
those determined by S. 

7.5 Theorem. The homology group EP{8; G) and the n-dimensional homology 
group determined by a complete family of coverings are isomorphic. 

Proof. If {^^’'(U)} is a C-cycle, then the collection {^^"(U')}, U' G 2)', is a 
cycle on S', and evidently if {;s’‘(U)} 0, then {2;”(U')} ^ 0 on S'. In this 

manner there is determined a homomorphism of G) into the n-dimen- 

sional homology group determined by S'. 

This is also a homomorphism ''onto,” For let the collection {z”(U')} be 
given. For U G 2), let U' G 2J' be such that U' > U, and let 5;"(U) = '7ruu^^''(U'). 
By Theorem 7.2, 2 !”(U) is independent of the choice of xuu' j so far as homology 
is concerned. To show independence of the choice of tl', let 25' be any other 
element of S' such that 25' > U. Let 2B' G 2' be such that 2B' > (U', 25') 
(7.0). By Theorem 7.2, 

(7.5a) 7rmx^^u'S'^”^(2B') ^ ^usB'’7r5Q^siB^2j”(9IB'), 
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and by definition, 

(7.5b) 7ru.ffi-z"(aB0 ~ 

(7.5c) 7r,B>®'2’‘(SS0 ~2”(250- 

Applying xuu' to both sides of (7.5b) and xub* to both sides of (7.5c), it follows 
frpm (7.5a) that xuu'Z’*(U0 ~ xai8'Z“(230 on U, so that the homology class of 
U determined is independent of U'. 

The collection {^"(U)} thus determined is a C-cycle. Suppose SB > 11, U, 
23 G 2. Let 11' ^ 2' be such that U' > SB. As shown in the previous paragraph 
z”(SB) ~ Xi8U'2“(U'), and therefore xuu-z”(U') ~ xniBXs«'z’*(UO ~ xus2”(^). 
Again, by the preceding paragraph, xua'2“(ll') ~ z”(U), hence 2 ’‘(U) 
xuc 2”(S8). Thus {z"(U) } is a C-cycle, and in the above homomorphism it maps 
into the class determined by the given {2”(U')}. 

Finally, if the cycle {2”(U')} on 2' is ~ 0 on 2', then the cycle {z”(U)} ~ 0. 
For if U' > U, and there exists a chain c"'*'^(U') on U' such that 5c"'^^(U') = 
2”(U'), then (since dx == xS by Lemma 6.4) dxuu'C’*'"‘(U') = xutt'2"(ll'). Thus 
2”(U) ~ xuit'Z"(U') 0. It follows that the homomorphism defined above is 
one-to-one and therefore an isomorphism. 

One application of Theorem 7.5 that is worthy of note is that to the homolo^ 
theory of compact metric spaces. In this case, the group ITiS; G) is determined 
by the C-cycles defined on a countable set of coverings. 

7.6 Definition. If ilf C U G S, then a <r” = • • • C7„ (I7< G U), 

and the corresponding simplex, will be said to be on Af if the nucleus ri“-o u, 
meets M. A chain ffV,- will be said to be on Af if each al for which gr* 0 is 
on Af. Since the nuclros of a simplex is an open set, a simplex or cell is on Af 
if and only if it is on M. 

An equivalent procedure is to let U A M be the complex consisting of aH 
simplexes of U that are on Af, and to let a chain of 11 be a chain on Af if and 
only if it is a chain of U A Af. By U Af we denote {U\{U G U) & (17 
Af 0). 

7.7 Suppose that L Q. M C. S, and that 2"(U) is a chain of U which is also 

a chain on Af, and suppose further that 32“(U) is on L. Then we call z"(ll) a 
cycle mod L on Af of U. Such a “cycle” may be called a relative cycle. And if 
c’*(U) is a chain on Af such that 3c”(U) = z""\U) -|- where 7““^ is on L, 
then we say that 5c"(ll) = 2’*”‘(U) mod L and that 2““*(ll) 0 mod L (or 

“bounds mod L") on Af. Such a homology may be called a relative homology 
(i.e., relative to L). The n-cycles mod L on Af of U form a group Z”(Af, L; G, U), 
and those that are ~ 0 mod L on Af form a group E'^M, L; G, U). The factor 
group Z"(Af, L; G, ll)/iS“(Af, L] G, U) is the nth homology group of Af mod 
L on U, E'iM, L; G, U). 

7.8 In order to extend these “relative” ideas to the C-cycles, suppose 93 > U 
and that 2“(9S) is a cycle mod L on Af. Noting that projection has the effect of 
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enlarging nuclei j it is clear that will be a chain on M and that rr^x^^z'"{^) 

will be a chain on L, and consequently 7ruiBis”(SS) will be a cycle mod L on M. 

7.9 Theorem. If ^ > U, then all projections of S? into U induce the same 

homomorphism of L; 0, 2S) into L; (?, 11). Hence if 2 ” (S3) is a cycle 

mod L on M and tti , T 2 are projections of SS into U, ^ Tr 2 Z^{^) mod L on M, 

Proof. The proof follows that of Theorem 7.2 through relation (7.2b). 
Relation (7.2b) gives 

(7.9a) dP{z\m - ^22"(3S) - ir,z\SB) ~ P(a^”(S3)). 

It follows from the definition of P (7.2a) that if a chain C”(SS) is on L, then 
P(C”(S3)) is on L. Hence P(32;”(33)) is on L> and (7.9a) gives 

aP(2"(33)) = - ti 2”(S5) mod L 

and hence 

T,z\^) mod L on M. 

7.10 Definition. As a result of Theorem 7.9 we may define an n-dimen- 

isional C-cycle mod L on M as 2 ^ collection of chains { 2 :”(U)}, U G 2, such that: 
(1) ;2”(U) is a cycle mod L on M, and (2) if S3 > U, then 7ru58J2”(S3) ^ 2:”(U) mod 
L on ikf. And we define {z''(]X ) } ^ 0 mod L on M to mean that each 2;’*(U) 0 

mod L on M for all U. The additive group of C-cycles mod L on ikf, which we 
denote by Zr{S] M, L; (?), is defined in an obvious manner, as is the group 
B”(/S; M, L; (?) of C-cycles mod L on ikf that are ^ 0 mod L on M, And the 
homology group H^S; M, L; (?) - Z^S; M, L; G)/B^(S; M, L; (?) is called the 
n-dimensional homology group of 8 mod L on M. 

If K (Z L, then a cycle mod K on M is also a cycle mod L on ikf; and if a 
cycle mod on ikf is ^ 0 mod K on M, it is necessarily 0 mod L on ikf. This 
correspondence induces a homomorphism of M, K; (?) into ikf, L; (?). 
In general this homomorphism is not ^'onto,’^ as simple examples show. In 
particular the group ir{S; ikf, 0; G) determined by cycles mod 0 (the empty 
set) on ilf , which we may caU absolute cycles of 8 on ikf, maps homomorphically 
into every ir{S] M, L; (?) in a natural way. Evidently 11^(8; G) and 
Sj 0; (?) are the same groups. 

As in the case of the absolute C-cycles of 8 itself, we may, by restricting the 
choice of coordinates to those on the elements of a complete family of coverings 
S', define relative cycles and homology groups on 2'. And the proof of the 
following theorem is the same as that of Theorem 7.5, except that all homologies, 
etc., are ''mod L on ikf.'^ 

7.11 Theorem. There exists an isomorphism between JP‘(5^; ikf, L; (?) and 
the corresponding n-dimensional homology group determined by a complete family 
of coverings of 8. 

7.12 Remark. The groups defined above, although sufficiently general for 
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purposes of the present discussion^ are not the most general that we shall need 
in later chapters. Frequently, as when the space >S under discussion is fixed, 
we may abbreviate the parenthetical (S; M, L; G) in the above group symbols 
to (M, L; 0); and if, in addition, G is fixed, it may be further abbreviated to 
(Mj L), These conventions will be particularly valuable when the greater 
generality mentioned above makes necessary the introduction of more symbols 
for the sets involved. 

8. Covering lemmas. Certain existence theorems concerning coverings of 
compact or locally compact spaces will be inserted at this point. The coverings 
considered in this section are not assumed to be finite unless so specified. 

8.1 Definition. If U and S? are coverings of a space S such that the 
closure of each element of 33 is a subset of some element of U, then S3 will be called 
a closure refinement of U; symbolically, SS ]:$> U. 

The proof of the following lemma should be obvious. 

8.2 Lemma. If S is a regular space, then every covering of S has a closure 
refinement 

However, for compact spaces, a much stronger theorem is provable: 

8.3 Lemma. If U is a finite covering of a normal space S, then for each Ui G U 
there exists an open set U'i such that □> Ui and the collection {Ui} covers S. 

Proof. Denote the elements of U by J7i . * • • , U„^ • Since S is normal, 
there exists an open set Ui such that Ui — Ui CZ Ui C Ui . _ 

Suppose Ui j • * • , , k S m, have been defined so that Ui 3) Ui , and 

the sets Ui , • • * , Ui^i j Uj, , • • • , Um form a covering Ua-i of S. Then we 
may define Ui relative to Uk-i just as Ui was defined above relative to U. 

Remark. In view of Theorem III 1.27, Lemma 8.3 holds for every compact 
Hausdorff space S. 

8.4 Definition. If U is any collection of sets and M an arbitrary set, 
then by St(M, U) we denote the imion of all elements of U that meet M, If 
U and 33 are coverings of a space S, then by St (33, U) we denote the covering 
whose elements are the sets St(y, U), F G 33. 

8.5 Definition. If U and S3 are coverings of a space S such that St 
(33, 33) > U, then we call 33 a star-refinement of U; in symbols, 33 >* U. 

8.6 Lemma. Every finite covering U of a compact Hausdorff space hcLS a star- 
refinement 

Proof. Using the symbols of the statement of Lemma 8.3, for each x ^ S 
let 

K = n U',r^r\ n is- 

xSUx' xSOi' x€(.C,') 


(8.6a) 
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Let 93 be a finite collection of the sets V„ covering S, and for any G S3, 
suppose 7^ G SS such that 7* H 7^ 0, Vy . Let U' be such that 

xGUU By (8.6a), 7, C C/<_^and hence y G Ui else by (8.6a) 7, C >S - C7< 
and 73. n 7y = 0. But y G Ui implies, by (8.6a), that Vy C Ui . 

8.7 Lemma. If F is a compact subset of a locally compact space S and U is 
a covering of S, then there exists a covering SB of S and an open set Q containing 
F such that (1) 93 > U, (2) only a finite number of elements of 95 meet Q, and (3) 
if the nucleus of a simplex of 93 meets Q, then it meets F. 

Pkoof. There exists an open set P containing F such that P is compact. 
Each point of P is in an open set with compact closure which js a subset of an 
element of U, and some finite collection U' of these sets covers P. The elements 
of U' together with all sets 17 — P, O' G U, form _a collection, 2S > U covering 
S only a finite number of whose elements meet P. If Ei is a simplex of U', 
denote its nucleus by iVJ . And if iVi meets P, let p'i G F r\ iV'I ; otherwise, let 
p'l denote any point of Ni . Let M denote the finite point set Up:. 

Denoting the elements of U' by ?7i , • • • , U",- , • • • , ?7;fc , we may replace, step- 
wise a^in the proof of Lemma 8.%^ each Ui by an open set Ui such that (1) 
U,DU:, (2) m D(Mr\ ud U (P - U;:i m - u,). The resulting 

collection {Ui} together with the elements of 953 that do not meet P form the 
desired collection 93. 

Now suppose a simply Pf = UoUi • • • Ui of SB has a nucleus QJ that does 
not meet P.__Then x G -P" would imply x G Uq r\ Ut r\ • • • r\ Ur — N'‘i f 
since Q: C H H C7; C U'o H = iVJ . But then P H NJ 5^ 0, 

implying pi G U'o r\ • ^ • r\ Ui ^ Q'‘i ; i.e., F ^ 0, We must conclude, 
then, that if a nucleus Ql fails to meet P, thra Ql D F = 0. Let Q be any open 
subset of P which contains P and meets no Ql that fails to meet P. 

8.8 Lemma. If F is a compact subset of a locally compact space S and U 
is a covering of 8, then there exists a covering SS^ of S such that 933 > H, and any 
set of elements of 953 that meet F have a nonempty nucleics only if this nucleus meets P. 

(It will be evident from the proof that only a finite number of elements of 
953 meet P — indeed, some open set Q containing P.) 

Proo'e. We obtain the covering 93 and open set Q as in the proof of 
Lemma 8.7, As shown there, a set of elements Ui has nucleus Ql meeting P 
only if the same held for the nucleus Nl in U'. And by the way Q was selected, 
a Ql must meet P if it rn^ts Q; i.e., nuclei of simplexes of 93 either meet Q and 
hence P, or lie in S — Q. If we replace each Ui by U'/ = Ui r\ and let 
Ui — F = Vi' j then the covering 953 consisting of the elements of 95 with each 
Ui replaced by Ui' and 7^' is a covering of the desired type. 

Let us call a covering such as the covering 953 of Lemma 8.8 regular with 
respect to F; i.e., 933 is regular with respect to P if every simplex of 953 all of 
whose vertices meet P is on P in the sense defined in 7.6. 
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8.9 Lemma. If F is a compact subset of a locally compact space S, then the 
coverings of S that are regular with respect to F form a complete family of coverings 
for S; and their intersections with F form a complete family of coverings for F, 

Proof. The first half of the conclusion follows from Lemma 8.8. As for 
the second half: If U is a covering of F by open subsets of F, then each element 
[/ of U is the intersection with F of the set S -- (F — U) which is open in S. 
Hence the collection {S — {F — !7)}, U G U, is a covering 2? of S, and by 
Lemma 8.8 there exists a refinement 2B of 23 that is regular with respect to 
P. For each TV G 2B, the set TV H F is open in F, and the collection of these 
that are not empty is a refinement of U. 

8.10 Corollary. If F is a compact subset of a locally compact space S, then 
the homology groups obtained by using cycles and chains of S on F are isomorphic 
with the groups obtained by using coverings of F, 

8.11 Remark. As a consequence of Corollary 8.10, we may in the sequel 
when discussing homology groups, or individual cycles and chains, pass from 
coverings of a locally compact space to coverings of its compact subsets, and 
conversely, without explicit mention of its justification above. 

The conclusions of 8.7-8.10 continue to hold if 5 is a normal space, F a closed 
subset of S, and U a fcos. 

9. Vector spaces. Suppose that the coefficient group used in the definitions 
of cycles, homologies, etc., is an algebraic field Then if is a C-cycle 

mod L on M, and / G we define 

(9.a) f{z\n)} = {/ 2 "(U)}; 

if c” = cV” , then ac” = (ac*)cri , for all elements a, c of With 

this convention^ the additive group of C-cycles mod L on M becomes a vector 
space V over i.e., satisfies, in addition to the property of being an additive 
abelian group, the following: (1) for every / G 9^? G V,fv is a, xmique element 
of F, (2) for all a, 5 G 3^, G F, a{bv) == {ab)v; (3) for all a, 5 G G F, 
(a + b)v = av + bv] (4) for all a G ? 2^2 G F, a{vi + vf) = avx + av^ ; 
and (5) !•?; = z; for all z; G F. 

The properties just stated of a vector space F imply that every finite linear 
combination fiVi + • • * + fkVk (/’s G Fs G F) is a unique element of F, 
and that if 0 is the zero element of CF, then F has a unique element ^ such that 
0-t; = jzJ for all t; G F, and /0 — 0 for all / G 9^- Inasmuch as no confusion 
should result, we use 0 instead of 0 hereafter, while continuing to use the same 
symbol for the zero element of CF. 

9.1 A set finite or infinite, of elements of F is called linearly independent 
if there exists no finite relation of the form 

(9.1a) /it^i + • * • + hvk = 0, f s G 9", Fb G M, 
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unless /i = • • • = /fc = 0. If every » G F is expressible in tbe form 

(9.1b) = M + - • + fjcVk y f S G 9^, v's G M} 

and the set of elements {v,} are linearly independent, then the set is called 
a base for F. Although there may be various bases for V, the cardinal number 
of elements in a base is invariant for fixed V (see the proof by Chevalley in 
Lefschetz [L, pp. 73-74]), and is called the dimension of F. If F and F' are 
vector spaces over {F of the same dimension, then there exists a linear isomorphism 
between F and V'; that is, a (l-l)-correspondence ^ : F F' that is not 
only an isomorphism in the sense of the additive group, but satisfies the condi- 
tion that f<p{v) = <p{fv) for all / G 9^, G F (it being easily shown that as a 
consequence /^“^(^^0 = for all / G 9F and v' G F'). Of course such 

an isomorphism is rather arbitrary, being obtained by proceeding from an 
arbitrary definition of <p over the bases for F and F' and extending it by linearity 
to the remaining elements. 

9.2 If Fi is a subset of the vector space F, then Fj is a sulspace of F if 
and only if Vi , Vz E: Fj imply that Vi + Vz E Vi and G Fi , / G 9^ imply 
that/vi G Fi . The additive factor group H = F/Fi is made a vector space 
over CF in a natural manner by letting, for each coset {/i} E the element 
f{h} be the coset determined by {fh} for any element h of {A} (easily proved 
independent of the choice of h in the coset). Then dimension H = dimension 
F — dimension Fi . In particular, if F = Z^{S; L; ?F) and Fi = 
J5”(S; M, L; 9^), then H is the homology group ilf, L; ?F) and the dimension 
of H will be called the ^^Betti number^' and be denoted by p^{S; ilf, L; $F). 
These may be abbreviated to ir(S; $F) and p^{S; 9) when M == 5 and L = 0; 
and ultimately to ir{S), p^(S) when 9 is fixed (cf. 18.17 below). Cycles that 
are elements of linearly independent elements of the space ir{S; M, L; 9) will 
be called linearly independent relative to homology (lirh). A base for ETiS; Af, 
L] 9) will be called a homology base for S. 

9.3 Aflat of a vector space F is a coset modulo some subspace Fi . A neces- 
sary and sufficient condition that F C F be a flat of F is that there exist a 
subspace Fi and x E F such that Vi + x F, The element Xj in case F is a 
flat, can be taken to be any element whatsoever of F, and consequently if Fi 
and Fz are flats having a common element x, then Fi = Fi + x, Fz = Vz + x, 
where Fx and Vz are subspaces, so that Fi H Fg = Fi H F 2 + x. Since the 
common part of any number of subspaces is a subspace of F, it follows that 
the common part of any number of flats, if not empty, is again a flat. Note 
that, in particular, every z; G F is a flat, and that every subspace is a flat. 

Suppose F is a finite-dimensional vector space with given base B. Then a 
proper subspace Fx of F, if not the element 0, has a base which, although not 
necessarily a subset of B, has fewer elements than JS. Hence, if F = Fq D 
Fx D F 2 D * * • is a sequence of subspaces such that, for each i, F,+i is a proper 
subspace of Vi , the number of terms in the sequence is necessarily finite. 
Now suppose {F„} is any collection of subspaces of F, and let F' = nv.. 
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Select any Fi G sJid suppose Yx — V 7 ^ 0. Then if Xi G l^i — 
there must exist Fz G such that a;x ^ Fz . Now if Fi G\ Fz — F' 5 ^ 0, 
let Xz G Fi Pi Fz — F'. Then there will exist F 3 G {F,} such that Xz $ F 3 . 
Continuing in this manner, we generate a decreasing sequence of subspaces, 
F D FiD Fj P\ Fz D Fi Pi Fz Pi F 3 D • • • which, as shown above, must 
be finite. We have, therefore, that 

9.4 If {F,} is a collection of subspaces of the finite-dimensional vector space V, 
then there exists a finite number of subspaces Vi , • • • , F, , • • • , F^ G { F, } such 

thatr\ F, = nt-i ■ 

More generally, a decreasing sequence of flats of a finite-dimensional vector 
space must be finite, and 

9.5 The common part of any set of flats of a finite-dimensional vector space is 
identical with the common part of a finite number of them. 

9.6 If -K is a finite complex, then the chain group 3^) is a vector space 

over CF whose dimension is the number of n-dimensional cells of K, inasmuch 
as these form a base. The subspace 3^) is therefore of finite dimension. 

Suppose F a flat in F = 3^), and let denote the set F augmented by 

homology; i.e., augmented by the addition of every z which is homologous 
to an element of F. Being a flat, F = Vi + x, where 7i is a subspace of V 
and a; G F. We shall show that if Vf denotes the set Fi augmented by homology, 
then Ff is a subspace of F, and that F* = Vf + Xf and consequently that F* 
is a flat. 

(1) F* C Ff + X. For x* G F* implies that there exists G F such that 
rc* ^ Xi . But a:i G F implies that there exists G Fi such that Xx ^ Vy + x. 
Consequently x* + x, implying that x* — x Vy ; hence that x* — x G Ff 
and therefore x* G Fjf + x. 

(2) F* D Ff + X. For v* G Ff + a; implies that there exists v* G Ff 
such that V* =: z;f + x. But G F* implies that there exists G Fi such that 
?;f ^ . Hence t;* ^ + x G F, and hence v* G F*. 

(3) If Fi is a subspace, then Ff is a subspace, (a) Let x*, t/* G Ff . Then 

a?* ^ X G Fi and y* y G. Vy , Hence x* + ^ x -|- 2 / G Fi , implying 

that X* + 2 /* G Ff . (b) x* G Ff implies that x* x G Fi , hence fx* ^ 
/x G Fi (/ G implying/x* G Ff. 

9.7 The result of augmenting by homology a flat in the vector space Z^{K; 3^) 
is again a flat, 

9.8 Suppose U and SS are finite coverings of a space S such that 25 > U, and 
let F be a flat of the vector space Z”(23; 3=). Then xussF is aflat in Z^'iVL; 

For by definition F Zy + z where Zy is a subspace of Z^(2S; 9F) and z E: F. 
Then x G F implies that x == Zy + z where Zy G Zy and ttujbX = Tuf^Zy + tusuZ. 
Thus xusF = TTyif&Zy -b TTus^. But iTus&Zy is a subspace of Z”(U; 3^). For if 
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ic, 2/ G , then, iruisa: + tiubJ/ = irusCa: + 2/) G xua^i and/7rusaJ = ■Jrusj/a: G 
G JF). Hence xuoF is a flat. 

9.9 It will be noted, too, that although for two different projections tti , 
T 2 of type TTus! , the sets ttiF, irsF may be different, on the other hand, [xiF]* = 

For xf G [xiFj* implies that x* Zi = tiZi where Zi G F. But as 
previously shown (Theorem 7.2), tiZi wzZi , hence xf ^221 G ^ 2 ^ and 
consequently xf G [ir2F]*. 

9.10 Definition. If SB > U and z”(U), z”(S8) are cycles mod L orxM such 
that iruiisz”(S8) z“(U) mod L on M, then z”(3?) is called a successor of z”(ll). 

9.11 If 25 > U, and z"{U) is a cycle mod L on If of U, then the set of all 
successors of 2"(U) in Z”(S8; ff) is a flat, which, incidentally, is also the set of aU 
successors in .Z"(S8; SF) of [3’‘(ll)]*. The proof of this will be left to the reader. 

Remaek. Although the last few paragraphs generally use the terminology 
of absolute cycles, the results stated hold equally well for cycles mod L on M, 
homology mod L on ilf, etc. 

10. Existence theorems. In the theorems of this section, S will denote the 
set of all fcos of some space S; and if 25 > 11 and F(25) is a flat in Z"(M, L; (F, 25), 
then by iruiBF(25) will be understood the set {2 | 2 = xusSi , Zi G F(25)}*. 

10.1 Theorem. Lei {F(U)}, U G S, be a collection of nonempty flats such 
that for every U G S, F(U) C 7T{M, L) ?F, U) and F(U) = [F(U)]*; and such 
that if iQ > U, then tussF(SS) C F(U). Then for each U, there exists a cycle 
2”(U) G F(U) which has a successor in each F(S3) for which 25 > U. 

Proof. With U fixed, for each 25 > 11, let (?(25) = iruv^F(f8). Then by 9.7 
and 9.8, G(25) is a flat in F(ll). Evidently we wish to show that n 25>U G(5B) 
is not empty. 

As Z’"(U) is a finite-dimensional vector space, there exist by 9.5 a finite 
number of refinements of U, say , SS2 , • * * > 35* ; such that r\«i>uG(25) = 
nti G(250. Let 2B >(25i , 252 , • • • , 25*). For each i, G{W) = ir„sF(2B) = 
iru!B.'!rio<!sF(2B) C vu8<F(25,) = (?(25,-) SO that G(2B) C G(25.). It is 

trivial that (?(2B) D 0(25,). Hence (?(28) = n8>tt G(25), 

and as (?(SB) is not empty, the theorem is proved. 

10.2 Theorem. Under the hypothesis of Theorem 10.1, there exists a C-cyde 
{2:”(U)} mod L on ikf such that for each U G S, 2;”(U) G i^(U). 

Proof. Let the elements of be represented by a well-ordering 
(10.2a) Ui, U2, ••• , Ua, ••• , 

of order-type 7. We shall define by transfinite induction, for each a < y and 

< 7, a flat FaiVip), such that for fixed jS, Pa(U^) is a subset of F(VLp) as well 
as of all Fa'iUf) for which a' < a, and thereby form another family of flats 



[ 10 ] 


EXISTENCE THEOREMS 


139 


jFaCU) like the family of flats i^(U) of Theorem 10.1. Then the required 2“(Ua) 
will be selected from Fa(Ua). 

Case a = 1. For each /3 < y, let Fi(U;s) = F(ll^). By Theorem 10.1 there 
is a cycle 2’*(Ui) € Fi(Ui) which has a successor in every Fi(Uy}) such that 

> Ui . 

Case 1 < a = T < y. If t is a limiting ordinal, then for each /3 < 7, Ft(U,j) = 
r\c.<rF a(U,s)- Otherwise, we ask whether > Ur-i ; and if not, = 

Fr-iCUp). If, however, > U^-i , we let Fr{Up) be the set of all successors 
of 2 '“(Ut-i) in Fr-iCUjs). The flats form a system like that of the F(U) 

of Theorem 10.1, and 2’*(Ur) G F,(Ur) is selected so as to have a successor in 
every F,.(U^) such that U/s > Ur . The justification of these statements follows: 

In the case where t is a limiting ordinal, the set of a’s < r for which U^ > Uo , 
if any, form a weU-ordered subsequence of the subscripts of (10.2a) 

(10.2b) q:(1), a(2), • • • ; a(v), • • • , a(v) < r. 

Note that F„(i)(U^) = F(U,3), but that Fa(i,+i(U^) may be a proper subset of 
F„(i)(U,s), being by definition the set of aU elements of Fa(i)(Up) that are 
successors of 2’‘(Ua(i)). A like observation holds in regard to each Fa(r)+i(U,}) : 
it may or may not be a proper subset of Fo,(,)(U,3). In any ease, however, 
since each ^^(U^s) is a flat there can be at most a finite number of a(r)’s for 
which Fa(r)+i(U3) is actually a proper subset of Fa(,)(U/3), and consequently 
(10.2b) contains a term oc(y') such that for all a{v) > «(/), FawiViff) = 
F^iyn+iiVLfi). It follows that Fr(U„) = = F„(,-,h.i(U^). Natu- 

rally, if for no a < T is U,s > U« , then Fr(U^) = F(U;3). 

In case r has an immediate predecessor r — 1, the set Fr{Vip) is a flat because 
it is either the flat Fr-i(Vip) in case > U^-i , or the intersection of two flats, 
namely the fiat and the flat consisting of all successors of 2:”(Ur-.i) in 

L] SF, U^). No such is empty since z''{Vir-i) G. Fr-i(Ur-i) was 

chosen so as to have a successor in every jF^-iCU/s) for which Up > Ur-i * 

In order to justify the statement that the flats Fr{Vip) form a system like 
that of the flats F(U) of Theorem 10.1, we have to show that if Upi2) > Ujscd , 
then TT^ci) .^(2)i^T(U^(2)) C ^^tCU^cd). [For typographical reasons, we shall use the 
symbol Tpa)fi(.2) to indicate a projection of Upc2) iiito U^cd .] By the induction 
assumption 7r/3(i)^(2)F^«i(U^(2)) C F^-iCU/jcd). If r is not a limiting ordinal, 
and U^ci) > Ur-x , then FriUpay) “ Fr-xiUpay) and the required inclusion 
holds no matter whether U)5(2) > Ur-i or not. If Upa) > Ur-i ? then a fortiori 
U^(2) > Ut- 1 and ii z ^ F r-i(Uj3(2))j t^ct-dpc^)^ 'J^CT-iyp(i)Tp(^i)p(2y^ mod L onM 
so that if is a successor of 2;”(Ur-i), then ir/3(i)^(2)i3 is a successor of 
in Fr-i(ll/3cx)). When r is a limiting ordinal the required inclusion follows from 
its validity for the ordinals a such that a(v') < a < r {a{v^) as above). 

To see that } is a C-cycle mod L on M, notice that as soon as z^'iUa) 

is defined, Fa+iiUa) becomes [2J”(Ua)]*, since Ua > Ua ‘ And all Fa.(Ua) 
for which a' > a will be identical with Fa+i(Ua) since the latter is a single 
homology class. Thus as soon as a' > (a, jiS), Fa'{Ua) and Fa'(Up) are the 
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homology classes [2:”(U«)]* and respectively, and the inclusion 

C ^’a'(Ua) implies that Ta^z^iVi^) ^ 2 ”(Ua) mod L on ilf. 

10.3 Definition. A cycle 2 :”(U) mod L on M will be called an essential 

cycle mod L on M if it has a successor in L; 93) for every refinement 

2? of U. 

10.4 Definition. If U, 93 G S and 93 > U, then 93 will be called an n- 

dimensional normal refinement of U (rel. M, L) if for every cycle 2 j”( 93) mod 
L on ilf, the cycle is an essential cycle mod L on M, If 93 is an n- 

dimensional normal refinement mod L on M for every n ^ 0, then 93 is called 
simply a normal refinement of U (rel. L), 

10.5 For given U, Mj L, the cycles 2 ;"(U) mod L on M that are essential form 
a vector space over SF. 

10.6 7/ U, 93, SB G 2 and SB > 93 > U, 93 being an n-dimensional normal 
refinement of U (rel. M, L), then 9B is an n-dimensional normal refinement of 
U (rel M, L). 

10.7 Theorem. Every U G 2 has a normal refinement (rel ikf, L). 

Proof. As the complex U is of finite dimension, say n, the normality property 
is trivial for cycles of dimension >n, since all such are ^ 0 and the cycle 0 is 
essential in every dimension. Hence we may prove the validity of the normality 
property for a particular dimension i (0 ^ i ^ n), and the theorem will then 
follow from 10.6. 

For each 93 > U let (?(93) denote the set of all cycles z\Vi) mod L on M 
which have successors in Z\Mj L; 9^, 93). Note that if SB > 93 > U, then 
(?(SB) C (t( 93). Evidently the set of all essential cycles mod L on AT of U is 
identical with /^s8>hG( 33). By 9.4 there exist 93i , 932 , • * * , 23* > U such that 
nu Gm - n«>u (?(25). Let 2B > (a?i , 932 , • • • , 23*). Then (?(SB) C 
(?(93f) for each j, and hence (j(9B) C <?(23),-. It is trivial that /^ 58 >u G(3S) C 

G(9B). Hence(7(SB)=nsj>u(?(25). Butif;^^®) G^X2B; $F), then ttu^^XSB) G 
G(SB). Hence SB is an n-dimensional normal refinement of U mod L on M, 

10.8 Theorem. If 93 is a normal refinement of U (rel M, L), and z G 
Z'"(Mj L; CF, 93), then tushZ is a coordinate of a C-cycle mod L on M. 

Proof. Because of the isomorphism established in Theorem 7.11, it will 
only be necessary to prove the theorem for a complete family of coverings. 
And inasmuch as the family of all refinements of U forms a complete family, 
we need only define the coordinates of the (7-cycle required for such refinements. 

Let SB > U, and let F(SB) be the set of all successors of in Z^(M, L; $F, SB). 
The set F(9B) is not empty since 93 is a normal refinement of U and ttusqZ is 
therefore an essential cycle. Of course F(VC) — 

Relative to the set S' of all refinements of U, the family of sets F(9B), SB G 
S', satisfies the hypothesis of Theorem 10.1. For if SB' > SB > U and x G 
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F(2B0j then ^ ttushZ mod L on M hy Theorem 7.2, hence 

ttss^sb'X G F(SS). Thus Ti5js/F(S[B0 C F(^), and the theorem follows from 
Theorem 10.2. 

11. Some applications to connectedness and local connectedness. The fol- 
lowing theorems will be useful later on, and form interesting applications of 
the preceding theory. 

11.1 Theorem. In any space S, if is an augmented Cech cycle on a quasi’- 
component of S, then 0 on S, 

Proof. If U is any covering of S, let /(U) = ^ 0* Inasmuch 

as d 2 °(U) = ^ aV"^ == 0, it follows that a' = 0. 

Now the correspond to elements of 11, and by use of the simple chain 
theorem (I 12.3) there can be shown to exist a sequence ©' of elements of U 
(not necessarily forming a simple chain!) beginning with the element corre- 
sponding to (T? and ending with the element corresponding to crj , j = 2, 3, • • • , k] 
and associated with S' a chain c' such that dc' = crj — o-? . From this we get 
that da'c' = aVj — aVj and hence 

(11.1a) d E - Z o!cr\ . 

j-2 }-2 7*2 

But from a’ = 0 follows that = — 2f-2 hence (11.1a) becomes 

d y afc' = E = 2"(U). 

J-2 j-1 

Hence is a bounding C-cycle. 

Actually, a slightly stronger theorem may be stated: Suppose M is an 
arbitrary subset of a space S, Then if a:, t/ G Af are in the same quasi-component 
of M, and U is a covering of S by open sets, then the set { 17 Pi AT | ?7 G U} con- 
tains a simple chain from x to y. Hence the argument given above may be 
modified so as to prove the following theorem, which is of use in the sequel. 

11.1a Theorem. If M is an arbitrary subset of a space S and Z^ is an aug- 
mented Cech cycle of S on some quasi-component of M, then ^ 0 on M, 

11.2 Theorem. In order that a space S should be connected, it is necessary 
and sufficient that pl{S; = 0. 

The necessity follows from Theorem 11.1. 

Conversely, if pl(S; ^) = 0, S is connected. For if S = A B separated, 
then the open sets A and B constitute a covering U of S. Let S3 be a normal 
refinement of U, and let (S3) = <ri — <tI where the elements of SS corresponding 
to crj , 0*2 are open subsets oi A, B respectively. Then '7rusB2°(S3) == cr^ — ctb 
((Ta corresponding to A, <r% corresponding to B) is the coordinate on U of a 
C-cycle (Theorem 10.8) which does not bound since its coordinate on U does 
not bound. Hence Pa(>S; 0. 
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Since a space which has exactly m components is the union of m separated 
sets (Corollary I 9.5), or in case the number of components is infinite can be 
expressed as the union of an arbitrarily large number of separated sets (Theorem 
I 9.7a), the methods used above can be applied to show the following theorem: 

11.3a Theoeem. The number of components of a space S is exactly pl{S] SI) + 

And since by Theorem I 9.3 if the number of components or the number of 
quasi-components of a space is finite, then components and quasi-components 
are identical, we have 

11.3b Theoeem. The number of quasi-components of a space is exactly 
pl{S; SI) + 1 - p\S; SI). 

Of importance later on is the notion of a nontrivial cycle carried by a pair of 
points. Since there should be no danger of confusion in so doing, we shall 
frequently use instead of in dealing with 0 -chains of a covering U. 

11.4 Definition. Let x, y ^ S, x 9 ^ y. A nontrivial cycle carried by xVJ y 
(or on X \J y) is a C-cycle 7 ° such that if U is any covering of /S, then t°(U) = 
Uo — Ui j where Uq , Ui E: U and x E. Uo , y E: Ui , and if 23 > U, then 
^ujb7 °(33) ^ 7 ^(U) onx^ y, 

11.5 Theorem. If x and y are distinct points of a space aS, then there exists 
a nontrivial cycle carried by x\J y. 

Proof. For each U G S choose G U such that x E: , y G Uj, . 

Then { 27a. — 27^} is a (7-cycle. For if 23 > U and , Fj, the elements chosen 
from 23, then, since x E 'ttuisF* , the sets 27* and ttussF* are identical or 

vertices of a 1-simplex of U. Consequently 27* — 27^ ^ ttu^F* — ttusjFj, omU. 

11.6 Theorem. In order that two points x, y of a space S should lie in the 
same ^uasi-component of S, it is necessary and sufficient that every nontrivial cycle 
carried by xKJ y bound on S, 

The necessity follows from Theorem 11 . 1 . 

Proof of Sufficiency. If S = A \J B separated, where x E A, y E B^ 
then on ttie covering U of aS whose elements are A and B, the coordinate of a 
nontrivial cycle carried hy x \J y must be of the form A — B and does not 
bound on 11 . 

And by virtue of Theorem 11 . 1 a we have: 

11.7 Theorem. If two points x and y lie in the same quasi-component of a 
subset M of a space S then every nontrivial cycle (of S) carried by x\J y hounds 
on Af . 

Of great importance in the sequel are the applications to local connectedness. 
For the 0-dimensional case of local connectedness we establish now the rela- 
tionship to the Ic and Icq of Chapter II 3. 
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11.8 Theorem. In order that a regular space S should he Icq at x ^ S, it is 
necessary and sufficient that if P is an open set containing then there exists an 
open set Q such that x ^ Q d P and such that every augmented Cech 0-cycle on 
Q hounds on P, 

Proof. The necessity follows immediately from Theorem 11. la. 

To prove the sufliciency, suppose that a space aS satisfies the condition stated 
in the theorem, but is not Icq at x. Then there exists an open set P containing 
X such that every open subset of P that contains x meets at least two quasi- 
components of P. 

Let P', Qj Q', R be open sets such that (1) a: G -K C Q G Q' C P' C P; (2) 
every (augmented) Cech 0-cycle on R bounds on Q. There exist Xi , X 2 G R 
and a decomposition P = Pi U Pg separate where Xi G P_i j ^2 G Let U 
be the_covering of S that consists of the open sets S — P\ {P — Q) r\ Pi , 
(P — Q) n P 2 , Q' n Pi , Q' r\ P 2 . By definition, the coordinate on U of a 
nontrivial cycle on Xi VJ X 2 must have the form Ui — U 2 , where = Q' H Pi , 
U 2 = Q' r\ P 2 • But Z7i — U 2 on Q. 

Remark. So far as the sufficiency part of Theorem 11.8 is concerned, the 
following statement is stronger: 

11.8a Theorem. Theorem 11.'8 continues to hold if the words ^^augmented 
Cech 0-cycle on Q” are replaced hy ^^nontrivial cycle on a pair of points of QP 

Since by Theorem II 1.8, a space which is not Ic must fail to be Icq at some 
point, we may state: 

11.9 Theorem. In order that a regular space S should be ICy it is necessary 
and sufficient that if x G S and P an open set containing x, then there exists an open 
set Q such that x G Q G P omd such that every augmented Cech 0-cycle on Q hounds 
on P. 

[Again “augmented Cech 0-cycle on may be replaced by “nontrivial cycle 
on a pair of points of 

Remark. While Theorem 11.8 could be stated at a point, Theorem 11.9 
had to be stated as at all points of the space. The reader may wish to recall 
Example II 1.4 here. It will also be noted that the regularity condition used 
in both theorems is needed only for the sufficiency part of the proof. 

Of importance in the sequel will be the restriction of homologies to be on 
certain special subsets of the space; for example, compact subsets. The fol- 
lowing theorem, analogous to the “necessary'^ portion of Theorem 11.1, will 
be found useful: 

11.10 Theorem. If K and M are point sets in a locally compact {or normal) 
space S, K G M, and only a finite number, m, of nontrivial 0-cycles on K are lirh 
(9.2) on compact subsets of M, then K lies in at most m + 1 components of M. 
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Proof. Suppose there are points oi K m m + 2 components Mi of M, 
i = 0, Ij • • • , m + 1. Let Pi E: K r\ Mi , and let 7? be a nontrivial cycle on 
PqKJ Pi j i — • • • , m + 1. By hypothesis, there exists a relation 

j»+i 

(ll.lOa) onC, 

where C is some compact subset of M and not all a* = 0. 

Consider a covering U of S, no element of which contains two of the points 
pi (U might consist, for example, of the set S — Up, and of m + 2 disjoint 
open sets containing the respective points p^). Then 

m+l m+1 

(11.10b) 2 = E &’V,- , u,- e u, 

J-O 

where 6° == ^r=i u" and 6' = —a' if j > 0. Since V = 0, at least two 
of the coefficients V are 9^ 0. It follows that at least two of the points p^ are 
in C. And since C E M and no two of the points p* lie in the same component 
of Mj the same holds for C. Hence, by Corollary IV 1.4a, C =1 Cr where 

(1) k is the number of nonzero coefficients V in (11.10b) as well as the number 
of points Pt in C; (2) each Cr contains one and only one point p ^ ; and (3) the 
sets Cr are pairwise separated. 

Since by 8.11 we may confine chains and homologies to coverings of C, and 
the sets Cr form a covering U of the type discussed in the preceding paragraph, 
relation (11.10b) holds. But by (11. 10a) there exists a chain L^(U) such that 
dL^(U) = ^”-0^ h^Ui , where each 17,- is a Cr . But the sets Cr are disjoint, 
and for fixed j > 0 this would imply a relation d(—a'Ui) = , since the 

portion of I/^(U) on Cr is of the form . This is of course impossible. 

11.11 Corollary. If p, q are points of a point set M and 7° is a nontrivial 
cycle on p\J q which hounds on a compact set C of M, then p and q lie in a con- 
tinuum of M. 

Proof. We apply Theorem 11.10 by taking pVJq and C to be the K and 
Mj respectively, of that theorem. 

Corollary 11.11 has an interesting applica^tion to the theory of local con- 
nectedness in locally compact spaces. Analogous to Definition II 1.2 we have: 

11.12 Definition. A space S is called strongly locally connected — abbre- 
viated Ics — at X E S a every neighborhood TJ oi x contains a neighborhood V 
of X which lies in some subcontinuum of U. 

Evidently in locally compact spaces the lew and Ics properties are equivalent. 
Examples may be constructed to show that the Ics property is weaker than 
the Ic property, at a point, even in compact spaces. 

11.13 Theorem. In order that a locally compact space 8 should he Ics at 
X E S, it is necessary and sufficient that if P is any open set containing x, then 
there exists an open set Q such that x E Q E P and every augmented Cech cycle 
on Q hounds on a compact subset of P. 



[ 12 ] 


FUNDAMENTAL SYSTEMS IN COMPACT METRIC SPACES 


145 


_ Proof of necessity. Let P' be an open set such that x E: P' C P and 
P' is compact. Then since /S is a fortiori Icq at x there exists by Theorem 11.8 
an open se^Q such that x E Q E P' and every augmented Cech cycle on Q 
bounds on P'. 

Proof of Sufficiency. With Xj P and Q as in the statement of the theorem, 
let p be any point of Q — x. Then a nontrivial cycle on p x bounds on a 
compact subset of P and consequently by Corollary 11.11, p U a; lies in a sub- 
continuum of P. Thus Q lies in one component of P, S is lew at x and hence, 
since S is locally compact, S is Ics at x. 

[As in the case of Theorems 11.8 and 11.9, ^^augmented Cech 0-cycle on Q” 
may be replaced by '^nontrivial cycle on a pair of points of 

12. Fundamental systems of cycles for a compact metric space. In 9,2, 
homology base for ikf, L; £F) was defined. Evidently if from each element 
of such a homology base there is selected a C-cycle Zp , then the collection 
{Zp} forms a homology base of n-cycles of S on M mod L, with the property that 
if is a C-cycle on ikf mod L, then there exists a homology Z" 

M mod L, where the a^'s are elements of only a finite number being 9 ^ 0. 

In general, the number of elements in a homology base is not only infinite, 
but uncountable: 

12.1 Example. In the cartesian plane, for each natural number k let 

y)\(.x- 3/2’‘*y + y^ = 1/2“-^*} and M = (0, 0) W KJM, . Then 
ilf is a Peano continuum such that p^(M; SF) = <». A homology base of 1- 
cycles of M would contain an uncountable number of 1-cycles. This is due to 
the restriction of homologies to finite sets of elements. 

We shall see later on, however, that for certain types of compact spaces a 
countable set of cycles, to be called a fundamental system, wfil serve as a 
homology base, through the extension of homologies to infinite sequences of 
cycles. This must be reserved for later consideration however. F or the present, 
if the space is compact metric, we may show the existence of a countable set 
of cycles having a special property. 

12.2 Lemma. If M is a compact metric space, then there exists a countable 
set of finite coverings Ui , • - • , Ujfe , • • • , 0 / ikf such that for each k, every U E 

is of diameter <l/k, and Ua:+i is a normal refinement of U* . 

Proof. Let tli be a covering of Af by a finite number of open sets of diameter 
<1, and having defined Ujfc for any integer ^ 1, define Ua+i as follows: By 
Theorem 10.7 there exists a covering 33* which is a normal refinement of U* . 
Let SB* be a finite covering of M by open sets of diameter <l/(fc + !)• Let 
u*^i = «, n SB* . 

12.3 Definition. A set of refinements of a compact metric space M such 
as that whose existence is proved in Lemma 12.2 will be called a canonical 
sequence of refinements of Af. 
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12.4 Theorem. If M is a compact metric space, then for r ^ 0 there exists 
a countable set of C-cycles, Z\ , • , Zld) , • • • , Zn^) , • • • , Zl^) , ••• , and 
a canonical sequence of refinements Ui , — , Va , • • • , of M such that (1) for 
n(k) < i, Zl(Vih) ~ 0 on Ua for all h ^ k, (2) if Z' is any cycle of M, then 
Z\ViH) - Zi-i a'Z^iUf) on Ua , fl* G 5F. 

Proof. Let Ui , • • • , Ua , • • • be a canonical sequence of refinements of 
M. For each k, those r-cycles of U* that are coordinates of C-cycles of M 
form a vector space Zc(Ua). Evidently if a; E .^c(Ua+i), -irkd+v^ G ■^c(Ua). 
Let ZK%), • • • , Z;a)(Ui) be elements of Zo(U,) such that if ^'(Ui) G 2o(Ui), 
then Z'(Ui) ~ a'Z\(fiXy) on Ui , a' E JF. And for each i, I ^ i ^ n(l), 

let Z'^i be a C-cycle of M whose coordinate on Ui is 2'J(Ui). 

Similarly, we let Tncn+iCUa), • • • , y»( 2 )(U 2 ) be elements of Z’c{Vif) such that 
if 2-'(U2) G ^^c(U 2 ), then there exists a relationZ'(U 2 ) « T;o).fA(U 2 ), 

a’' E S?; and choose C-cycles t^cd+a whose respective coordinates on U 2 are 
the cycles yUcd (U 2 ). 

Now for any h, we have ■!ru.tt, 7 l(i)+A(U 2 ) G 2^c(Ui)> and therefore 
ara.u.y^tD+Adlz) aiZtQXt) on Hi ; and since tIIcd+aCUi) ~iruin,7l(i)+» (^ 2 ), 

we have relations 

nO) 

(12.4a) t^cd^aCUO ~ E aiZ:0X,) on n^ , A = 1, • • • , n(2) - n(l). 

Denoting the cycles in the right-hand members of (12.4a) by and corre- 

spondingly o,hZi by yn ) Ist ZniD+h = 7n(i)+A Ta • Noto that Zna)+hi^i) ^ 
0 on Ui . Now if Z'' is any C-cycle of M, there exists a relation Z\Vi 2 ) ^ 

c\z:,,,,,{Vi2)+ji{U2)) - E”-i a^zim. 

The extension to the general U* is carried out similarly. 

12.5 A special; but important case of compact metric space is the complex 

of II 5.2 of geometric type. If K is such a complex, and S denotes the set of 
points i| II (see II 5.6), then p^'iK; 2) = p^'iS; where is the field of integers 
mod 2. Moreover, numbers p'^iK; are definable for any field 5F — all that is 
needed is to introduce the orientibility concept in if in suitable fashion — and 
again p'^iK; = p''(S; O^). The proofs of these statements, which may be 
considered “justification theorems^^ for the Cech theory of homology, are not 
included here. They usually proceed via (1) the invariance of fF) under 

“barycentric subdivisions^^ of Kj and (2) the fact that the “barycentric stars” 
of a sequence of such subdivisions form a complete family of coverings of S. 

13. Alternative definitions. The concept of C-cycle and the corresponding 
homology group can be introduced in another manner which will be found 
useful later on, and which we describe now. In the interests of brevity we 
generally omit the phrase “mod L on AT” throughout, but it will be understood 
that when we speak of cycle, we mean cycle mod L on M, etc., unless explicit 
exception is made (such exception may be made by the use of the word “ab- 
solute” as above). 


^n(2)-n(l) hr 
C 7n 
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13.1 Definition. By a directed system will be meant a set D and a binary 

(order) relation < of its elements such, that ^ D and x < y, y < z, 

then X < Zj and (2) if x, y ^ D, then there exists z \^ D such that x < z and 
y < z. 

If we let D be the S above, and U < 33 mean 33 is a refinement of U, then 
S and < form a directed system. 

13.2 A subset D' of a directed system D is called cofinal with D H x ^ D 
implies the existence of x' G D' such that x < x'. Thus, in the above example, 
any complete family S' is cofinal with S. 

13.3 By the device of “indexing,” a directed system may be used to induce 
a “direction” in another set. Suppose a directed system D is given with order 
relation <, and that jB is a set and p : jB Z) a single-valued mapping of E 
into D with single-valued inverse. If e G E, d G D and p(e) = d, let us denote 
e by . Then if we let Ca < Cd' in the event d < d', the set E clearly becomes 
a directed system with the new order relation <, and we say that E has been 
indexed by D. For example, the cycle groups above may be indexed by S. 

13.4 Let a collection {Vfii of vector spaces , which has been given a 

“direction” through the elements x of some directed system iV, be related by 
a set of linear homomorphisms pa;„ {x, y E: N, x < y), where p^y maps Vy into 
7* , and p^ypyz = Pxz ii x^ y^ z G x < y < z. Then the collection {7, , p^^y} 
is called an inverse system of vector spaces. For such a system we define a limit 
which we denote by lim-. , or lim^ {Vx , Pxv] if we wish to specify the homo- 
morphisms, as follows: The elements of lim.- 7^^ are the collections { 2 ;*} where 
Vx , one to each 7* , such that M x < y in N, then pxv{v^ = . It will 

be noted that lim^ 7* could conceivably consist of th6 single collection {0}, 
where for each x, 0 is the 0 element of Vx . In any case lim^ Vx is nonempty 
and it forms a vector space according to the following conventions: {v^] + 
{vx} = {Vx + v'x}j Bind foT any f ^ ^,f{Vx} = {/w*}. It will be this vector space 
that we denote hereafter by lim^ 7* . 

Consider now the directed systems {Z"(U); ^}, $F)} and {jff’'(U)} where 

ZTiU; £F) is the vector space of cycles of U G S over 9?^, $F) that of the cycles 

of U that bound on U, and jEr(U) = JF)/S”(U; JF), the systems being 

indexed by U as described above. The projections ttu® induce linear homo- 
morphisms of jff”(3S) into E”(U), which we denote by puss (cf. Lem m a 6.4 and 
its corollary), and the system {Lr”(U), pu®} is an inverse system of vector spaces. 
The vector space lim*- jff”(U) suggests a new definition of H^{S] $F). We show, 
however, that 

13.5 Theoeem. There is a natural isomorphism between the vector spaces 
H^S; $F) and Unu- i?"(U). 

Proof. Let {F(U)} be an element of lim^ E”(U). Then for 33 > U, 
Pu«(E(33)) = E(U). Evidently, then, if z^SS) G E(®), and z^(U) G E(U), 
we have 7rusB2f”(3S) ^ Consequently every collection { 2 j”(U)}, such that 

2”(U) G F(U), is a C-cycle. And if {2;?(U)}, {4(U)} are two such cycles, then 
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{0^(11)} {z 2 (U)} inasmuch as z”(U), z^CU) G ^(U) implies that z]f(U) ~ 

z;(U) on U. We have therefore a means of defining a homomorphism of lim^ 
H’*(U) into Zr(S; S). This homomorphism is both “onto” and one-to-one, 
since each element of CF) is a class {z”} of homologous cycles z” such that 

z” G {s’*} implies z”' = {z’‘(U)}, U G 2, and the set of all cycles z’*(U) corre- 
sponding thus to {z"} is identical with an i'’(U). 

13.6 Alternative definition of C-cycle. In view of Theorem 13.5 one can 
give an alternative definition of C'-cycle: For any element {F(U)} of lim.- 
JT"(U), a collection {z’’(U)} where G F(U) is a (7-cycle. Evidently this 

definition is equivalent to that given in 7.3. 

14. Dual homomorphisms. Let G and H be either (1) free abelian groups 
with finite bases, or (2) vector spaces of finite dimension over a field SF. Let 
Qi , , Qk and hi , ■■■ , h„ he bases of G and H respectively. Then if (p}) is 

a matrix of k rows and m columns with integer elements pi , we may, in case 
(1), define a homomorphism p : G H such that 

(14.1a) 

and for g = ^'l-i a'g, , 

(14.1b) 

In case (2), if the elements pi are in the field JF, then (14.1a), (14.1b) define a 
homomorphism of O into H which is linear: ap{v) = p(av) for a G 3=. 

Conversely, if p : (7 — > H is a homomorphism, then the matrix (p|) defining 
the homomorphism as above is obtained by merely setting down the relations 
(14.1a) and selecting the required elements pi . 

14.1 By using the transpose of the matrix (pi) we obtain a homomorphism 
p* : jEI — > G by the relations 

k 

(14.1c) P* -hj Pl9i • 

We call p* the dual of the homomorphism p. And p is in turn, then, the dual 
of p*. 

Suppose that in addition to G and H we have a third free abelian group (or 
vector space over (F), K, with finite base Pi , ■ ■ ■ , Pr , and a homomorphism 
^ = (i/'*) of H into K. Then the matrix of the resultant homomorphism of G 
into K is the product {pi) • {f‘,), and we write 

(14. Id) ^p-.G-^K, 

Since the transpose of the product of two matrices is the product of their tran- 
sposes taken in reverse order, the dual of i^p is (iAD*-(pO*) w^here the asterisk 
denotes transposition. Thus, 


P ■ ffi-^ 'll P% 


k m 

p-g-^HJ: 0,%% 


1=1 J“1 
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(14. le) (^p)* == 

Linear combinations of homomorphisms are defined in the usual manner: If 
Pi and p 2 are homomorphisms of G into H with matrices (pu) and (pL) re- 
spectively, then for c and d any integers in case (1), or elements of SF in case (2), 
the homomorphism cpi + dpz has as matrix the sum c(pL) + d(pli). For the 
dual, (cpi dpa)* = cpf + dpt. 

Examples. Consider a finite complex K with cells cr? , • • • , cr* . The 
boundary operation d effects a linear homomorphism of the groups CiK; G) into 
the groups G) with matrix whose ith row contains the coefficients in 

dcu . The relations (14.1b) are obtainable in either of the cases where the co- 
efficient group is an arbitrary abelian group or a field, since the elements of 
the above matrix are all 0, 1 or —1. The dual 6* of d will be denoted by 5 and 
will be studied in detail below. 

Consider the case of a simplicial mapping tt of a complex K into a complex 
K\ Such a mapping induces (1) a homomorphism of (?) into (7”'(if'; (?), 

whose dual, tt*, is of importance later, and (2) a homomorphism of (?) 

into G) (cf. §6). We found previously (Lemma 6.4, 6.6) that for any 

chain c” G C^(K; G), 

07rc” = TT^c", dSDc” = 

in terms of the corresponding homomorphisms (which we denote by the same 
symbols as for the operators; 1 denotes the identity homomorphism), these 
relations become 

(14.1f) dir = irdj dS) = tt “ 1 — S)d. 

The duals of (14. If) become, after transposition, 

(14.1g) St* = 7r*8, 83)* = - 1 - 3)*8. 

The P-function used in Theorem 7.2 induces a homomorphism of ^(3$; (?) into 
^"■^^(11; (?), and we found in (7.2b) that 

dP = X2 •— TTi — Pd. 

The dual of this relation, after transposition, is 
(14. Ih) 8P* = TT? - TT? - P*8. 

15. Cocycles; cohomology groups. Returning to the dual 8 of d (cf. 14.1); 
the operator 8 induces a linear homomorphism of ^(K; (?) into (?), K 

being a complex. We call cocycle of K any chain c” such that 5c” == 0. That is, 
the n-dimensional cocycles of K are the elements of the kernel of the above homo- 
morphism. Since d^ = 0, we have 8^ = 0, and consequently every chain 
that satisfies a cohoundary relation 

(15a) 5c”’' = 
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is a cocycle. It will be noticed that we have placed the dimensionality index 
in the subscript position, a device to distinguish cocycle from cycle, and (below) 
to distinguish cohomology from homology. A cocycle such as in (15a) will 
be called a cohoundary, or cohounding cocycle. The coboundaries form a sub- 
group, G), of the group of cocycles, which is denoted by ZniK; G). The 

factor group Hn(K; G) = G)/Bn{K; G) is called the n-dimemional coho- 

mology group of K over the group G. 

As in the case of cycles, we may have both absolute and relative cocycles. In 
the case of the relative cycles, we consider chains of the complex in question 
whose boundaries are chains of a certain subcomplex as cycles mod the latter 
(7.7). But in the case of relative cocycles, we shall consider chains of the sub- 
complex whose coboundaries are in its complement as relative cocycles. The 
reason for this is that according to the fundamental conventions (§1), a complex 
contains the faces of all its simplexes, hence contains the simplexes that corre- 
spond to the boundaries of its chains; thus a cycle of a subcomplex is a cycle 
of the containing complex. But a cocycle of a subcomplex will generally not 
be a cocycle of the containing complex, since some of the cells involved may 
correspond to faces of simplexes of the complement of the subcomplex. Conse- 
quently, if is a subcomplex of a complex K, and is a cocycle of Kx , then, 
from the point of view of K, we call a cocycle of K mod K — Ki . On the 
other hand, a cocycle jnOi K — Ki is a cocycle of K, since simplexes mK — Kx 
are faces only of simplexes in K — Ki . If we agree to think of a subcomplex 
Ki of a complex K as dosed in K (we could define, for example, a set Ki of 
simplexes of K as closed if Ki contains all faces of its simplexes), and a collection 
K 2 of simplexes of K as open inKH K — K 2 is closed, we have an exact analogue 
of the spacial concepts of closed and open set. By an open subcomplex of a 
complex K, then, we shall mean such an open set of simplexes as K 2 . 

The natural habitat of cocycles of a complex is the open subcomplex, just 
as the natural habitat of the cycles is the closed subcomplex. And we shall 
get the '^dual theory,^' or '^co-theory^^, by replacing the closed subcomplex and 
closed point set by the open subcomplex and open point set, respectively. Thus, 
if Kx and K 2 are open subcomplexes of a complex K, Kx'D K 2 j then a cocycle 
of Kx mod K 2 is a chain of Kx whose coboundary is a chain of K 2 . 

15.1 Let us go directly, however, to the general situation of a compact space 
S and a field CF. Let P be an open subset of S. If <r” corresponds to a simplex of U 
whose nucleus (7.1) is in P, we say that cr" is in P. And if c” = g^dl is a 
chain of U, whose cells 0 *” for which g* 0 are all in P, then c” is called a chain 
in P. It will be noted that the set of aU simplexes of U whose nuclei are subsets 
of P forms an open subcomplex of U. Now suppose Q is an open subset of P. 
If Cn is a chain of U that is in P, but whose coboundary is in Q, then we 
call a cocycle of U mod Q in P. The n-dimensional cocycles of U mod Q in 
P form a vector space which we denote, by analogy with 7.7, by Z^iP, Q; 2F, U). 
Evidently if U(P), U(Q) are the collections of those simplexes of U that lie 
in P and Q, respectively, then Z^P^ Q] U) is the group of cocycles of U(P) 
mod mo). 
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15.2 Ifz„ is a cocycle of U mod Q in P, then we say that cohounds, or is 
cohomologous to zero on U mod Q in P if there exists a chain Cn_i in P such that 

+ Zn, where zi is in Q; and we express this cohomology by the relation 

(15.2a) on U mod Q in P, 

called a cohomology or cohomology relation. Two such cocycles zl , zl will be 
called cohomologous on U mod Q in P if 0 on U mod Q in P, and 

we write 

(15.2b) zl ^ zl on U mod Q in P. 

The set of cocycles on U mod Q in P that are ^ 0 on U mod Q in P form the 
subspace B„(P, Q; U) of Z„(P, Q; U), and we define i?„(P, Q; SF, U) as 
the factor group Z^(P, Q; 9r, U)/Pn(P, Q] U). We call H^{P, Q; U) the 
n-dimensional cohomology group of U mod Q in P. 

15.3 In order to extend these ideas from the individual covering of the 
space to the space, let us again consider a directed system of vector spaces, 
{Ta.}, except that now we suppose there is given a set of linear homomorphisms 

such that ]ix < y, then py^, is a homomorphism of 7 * into Vy , and if x < 
y < z, then PzvPvx = pzx • We call the system {V^: , pyx] a direct system of vector 
spaces. For such a system we define a limit vector space, lim_ , or lim^ 
{Vx 1 Pvx} if we wish to specify the homomorphisms, as follows: If E 7* , 
Vy ElVv 1 and if there exists z such that x, y < z and such that p^xVx = PsyVy 3 
then we call v,, and Vy equivalent. In this manner, the totality of elements in 
sets Vx of the collection {7*} is divided into equivalence classes {w*}. That 
this equivalence is transitive is shown as follows: Let and Vy be equivalent 
as above, and suppose Vy equivalent to by virtue of 2 ' such that Pz^yVy = 
pzfy>v^ . Select u > z, z^ , and notice that from the definition of direct system 
the relations PuzipzxVx) = PuziPzyVy), Puz'(Pz^yVy) = Puz'{pz'wVv>) imply puxVx = 

PuyVy ”■ PuwVw • 

The elements of lim., F* are the equivalence classes {Vx}, and limu F* be- 
comes a vector space in natural fashion by virtue of the following conventions; 
If G then as the homomorphisms are linear, = 

implies that p,*(fl'i'x) = = gv^ , and hence g'fvj;} G lmi_ F* . To define 

a sum {p*} + {pi}, we select p, G {p.} and pj G {K}, and z such that x, y < z] 
then {Px} + {pi} = {pxxP. + PzvK}- That a unique element of lim-, F* is so 
determined is left to the reader. 

15.4 Cohomology groups. Now suppose U, SS G 2, 25 > U. Since, by 

(14.1g), iruiisSc’*(U) = a dual projection ituib maps cocycles of U into 

cocycles of 25, and cobounding cocycles of U into cobounding cocycles of 25. 
And if v" is a cell of U in an open set P, then ttusv" is also in P. Accordingly 
vtse induces a linear homomorphism of H„(P, Q; JF, U) into H„{P, Q; 3?, 25), 
which we also denote by vtsi . That this homomorphism is independent of 
the particular tJo chosen follows from (14.1h). Hence the system {HJ.P, Q; 
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CF, U); ttJjb} is a direct system of vector spaces, and it is the lim.. of this system 
that we call the n-dimensional cohomology group of S mod Q in P: 

Hn{S;P, Q; ?F) = limu {ffn(P, Q; U); tt^sb}. 

The meanings of P, 0; ?F) and JEr„(/S; /S, 0; £F) should be clear from analogy 
with the corresponding homology groups. The group Sj 0; is the 

cohomology group of S itself, and will hereafter be denoted by J?^(iS). And 
analogously we may denote by jy”(>S); and Hn{S] P, Q, 3r) by 

Hn{S; P, Q) or Q) when no confusion would result. 

15.5 Remarks. Definition of cocycle of a space. There are some aspects of 

the cohomology theory which, although not of theoretical importance at first 
sight, lead to a better intuitive understanding if realized. For example, 
whereas in the case of the homology groups of a space, a cycle ;s''(U) may or 
may not give rise to a homology class of the situation in the case of 

cohomology is quite otherwise. Indeed, a cocycle z^iVi) determines a unique 
element of Hn{S). Consequently the necessity for proving such existence 
theorems as we did for the C-cycles in §10 does not exist in the cohomology 
theory. 

Although in the case of homology we were able to define first the notion of 
C-cycle and subsequently a homology group, pointing out only as an alternative 
the possibility of first defining by means of inverse systems, and then 

defining the individual (7-cycle in terms of we have above defined only 

Hn(S) and have not even considered the question: What is a cocycle of S? In 
order to obtain an answer to this question, note that a single cocycle, ZniW)^ 
of a single covering U of S determines (1) a cohomology class of H„(U) = 
0; U), and consequently (2) an element of JYn(>S), i.e., the set of all 

hn{^) G I?n(25) such that An(S3) is equivalent to the cohomology class K(U)]* 
determined by z^(ll) on U. It is natural, therefore, to let any z„(U) constitute 
a cocycle of S; and more generally, any Zn(U) that is a cocycle mod Q in P is a 
cocycle of S mod Q in P. However, given any such Zn(Vi), and > U, the 
cocycle determines the same element of 11^(8) as z«(U), so that when 

a cocycle ZnifiX) is given, the elements equivalent to it are immediately obtained 
on all refinements of U* Consequently, given a cocycle -^n(U) and 35 > U, 
we shall sometimes in the sequel use the symbol Zn(3S) to mean wt^ZniU). 
And as a cocycle of S, 2 ;„(U) ^ 0 on aS if some 7rJsB2:^(U) 0 on 33. 

15.6 Finally, we emphasize again the dual relation between cycle and co- 
cycle as regards the complexes or point sets in which they are ‘ 'imbedded.” 
Cycles are absolute if given on closed complexes or closed sets, but relative 
when given on open complexes or open sets; whereas cocycles are absolute when 
given in open complexes or sets and relative on closed complexes or sets. Thus, 
L being a closed subcomplex of iT, cocycles of L are really cocycles of K mod 
K — L when considered as chains of iT, since as such they may have cobound- 
aries in Z" — L. And if M is a closed subset of S, there can be defined a corre- 
sponding cohomology group of cocycles of S mod S -- M; this is the group 
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Hn(S; S, S — special (and most important) case of Hn(S; P, Q; CF) where 

P = S,Q = S - M. 

16. Chain products for a complex. In this section we introduce two binary 
operations for chains, or chain 'products as we shall call them. The first, a ^^dot^^ 
product, is a scalar product defined for chains of equal dimensions as follows: 

(16a) ( X aV:) • ( E 5 v:) = 'Z 

IT i 

The second is a noncommutative bilinear product called ^^cap’’ product: 

(16b) (Z a’O ^ iZ ?>vr°) = Z 

T 7 » , J 

for all dimensions p and q; if c^ and c” are chains such that m > n, then c"” 
c” = 0. Assuming a finite complex K, and for the present using only chains 
over the additive group of integers, we postulate for each pair of cells crj , 
(rf" of K: 

I. (t\ ^ <rT^ is 0 if the simplex E\ to which crj corresponds is not a face of 
the simplex to which corresponds; otherwise, it is a p-chain of the 
complex consisting of and its faces. 

II. a((r? ^ <tT") = (-l)^(6(r:) ^ 

III. There is a fixed integer a, such that for ally and q, cu • (<r® ^ a]) — a, 

A priori, it is possible that any number of different cap products satisfying 

I — III may be given; even the assigning of a value for a does not necessarily 
fix the cap product. The question as to whether there exists au'y definition 
of satisfying the requirements is settled below when we define explicitly 
the product we shall use throughout. Evidently II will have as a corollary 
that the cap product of a cocycle and a cycle will be a cycle, and we shall see 
that the product is extendible to a product between cohomology and homology 
classes. The ultimate invariance of the latter will depend upon a uniqueness 
theorem which we dispose of before giving the special theory. 

16.1 Theorem. Let ^ be any product with a = 0. Then there is a bilinear 
operation A such that {using symbols as in I, II, III) 

r. (Ti A is 0 if Ei is not a face of and otherwise is a {p + l)’-chain 
ofm^\ 

II'. er? ^ (T? = a((r? A <r?). 

III'. o-J = d(cr^, A (rf®) + (-l/(S(rd A erf" + erj A {dcxT")forallp > 0. 

Proof. We can construct crl A o'® so that I' holds for p = 0 and IF holds, 
as follows: 

Define o-J A o*® = 0 if z y. For g = 0, a-® ^ cr? is a 0-chain on E^i , hence 
of form mPi ; but as Ki(cr» .-v cr°) = 0 by III (cf. Definition 2.1), so mlist n = 0 
and consequently cr* . c? = 0. Therefore we may defin^o-i A 0 *° = 0. For 
g > 0, is a 0-cycle of the (augmented) complex E\ and by Corollary 
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6.2 there exists a l-chain C'’ on El such that dC^ = ^ cr? ; we define a-l A <tI 

to be this 

Suppose that all d A are constructed for all q as well as for all r < a 
fixed p. We shall construct <rl A We let it be 0 if El is not a face of El’*'". 
In the contrary case, we first define the chain 

(T = <rl ^ - (-l)®5<r? A (rf* - ffl A da-T". 

By II and III' solved for a(ff? A (rf®), 

dCr = (-l)®5<r: ^ (7^^® + (T? ^ acrf® - (-ind(rl ^ (rf® - d<rl A 

- Wl ^ acrf* - (-l)®~‘5ff® A a^r®] = 0. 

Hence C® is a cycle of El*'‘, and we may choose o-“ A o’®'^® as a chain of JS?"^® 
having C® as boundary. 

16.2 Linear combinations of cap products and ^2 may be formed by 
defining 

(16.2a) C®(ai + a, ^2)^®^® = a.iC ^iC®^®) + 

If we denote the <x of III by a(.-^), we find by application of III, 

(16.2b) a(a 1^1 + CL 2 ^^2) — "h 

16.3 Theorem. For any two 'products and 

(16.3a) a{^){C^ ^ if = 0. 

Proof. Let Then o:(^'0 = 0. It then 

follows from Theorem 16.1 that (7® 0, and in terms of the given 

^ and this gives (16.3a). 

16.4 Theorem. If L is a closed subcomplex of Kj C® a cocycle in K — L, 

and a cycle mod L, then for any two products relation (16.3a) holds on 

K — L {the collection of all simplexes not in L, together with their faces). 

Proof. The proof is as for Theorem 16.3, except that we notice that in 
applying Theor em 16.1 to get C® = ^(C® A C^"^®), each nonzero chain 

(T® A (T^-^® is on iC - L. 

16.5 The special cap product As our complexes have been defined in the 

^^simplicial” manner in terms of vertices, we may show the existence of a cap 
product as follows: Let K be the complex as before, and let Vi , 2;2 , • • • ^ Vj, 
denote its vertices (0-cells). In case <r® = 2^t(p)V»(P+i) — 

• * • ^iip) * ’ * ^i(p+<i) where i(0) < i(l) < • * * < i(p + q), then we let 
<T® = <r^ = Vi^o) • * • ^iivy . In every other case, o-® ^ <r^^® = 0. With 

a = Ij this cap product satisfies I and III. That II holds may be shown thus: 
Let <7”, <r® be any two cells of K, If q > n, then cr® ^ cr” = 0, and similarly 
(6a-®) /-N o' and cr® .-s (dO both = 0. Hence we consider only the case where 
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q ^ n, and we suppose that n = p + q. If is not a face of E^, then E” has 
at least one vertex v not on E"; and on the other hand v is also a vertex of the 
complex corresponding to in case the latter is not 0. Hence in case E^ is 
not a face of E^, all terms of II are zero. 

The only case, then, where not all terms of II are zero is that where v” is of 
the form Vo • • • and (t” of the form • • • Vp+a (by 

i) we indicate that the vertex v is to be deleted), —l^m^q. If —1 < m ^ q, 
the left-hand member of II is zero, and in the right-hand member we get 
v" ^ (aO = • • • t>p_i and (-l)"( 6 cr”) ^ ■ ■ ■ Vp.-, . 

In case m = - 1 , aCv” ^ v") = d{va ■ ■ ■ vj) = (-l)‘«o ■ • - • Vp . 

And Sot" ^ v" = Vp-iVp ■ ■ ■ Vp+s ^ a-" = Vo ■ Vp-i so that (— l)'’5o-‘' ^ cr" = 
(-l)’’yo • • • Vp.i ; whereas (r” a<r" = • • • Vp^.,) ^ J^^Zl (-l)’t>o • • • f)< • ■ • 

Vp ' • • (— l)‘j;o • • • f)i • • • Vp . Relation II is therefore true in all 

cases. 

16.6 We now extend , to an operation between chains with coefficients in 
3^. We let a = 1 and consider this to be the unit in tf. Then III becomes mean- 
ingful in for all integers a. And if a, 6 G we let (acr*) .-v (bo-”) = a 6 (cr® ^ a”), 
db being the product in y. Extension to arbitrary chain s is made in bilinear 
fashion, and relation II again holds. Theorems 16.1, 16.3 and 16.4 continue 
to hold. As a consequence, if ^ and are two cap products with a = 1 , 
and z, , z” are a cocycle and cycle of K respectively, then z, ^ z” z, z". 
Consequently, so far as homology class is concerned, the result of "multiplsdng” 
a cocycle and a cycle is independent of any ordering of the vertices, for instance; 
and a similar statement holds regarding a cocycle oiK — L and a cycle mod L. 

We next extend the cap product to an operation on homology and cohomology 
classes; 

16.7 Theorem. If z\ and z\ are cocycles, zl zl , and z’^ is a cycle, then 
(zj_z")~(z*^z"). 

Proof. Let = zj — zj . Application of II to 8 ( 0 ““^ . z”) gives the 

latter equal to (— l)”~'''^^(zi ^ z” — z^ ^ z“). 

If if is a complex, and L a closed subcomplex of K, then Theorem 16.7 con- 
tinues to hold if the cocycles are cohomologous in if — L and z" is a cycle mod 
L. Explicitly, 

16.7a Theorem. If L is a closed svbcomplex of a complex K, and zj z* 
in K — L, then for any cycle z“ mod L, (zj ^ z”) ~ ^ z“) on K — L. 

(The proof is a consequence of the fact that a simplex of if — L cannot be 
a face of a simplex of L.) 

In like manner we can prove that 

16.7b Theorem. If L and K are as in Theorem 16.7a, and zi , z“ are co- 
cycles mod K — L of K, and z” is an absolute cycle of L, and z\ z\ mod K — L, 
then (z* ^ z”) ~ (z« z”) on L. 
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Proof. As a chain of Ky z \ (i = 1, 2) may have coboundary on iT — L. 
As a cycle of a closed subcomplex, L, the chain 2 :" is also a cycle of K so that 
dz"" = 0. Hence by II, d{z\ ^ z"") = (— 2 :” = 0. Thus the chains 
z \ ^ z "" are absolute cycles of K . 

By hypothesis, there exists a cobounding relation 

= z\ -- z^ + z, on Ly z^inK - L), 

Applying II, 

d(c^-^ ^ z^) - ~ + z,) ^ z- 

16.8 Theorem. If Zi , Z2 are cycles of Ky z ^ a cocycle of Ky and zl ^ zl y 
then z^ ^zl z^ ^ zl on K. 

For the proof, apply II to d{z^ ^ where dc""^^ = zl -- zl , 

The “relative” forms of Theorem 16.8 are as follows: 

16.8a Theorem. If L is a closed suhcom'plex of a complex K, z^ a cocycle 
in K — Ly Zi y Z 2 cycles mod L such that zl ^ zl mod Ly then ^ zI) ^ 
(z^ ^ zl) on K — L. 

Note that the z^ ^ (i = 1, 2) are absolute cycles on iT — L, since z^ ^ 
dz'l = 0 (the chains dz'l being on L). Like considerations enter into the proof 
of Theorem 16.8a, which is obtained by applying II to d(Zq ^ where 

+ 2 " (s” on L). 

16.8b Theorem. With K and L as heforcj if z^ is a cocycle mod K — L of 
Ky Zi y Z 2 cycles of L such that Zi ^ zl on Ly then z^ ^ Zx z^ ^ zl on L. 

We are now in a position to state the main theorem of this section: 

16.9 Theorem. For any complex K and closed subcomplex L, and a = 1, 
the ^ products exist, and uniquely define ^ products as follows: 

(1) {cohomology class) ^ {homology class) = {homology class), 

(2) {co homology class of K -- L) ^ {homology class mod L) == {homology class 
ofK - L. 

(3) {cohomology class of K mod K — L) ^ {homology class of L) = (homology 
class of L), 

17. Extension to topological spaces. In extending the ^ product to C-cycles 
and cocycles of a space S we shall have need of the following theorem. 

17.1 Theorem. Let K, K' be complexes, f a simplicial mapping of K into 
K'y and /* the dual of the chainr-mapping f. Then if z'^ , 2 ;” are a cocycle of K' 
and a cycle of K, respectively i 

(17.1a) f(fX^z-)^<^m^ 
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Proof. Using the special cap product defined above, we may assume that 
the vertices of K' are first ordered, and then the vertices of K are so ordered 
that ii f{Vi) = , then f{i) < f{j) implies that i < j. Denoting the special 

cap product defined in terms of these orderings by we prove first that 

(17.1b) /(/X z^) - m. 

Consider cells (t ^jCp) * * * ^tco) * * * * * ‘ ? P ^ Q* 

Then since is a sum of cells , the special product a" 

will be different from zero, and = Vi(^oy • • • , if and only if for one of the 

cells , we have m(p) == i(p), • • • , m{n) == tin). In this case, 

the left-hand member of (17.1b), in terms of individual o-’s, is f(v,(^o) * • ■ 
and the right-hand member \s 

(vUp) • • • <(n)) * * * <Cn)) 

= /(2^*(0)) * • • /(2^»(3>r) == /(y*(0) • • • 2^i(2»). 

Hence (17.1b) is certainly valid, inasmuch as it is valid for arbitrary cells and 
chains. 

By virtue of Theorem 16.3, /* 2 :' ^ 2 ;” ^ s” and z[ f (s'"), 

and consequently (17.1a) holds. 

In the applications of Theorem 17.1, K and if' will be coverings, one of which 
is a refinement of the other, and/ will be a projection. For the most important 
relative case we shall have need of the following: 

17.1a Theorem. Let Q be an open subset of jS, z^{Vf) a cocycle in Q and 
{2;"(U)} a cycle of S mod S — Q. Then if^> U', 

(17.1b') ru'M^z.iU') ^ z^im ~ ^c(U') ^ 7ru^®^”(SS) on U' A Q, 
where U' A Q is the subcomplex of U' on Q (7.6). 

Proof. In the proof of Theorem 17.1 we showed that for arbitrary chains 
^a(U'), Z-m 

(17.1c) 7rn^^[7rh^Z,m Z^im = ^<.(U') 

By Theorem 16.4, 

(17.1d) Tt^z.m z^m ^ ^”(SS) on « a Q, 

and since the projection of a cell on Q is also on Q, 

(17.1e) 7ru^ai[7^^^^,(U') z^m ^ s"(§8)] on U' A Q 

And again by Theorem 16.4 

(17.1f) z,{W) ^ 2,(U') ^ 7ru^s^"(«) on U' A Q- 

The theorem now follows from relations (17.1c)-(17.1f). 

17.2 Products of cocycles and C-cycles. Returning to the case of the compact 
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space Sj let ^:a(U) be a cocycle, U G S, and let {2:”(110} be a C-cycle. Then, 
letting p + q ^ n, the chain z^{V^ = z^{V() ^ 2:"(U) is a cycle of U. Let S' 
denote the set of all refinements of U. Then S' is a complete system of coverings 
of S. And for SS G S', let ^ 2 ” (58). Then the collection 

{^^(58)} is a C-cycle relative to S'. For let 2S, 33 G 2', where 3B > 33. We 
must show that ^ 2J^(33), where 2^(333) = 'n* 52 Q 2 Ja(U) .-s 2:’'(3B), etc. 

This follows from the relations 

7r58 5js2J^(3B) = TTiBsskuJB^aCU) ^ 2?’' (3iB)] 

^ ^ (Thcorem 16.7) 

ttSsb^j^CU) .-V ttsbbSJ^CSB) (Theorem 17.1) 

'^us^c(U) /-s 2!’'(3S) (Theorem 16.8) 

= ^"(58). 

Now suppose that 7 c(U') is a cocycle in the same element of H^(S) as z^{Vi). 
Let 33 > (U, U') such that 7rJ/s87a(U') rj58^«(U). Then by Theorem 16.7, 

'?ru'S 57 <z(U') 2 ” (33) ^ Tvis^z^iU) ^ z”(33) = 2^(33). As the common refinements 

of U and U' form a complete family, it follows that cocycles in the same element 
of Hq(S) will determine the same homology class of H^{S), since as we have 
previously shown, a cycle on a complete family of coverings determines a unique 
homology class. Thus we have shown how, in terms of the .-n product on 
coverings, to assign to any element of Hq{S) a unique element of H^{S). And 
evidently this relationship is reciprocal, since to start above with a { 7 ”(U')} ^ 
{2”(U')} is to generate a cycle { 7 ^(U)} {^^^(U)}. 

17.3 The above process of obtaining a cap product of absolute cycles and 
cocycles may be extended to the various relative cases. We mention some of 
the cases which are most useful in the sequel. For example, suppose ilf is a 
closed subset of S, and that U' denotes, for U G S, the collection of all simplexes 
of U that are on M, and D' = {U'}. We found previously (Theorem 16,9) 
that .-x extends to a product of the cohomology classes of M mod S — ilf on 
U and homology classes of Af on U by products that may be defined as above 
while restricting our complexes to the U' coverings. Thus we obtain a product 
of elements of H,{S] S, S - M; and H^S; M, 0; ^F). 

Another important case is that of the product of cocycles in an open set Q 
and the cycles mod S Q; i.e., between the elements of H^(S; Q, 0; 5F) and 
i?”(^; Sj S — Q; ^). This case is the analogue ^f (2), Theorem 16.9, the re- 
sulting products here being elements of Q, 0; 9r). They are obtained 

as above for the absolute case z^iVC) = 2J«(U) .--n where z^{VC) is in Q and 
{2j”(U)} a cycle mod S — Q. Theorem 17.1a replaces 17.1 in the proof that 
{2:'*’(33)} (as above) defines a (7-cycle. 

Actually, it will be noted, both of the above “relative’’ cases are only 
special cases of a product between elements of the groups H^(S; P, Q; $F) and 
CQj CP; 5F), where as before P and Q are open subsets of S such that 



[18] 


SCALAR PRODUCTS AND DUAL PAIRINGS 


159 


P Z) Qj and where CQ, CP denote the complements in S of the sets Q, P re- 
spectively. This general case, where both the cocycles and cycles involved are 
relative, will not be needed in the sequel, so that we do not give the detaUs of 
its verification. (Note that the above products yield elements of P r\ 

CQ, 0; ^F).) 

18. Scalar products and dual pairings. We have already used above (cf. 
(16a) and 16 III) a scalar product of n-chains in the definition of the product: 
For any two n-chains, aV^) • (X^* bV”) = 

If (7° = a Vi is any 0-chain, then (cf. Definition 2.1) the Kronecker index 
of the chain, Kj(C°), is ^i a\ With a = 1 in the cap product (the value which 
we assume used throughout from now on), it will be noted that if C? and Cl 
are n-chains of a complex if, then 

(18a) CZCl = KiiCl^Cl), 

The dot product is both commutative and distributive. If L”, Q"" are any 
two groups of n-chains, and A is a fixed element of then for any element 
B of QZ we may define /x(5) = A*jB. The mapping /jl : Q’" CF is a homo- 
morphism of the additive group QZ into CF. And similarly if ^^(A) = A*S for 
fixed jB G Q”, A G then : L” CF is a homomorphism. Using the notation 
introduced by Pontrjagin [a] we let (L”, Q”) denote the set of all elements A 
of L* such that 0; such elements A are called annihilators of in 

L”. The set (L”, Q”) is a vector suhspace of U’. 

The following lemma is fundamental: 

18.1 Lemma. If A" G C\K, CF), G C”"^(if, CF), then = 

(aA”)-jB"“\ 

Proof. H A" = , -B”" = Z.- ^yT\ then 

(where i?/ is the incidence number: i.e., 5<r” ^ = Zi vWV- On the other hand, 
(dA”)-B’^-^ = 

In the next few theorems, where no mention is made of the complex under 
consideration, we assume that we are working with a complex K, and that by 
cr, zr, S’*, • • • we denote (TiK) 5), r{K-, ?F), B\K-, 5), • • • . 

18.2 Theorem. Pot every dimension n, 

(18.2a) Z” = {Cr, B„) and = (C”, B”). 

Proof. We give the proof of orJy the first relation, that of the second being 
similar. 

Let z” G Z". Then dz" = 0, and hence for any c’*"^ G <T‘~\ = 

(az’‘)-c’‘"‘ = 0 by Lemma 18.1. Consequently Z’" <Z {CT , P»)- 

To show that ZT D (CT, J5„), suppose that A" = Zf is an annihilator 
of B„ . Then for every A“- 5c”~" = 0, and hence by Lemma 18.1, (dA”) • 
c"“^ = 0. In particular, for any chain = Z* “*’?> ~ 

is, the coefficient of in is 0 and A" is a cycle. 
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The following are ^^relative’^ forms of Theorem 18.2. 

18.2a Theorem. Relations (18.2a) continue to hold if Z” is the group of 
cycles mod L (L a closed subcomplex of K), B"" the elements of Z” that bound mod L, 
Z„ the group of cocycles of K — Lj and Bn the elements of Zn that cobound inK — L, 

Proof. The first inclusion in the proof of Theorem 18.2 holds since 
{dz"") = 0 if dz"" is a chain of L and is a chain of if ~ L. 

The second part of the proof of Theorem 18.2 may be adapted likewise, 
keeping in mind that the coboundary of a chain in if — L is in if — L. 

18.2b Theorem. Relations (18.2a) continue to hold if Z'^ is the group of 
cycles on L, JS” of cycles that bound on L, Z„ the group of cocycles of if mod K — L 
and Bn the elements of Zn that cobound mod K — L, 

18.3 Theorem. For every dimension n, 

(18.3a) 5" = (r, Zn) and Bn == Z"). 

Proof of first equation. That S'" C (f?”, Zn) follows from the fact that 
the product of a cocycle by a bounding cycle is zero (Lemma 18.1). To show 
that B” D (C", Z„), let c” = aV“ and c”-z„ = 0 for all cocycles z„ . De- 
noting Zn generally by , this implies that 

kin) ^5(n> 

(18.3b) 2 a'b' = 0 if for Jb = 1, 2, • • • , A:(n -f 1), = 0, 

4-1 4-1 

where ri\ is the incidence number. 

We have to show that there exists such that = c’^. 

In other words, we have to find a solution {/*} for the system of equations 

fc(n+l) 

(18.3c) x: fv\ = 4 = 1, 2, • • ■ , h{n), 

Ai-l 

under the condition that (18.3b) holds. Inasmuch as (18.3b) is precisely the 
condition which guarantees the consistency of the system (18.3c), the required 
elements f of SI exist. 

18.3a Theorem. Relations (18.3a) continue to hold for the meanings assigned 
to Z”, J5”, etc., in Theorem 18.2a. 

18.3b Theorem. Relations (18.3a) continue to hold for the meanings assigned 
to Z””, jB”, etc., in Theorem 18.2b. 

18.4 Theorem. In order that a cycle ^ should bound on if, it is necessary 
and sufficient that for every cocycle Zn of if, = 0. And in order that a cocycle 
Zn should cobound on if, it is necessary and sufficient that for every cycle ^ of if, 

= 0. 

Theorem 18.4 is a corollary of Theorem 18.3. 

The relative forms of Theorem 18.4; corollaries of Theorems 18.3a, 18.3b, are: 
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18.4a Theorem. In order that a cycle ^ mod L should hound mod L, it is 
necessary and sufficient that for every cocycU of K — L, = 0. And in 
order that a cocycle Zn of K — L should cohound in K ^ it is necessary and 
sufficient that for every cycle mod L, = 0. 

18.4b Theorem. In order that a cycle ^ of L should hound on L, it is necessary 
and suffiicient that for every cocycle of K mod K — L, Zn'Z'' = 0. And in order 
that a cocycle of K mod K L should cohound mod K — it is necessary 
and sufficient that for every cycle of L, Zn-z'" — 0. 

18.5 Corollary. The dot product between n-chains induces a dot product 
between homology and cohomology classes of K; also between homology classes mod 
L and cohomology classes of K -- L, etc. 

18.6 Theorem. Bases zr, • * • , zf for H%K; 5) and zf, * - - , zf for 
Hn(K; CF) exist such that for 2 ” G zl G z^-zl == d\ {Kronecker delta). 

Proof. By Corollary 18.5, the dot product may be extended to a dot 
product between homology and cohomology classes of K. Since bases for 
3^) and H^iK; $F) exist, let us suppose that 7 ?", • * • , yV and 7 ?\ • • • , 
7 ?*' are bases, where k > r. Consider the matrix 

(18.6a) Ii7r-7r‘ 11 

of k columns and r rows, whose element in the ith column and^th row is 7 *”• 7 ?^ 
As k > r, there exist elements s,- of £F such that = 0 for j = 

1 , 2 , • • • , r. But this implies a relation = 0 where 7 ” G 7 f”> 

yl G 7 ?’, which in turn implies that the cycle z” = Z*-1 Siyl ~ 0 by virtue 
of Theorem 18.4. But then St7?” = 0, violating the independence of the 
7 ?"". Hence k g r.^ In like manner it may be shown that k r, so that fc = r. 
Finally, the elementary transformations on the matrix (18.6a) which produce 
the identity matrix induce, when carried out on the cycle and cocycle cosets 
corresponding to the respective rows and columns, the bases desired. 

18.6a, 18.6b Theorems. (These are the theorems corresponding to Theorem 

18.6 when the cohomology and homology classes correspond to the cycles and 
cocycles in Theorems 18.4a and 18.4b.) 

In order to pass to the case of a space S, we need the following lemma; 

18.7 Lemma. If ^ is a hounding 0-chain, then Ej( 2 ;°) = 0 . 

For the proof, see §3. 

18.8 Lemma. Under the hypothesis of Theorem 17.1, with q = n, 

(18.8a) (f*z0*z^ = z'n'fiz""). 

Lemma 18.8 follows from (18a), Theorem 17.1, Lemma 18.7 and the fact that 
simplicial mappings preserve the Kronecker index. 
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18.9 Definition. If and 25 ” are a cocycle and cycle of 5, respectively, 
then by Zn-z"" will be meant that element of ^ obtained from the product 
Zn{U)-z''{U), where U is a covering of S for which Zn is defined. In the next 
two lemmas we furnish the basis for extending this product to a product between 
homology and cohomology classes of S. 

18.10 Lemma. If Zn{Vi') is a cocycle of Sj and {2:”(U)} is a C-cychj then for 

all coverings U on which there is a cocycle 2;„(U) in the same element of as 

Proof. Consider any SB > (U, 11'), such that 
(18.10a) ^ 

such a covering as SB exists since ZniU) and 2;„(U0 are in the same element of 
Hn{S), By Lemma 18.8, 

(18.10b) = ^n(U')-7ru^®^”(SB) 

= zM)-zwy 

Similarly, 

(18.10c) ^UznOX) == ^n(U) -^^(U). 

But (18.10a) implies that 

(IS.lOd) rrUzM'ZXm - 

Relations (18.10b-d) imply that ; 2 n(U)-;^"(U) = ;s,(U')-3”(U'). 

18.11 Lemma. If z^{]X) is a cocycle of S and Zi, zl are homologous C-cycles 
of S, then Zr,(Vi) -Zt = 2:„(U) * 2^2 . 

Since by definition ZniV^-z"^ — 2 „(U)- 2 :”(U), i = 1, 2, Lemma 18.11 is an 
immediate consequence of Theorem 18.2. 

18. 12 Theorem. The dot product between cycles and cocycles induces a product 
between the elements of Hn{S) and IP{S). 

18.13 Definition. Two vector spaces F, F' over 3^ are called a dual pair, 

and said to be dually paired to 5F if there is defined a multiplication • between 
the elements of F and the elements of F' such that (denoting elements of F and 
F' by x^s and y’s, respectively): (1) x-y E: ^ for all Xj y; (2) the distributive 
laws x-iyi + ^2) = and (xi 4- X2)'y = Xi^y + X2-y hold; (3) the 

multiplication is linear in the sense that for a, b E: and 

x^Qyy) = b{x^y). It follows from (1) and (2) that a:*0 = 0 and 0*t/ = 0. If 
(i;^, F') = (F', F) = 0, then the pairing is called orthogonal. 

An immediate consequence of the theorems on K and L above is: 

18.14 Theorem. The dot product effects an orthogonal dual pairing to ^ 

between the vector spaces CF) and Hn(K; And similar statements hold 
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for the group pairs constituted by the homology groups mod L and cohomology 
groups of K ~ Lj and the group pairs consisting of the homology groups of L and 
the cohomology groups of K mod K — L. 

We now prove the analogous theorem for S: 

18.15 Theorem. The dot product effects an orthogonal dual pairing to 9 r 
between the vector spaces ir(S) and 

Proof. Suppose 2* G H ^ S ), 0, and let {^“(U) } G 2*. Then { z ^ U ) } oo 

0, and accordingly there exists a covering SB of such that ;s”(SB) oo 0 on SB. 
Then by Theorem 18.4, there exists a cocycle 2:„(S8) such that zJfS) *2;” (SB) 5^ 0. 
Then if is the element of HniS) determined by ;2!n(S5), we have z^^z* ^ 0 
by Thfeorem 18.12. 

Suppose z^ G Hn{S)j z^ ^ 0. Let Zn(U) G • Then z^ ^ 0. This 
means (see 15.5) that for every reiBmement SB of U, 7rJsB2n(U) ^ 0. In particular, 
let SB be a normal refinement (Theorem 10.7) of U. By Theorem 18.4 there 
exists a cycle z^(Sf) such that xusB2n(U)*2:”(SB) 0. By Lemma 18.8, i2„(U)* 

xus82^”(2S) 9 ^ 0. Now by Theorem 10.8 the cycle 7’‘(U) = is the co- 

ordinate on U of a C-cycle {7''(U) } . By definition, if 7* is the element of 
determined by {7'‘(U)}, 9 ^ 0. 

18.16 Lemma. If the vector spaces V and F' form an orthogonal dual pair 
relative to a multiplication • , and the dimension of either V or F' is finite^ then 
the spaces F, F' have the same dimension. 

Proof. Suppose dimension F = m < dimension F'. Let Xi , • • • , 
constitute a base for F, and let 2/1 , • • • , , where m < n, be linearly inde- 

pendent elements of F'. The system of equations 

n 

(18.16a) ai( 3 /i-xj) = 0, j — 1, 2, m, 

has a nontrivial solution (aj , • • • , a„) in 9^. Then y = Uit/i + • • • + Unyn is an 
element of F' which is not zero, and such that y-Xi = 0 for j = 1, 2, • • • , m. 
But then y-x = 0 fpr all x G F and F and F' cannot be orthogonal. 

18.17 Definition. By the n-dimensional Betti number of S over ^ will here- 
after be meant the dimension of ir{S); it wiU be denoted by p^(S). Similarly, 
the n-dimensional co-Betti number Pn(S) is the dimension of fi'n(/S) . (Of. 9.2, 15.4.) 

In view of Theorem 18.15 and Lemma 18.16, we have 

18.18 Theorem. If either the Betti number p^{S)j or the co-Betti number 
Pn(S) is finite^ then they are equal. 

We remarked in 17.3 that the groups ETiS; M, 0; SI), Hn{S] S, S — M] (F) 
are obtainable from the coverings^ of M which are obtained by selecting from 
each U G S the collection of all simplexes of U on M. Consequently the dot 
product may be defined for these groups by the above process, and we have; 
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18.19 Theoeem. If M is a closed subset of Sj then the dot 'product effects an 

orthogonal dual pairing to SF between the vector spaces ikf, 0; and 

Hn(S; S, S - M; $F). 

And if we define numbers as above for these groups, we have, 

18.20 Theoeem. If either of the numbers M, 0; 9r), pn{S; S, S — M; $F) 
is finite, then they are equal. 

For the case of the cohomology groups of an open subset Q of S and the 
homology groups of S mod S — Q, the reader may verify the following analogue 
of Lemma 18.8: 

18.21 Lemma. Under the hypothesis of Theorem 17.1a, with q == n, 

(The proof follows from (18a), Theorem 17.1a and Lemma 18.7.) 

18.22 Definition. If Zn(U') is a cocycle in Q and {a:'"(U)} a cycle mod 
S - Q, then by zM') * {z\U) } we mean ;^„(U0 *^”(U'). 

The reader may verify lemmas analogous to Lemmas 18.10 and 18.11 for the 
case of cocycles in Q and cycles mod S -- Q. (Relation (18.10a), for example, 
will be ‘^in Q”, and Lemma 18.21 replaces 18.8 in the proof of Lemma 18.10.) 
And finally we may state the following theorem: 

18.23 Theoeem. The dot product between cocycles in Q and cycles mod S — Q 
induces a product between the elements of Hn{S] Q, 0; CF) and S, S -- Q;^), 
relative to which these vector spaces form an orthogonal dual pair. Accordingly, if 
either of the associated numbers Pn(S; Q, 0; 3^), p^{S; S, S — Q; $F) is finite, then 
they are equal. 

Among the ^Vorking” corollaries of the theorems on orthogonality of co- 
homology and homology groups, one of the most important is typified by the 
following: 

18.24 CoEOLLAEY, lu Order that a C-cycle 2” mod S — Q should bound 
mod S — Q, it is necessary and sufficient that for every cocycle in Q, Zn-z"" = 0. 
Conversely, in order that a cocycle z^ in Q should cobound in Q, it is necessary and 
sufficient that for every cycle ^ mod >8 “ Q, = 0. 

It is necessary, for later purposes, to recognize that in the infinite case, partial 
^'dual bases^^ may be selected in a manner explained in the next theorem: 

18.25 Theoeem. Let Y, F' be vector spaces which form an orthogonal dual 
pair relative to a multiplication • to a field and let Xi , • * - , be linearly inde- 
pendent elements of V. Then there exist in F' linearly independent elements 
Vi , • • * , 2/n such that Xi^Pi = {Kronecker delta). 

Proof. Let Fi be the subspace of F generated by * , x^ , and let 

V[ = (F', Fi). If F* = F'/Fi , the multiplication • induces a multiplication 
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X between the vector spaces Vi , as follows: For x G Vi , , we 

let X X — x-y where y Gy^ • Furthermore, Fi and F' form an orthogonal 
pair relative to X. For H x X y^ = 0 for all a: G Fi , then x-y = 0 for all 
^ G Fi and y a fixed element of y^ , implying y GV[ . And iH. x X y^ = 0 
for all 2/:ic G j then x-y = 0 for all 2/ G F' so that a: = 0, inasmuch as F 
and F' are orthogonal. 

By Lemma 18.16, it follows that dimension F^ = n. If 2/^ , ••• , 
independent elements of F^j, , then the rank of the matrix \\xi X 2/^1 1 is tz, 
else a contradiction of the orthogonality will result (see proof of Theorem 18.6). 
If y, G 2/* ? then \\xi X 2/* II = \\j and elementary matrix transforma- 

tions yield the desired result. 

The application of Theorem 18.25 to the various sets of cohomology and 
homology groups over which are dually paired and orthogonal, as shown 
in the theorems above, should be obvious. For example, ii Zi ^ • • • , 2 ” are 
C-cycles of S which are linearly independent with respect to homology, then 
there exist cocycles zl , ^ , zl such that . Furthermore, since if a 

zl is given on a covering U, rt^szl (U) is a cocycle of 25 that is in the same element 
of Hn{S) as 2 ;^ if SS > U, we may therefore always assume that the cocycles 
zl j • • • j Zn above are on the same covering of S, Conversely, if the zl above 
are given linearly independent with respect to cohomology (= lircoh), then 
cycles z'l “duaP' to them exist. 

Of course similar remarks apply to the various relative cases. In view of 
Theorem 18.19, for instance, if the z'l above are given as linearly independent 
with respect to homology on a closed set M, then the zl are cocycles mod S — M; 
this is a situation which we frequently encounter later on. Or if the zl are 
given as cocycles in an open set Q, and are linearly independent with respect to 
cohomology in Q, then the are cycles mod S -- Q, 

Other cases will be handled as they are encountered in the sequel. 

Again, partial dual bases may be augmented; this will follow from the next 
two lemmas. 

18.26 Lemma. If V is a vector space of at least dimension n and Xi , - * • , 

x^ , m < n, are linearly independent elements of F, then there exist x^+i , • * * > 
XnGiV such that Xx , • •• , , Xm+i , • * • , Xr, are linearly independent 

18.27 Lemma. Let F' he a vector space which forms, with the F of Lemma 
18.26, an orthogonal dual pair relative to a multiplication * to a field ?F, and let 
Vi , ym be linearly independent elements of F' such that Xi-y,- == 81 for i, 
j ^ m. Then there exist x^^x , • • * , x^ G V and y^+x , * • • , 2/n G F' sitch that 
Xx , • • • ,Xn and 2/1 ? * ' * ? respectively linearly independent sets and, moreover, 
Xi^yi = 8[for alli,j. 

Proof. By Lemma 18.26, there exist icJt+i , • • • , G F such that Xx , • • * , 
Xm , x'^+x f ‘ • , a:' are linearly independent. By Lemma 18.25, there exist 
linearly independent elements yi , * * • , , Vm+i , • • * , Vn of V' such that 
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= K for all i, jj neglecting primes. Then the elements 2/1 ? * * • ,2/m, Vm+i , 
• • * ) Vn are linearly independent. For suppose there were a relation 

tn n 

(i) £ a.-2/. + £ 5;2/,- = 0. 

Then not all the a* could be zero in (i), since the elements 2/,- ,j> are linearly 
independent. Let us suppose, for instance, that ai 9 ^ 0. But then Xi* 
(Sr»i = ai 5*^ 0, since Xi-y^ = 0 fory > 1. 

Again by Lemma 18.25, there exists a set of linearly independent elements 
of F, say 21 , • • • , a:n , such that zrVi = S'i . Then Xi , • • • , , • • • , 

Zn are linearly independent, by the same sort of argument as used above and if 
we let Xm+i = Xn = z„ , the two sets x^ , - • , x^ and yi , • - , Vn 

satisfy the required conditions. 

In concluding this section we define two new types of homology and co- 
homology groups, which include those heretofore given as special cases, and 
give corresponding duality theorems. 

18.28 Definition. By H\S: M, L; A, JS), where M, L, A, B are closed 
sets such that ikf D L, A D B, will be denoted the vector space of (7-cycles of 
B on M mod L, reduced modulo the subspace of these cycles that bound on 
A mod B. An important and frequently used case in the sequel is that where 
L = B = 0. The corresponding dimension we denote by M, L; A, B). 

18.29 Definition. By Hr(S: P, Q; U, F), where P*, Q, ?7, F are open sets 
such that P D Q, C/ D F, will be denoted the vector space of cocycles of S in 
P mod Q, reduced modulo the subspace of these cocycles that cobound in U 
mod F. The case usually employed in the sequel will be that where Q = F = 0. 

18.30 Theorem. // A, B are compact subsets of a space S such that A 'D Bj 
then the vector spdces H\S: B, 0; A, 0) and Hr{S: Sj S — A; B, B — B) form 
an orthogonal dual pair relative to the dot product Consequently if either is of 
finite dimension, they are isomorphic. 

Proof. We have already observed in Theorem 18.19 that for any cycle Y 
on B that fails to bound on A, there exists a cocycle Zr mod B — A such that 
Zr-y"' 9 ^ 0. Conversely, if a cocycle Zr mod B — A fails to cobound mod B — B, 
then Zr is a cocycle mod S — B that fails to cobound mod B — B, and there 
must exist a cycle y"' on B such that Zr-y"" 9 ^ 0. 

18.31 Theorem. If P and Q are open subsets of a space B such that P is 
compact and P D Q, then Hr(S: Q, 0; P, 0) and H\S: B, B — P; B, B — Q) form 
an orthogonal dual pair. Hence if the dimension of either of them is finite, they 
are isomorphic. 

Remark. The inequality of dimensions of orthogonal dual pairs of infinite- 
dimensional spaces is exemplified as follows: In the cartesian plane, let B*. = 
{(x, y)\(x- 1/ky + / = -h 1)^}, = 1, 2, 3, • • • . With p - (0, 0), 
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let S = U Sk U p. As we shall see later, p^{S) == c, the cardinality of the 
real numbers, while piiS) = Ko . 

19. Applications to homology properties of spaces. The remark following 
theorem 18.25 concerning the ability to assume of a given finite set of cocycles 
that they are on the same covering leads to the following important theorems. 

19.1 Theoeem. If Zn , * • • , Zn ciTe cocycles that are linearly independent 
relative to cohomology on S, then there exists a covering U such that for all > U, 

* • * ) iSn(SS) are linearly independent relative to cohomology on SS. 

Theorem 19.1 is a direct consequence of the definition of cohomology on 5. 

19.2 Theorem. If Zl ^ ^ Zl are C-cycles that are lirh on S, then there 

exists a covering U ^uch that for all S3 > U, 2'J(3S), • • * , Zl(f8) are lirh on SS. 

Proof. As shown above, there exist cocycles Zlj — • , Zl such that = 
8i , and we may assume that U is such that the Zl are aU on U. Let SS > U. 
Then the Z” (S3) are lirh on S3. For suppose there exists a relation ^ c*ZJ(S3) ^ 0 
on S3. Then by Theorem 18.4, c"Z”(3S)]*2:«(SS) = 0 for aU j\ Since not all 

coefficients c* are zero, we may suppose c^ 7^ 0. But then we have [X^c'Zi(S3)]* 
Zlm = c^.Z?(3S) *2^(33) ^ c^ 7^0, 

19.3 Theorem. If p^'iS; is finite^ then there exists a covering )X of S such 
that if L is a closed subset of U ^ U and Z” is an augmented C'-cycle on L, then 
Z” ^ 0 on S. If S is regular j a U exists such that every atcgraented n-dirnerisional 
C-cycle on an element of U bounds on S, 

Proof. Since p'^iS] 5) is finite, there exists a finite set of (7-cycles, say 
Zi, • • * , ZJ , which are lirh on S and such that every Cech n-cycle is related to a 
linear combination of these by a homology on S. By Theorem 19.2 there is a 
covering U such that the coordinates of these cycles on U are lirh on all refine- 
ments of U. Suppose L and Z” are as in the statement of the theorem. Let 
SS > U such that every element of SS that meets L lies in (7. 

Now we may choose ttusb in such a way that maps all elements of SS that 
meet L into J7, and consequently tusb^^CSS) ^ 0 on U. But there exists a rela- 
tion Z” ^ ^ particular, Z^(U) 23 c'Z*(U). But by definition 

of C-cycle, Z''(U) 7ru38Z"(S3), which as shown above is homologous to zero 

on U. It follows that 23 c'Z^(U) ~ 0 on U. But there cannot exist any such 
relation by virtue of the choice of U above unless all c' = 0. Hence Z^ ^ 0 on >S. 

The concluding statement of the theorem follows from Lemma 8.2. 

19.4 Definition. A space S is called semi-n-connected at x ^ S ii there 
exists a neighborhood (7 of x such that all Cech n-cycles on closed subsets of 
U bound on S; S is called semi-n-connected if it is semi-n-connected at every 
point. (If S is regular, the words ^^on closed subsets may be replaced by 
'^on^^ of course.) In particular, if S is compact, then S is semi-n-connected if 
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and only if there exists a fcos Viof S such that every Cech n-cycle that is on an 
element of U bounds on S, A space S such that p^iS) = 0 is sometimes called 
simply n-connected. 

As a corollary of Theorem 19.3 we can state: 

19.5 Corollary. For any space S, finite implies that S is semi-n- 

connected. 

That a compact space which is semi-O-connected must also have a finite 0- 
dimensional Betti number is easily shown, since such a space can have only a 
finite number of components. That semi-n-connectedness does not imply a 
finite n-dimensional Betti number when n > 0, however, may be seen from the 
following example: 

19.6 Exa.mple. In the cartesian plane let S consist of (1) all points on 
the unit square having vertices at (1, 0), (1, 1), (0, 1), but no points inside 
this square except such as (2) lie on lines x = 1/n, n a natural number. Then 
for any covering U of ;S all of whose elements are of diameter less than 1/2, it 
will be true that a Cech-l-cycle of S lying in an element of U will bound on jS, 
so that S is semi-l-connected. However, the number p^iS; CF) is infinite. 

19.7 Theorem. If M is a compact subset of a locally compact space S, and 
y] ^ i = 1, • • • , A, are a finite number of C-cycles that are lirh on M, then there 
exists an open set Q containing M such that the cycles 7” are lirh on Q. 

Proof. By Theorem 19,2, there exists a covering U such that for all > U, 
the 7t (9S) are lirh on M. Let > U and Q be as in Lemma 8.7. Then a homology 
^ a'yl ^ 0 on Q would imply 0 on Q and hence on M. 

20. Homologies in noncompact spaces. Up to this point, we have been 
using only finite coverings of space. This restriction, while of no consequence 
when the space is compact, may cause difficulty in dealing with noncompact 
spaces, inasmuch as the fcos do not form a complete family of coverings therein. 
For this reason another type of homology theory, needed in the applications 
later on, may logically be inserted at this point. It is especially useful in the 
case of a space which is the union of a coimtable collection of open sets that have 
compact closures, as for instance an open subset of a perfectly normal, compact 
space: 

20.1 Definition. A subset of a space S is called an in S if it is the union 
of a countable collection of closed subsets of S. Then a space S is called perfectly 
normal if (1) S is normal, and (2) every open subset of S is an in S. 

Remark. A subset of a space S is called a (?« in 5 if it is the intersection of 
a countable collection of open subsets of S. Condition (2) of 20.1 may be re- 
placed by “every closed subset of >8 is a Gi 

20.2 Definition. If S is any space, then by an unrestricted covering of S 
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we shall mean any covering of the space by open sets without restriction as to 
the number of elements in the covering; we abbreviate the term by the symbol 
ucos. If aS is a subset of a space T, then an ucos of S by subsets of S that are 
open rel. S will be called an internal ucos of S, 

20.3 Definition. If S is any space, then by the unrestricted Cech homology 
theory of 8 we shall mean a homology theory set up in the following fashion: 
If U is an ucos of 8, then a cycle of U is a finite cycle (cf. §2). Such a cycle 
bounds on U if it bounds a finite chain of U. In terms of finite cycles as co- 
ordinates, and with homology meaning the bounding of finite chains by the 
coordinates, Cech cycles and homology groups are defined as before. Using 
these Cech cycles and homologies, the theorems of §7 offer no difficulty — ^their 
proofs are virtually the same as before. In the unrestricted Cech theory, we 
indicate that a Cech cycle Z"" bounds by the expression Z"" = 0, and the 
numbers analogous to will be denoted by the symbols ==). And 

if P is a subset of 8, = 0 in P” expresses a homology in terms of internal 

ucos of P. 

We shall prove a theorem of fundamental importance for the later applica- 
tions. We need the following lemmas: 

20.4. Lemma. If a space 8 is the union of a countable collection of open sets 
with compact closures, _then 8 = U:.x p» , where P„ is an open set with compact 
closure and for all n, Pn C Pn+i • 

Pkoof. Let aS = Ur.x Ui , where Ui is open and Ui is compact. Let 
Pi == Ui . Having defined Pnj_n ^ 1, let ,••• ,?/»(;„) be a finite collection 
of elements of { U*} covering P^ . Let Pn.i = u... w Ur-1 v-(,) . 

20.5 Lemma. If 8 is a perfectly separable, locally compact space, then 8 has 
a countable basis (III 1.8) of open sets with compact closures. 

Proof. If { Un } is a countable basis for 8, let {Unco} be the collection of 
all elements of {U„} that have compact closures. Then { Unu )} is a basis of 
the required type. 

20.6 Corollary. If 8 is a perfectly separable, locally compact space, then 
s = U:-i Pn , where Pn is an open set with compact closure and for every n, 
Pn C Pn^l . 

20.7 Theorem. Let 8 be a space that is the union of a countable collection of 
open sets that have compact closures. Then the countable, star-finite coverings of 
8 form a complete family of ucos of 8. 

[An ucos is a countable, star-finite covering of aS if it has only a countable col- 
lection of elements and no element meets more than a finite number of other 
elements of the collection.] 

_ Proof. By LenGima 20.4, 8 = U:.iPn , such that for every n, Pn is open and 
Pn is a compact subset of Pn+i . Let U be an ucos of 8. 
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Since P„ is compact, there exists a finite number of elements of 11, say 
Un,i Un.mw , whicfi covcr P„ . Let Po = 0. Let H 

- P»-i), »■ = 1) • • • > min). Then the collection {F„,.} is the required 
countable star-finite refinement of U. 

(It will be noted that this proof incidentally shows that the elements of the 
coverings may be so chosen as to have compact closures.) 

20.8 Corollary. If S is a perfectly separable, locally compact space, then 
the countable, star-finite coverings of 8 form a complete family of ucos of 8. 

20.9 Corollary. If a space 8 is homeomorphic with an open, P, subset of 
a compact space, thm the countable, star-finite coverings of 8 form a> complete family 
of ucos of 8; hence if 8 is an open subset of a perfectly normal, compact space, the 
same conclusion follows. 

20.10 Theorem. Let M be a topological space that is homeomorphic with a 
subset of a perfectly normal, compact space 8. Then the countable, star-finite 
coverings of M form a complete family of ucos of M. 

Proof. We may suppose M (Z S. Let U be an internal ucos of M. For 
each TJ, G Uj let U', be an open subset of 8 such that Vi r\ M — U, . Then 
P = U U'. is an open subset of 8 and U' = {17;} is an ucos of P. By Corollary 
20.9, the coimtable, star-finite coverings of P form a complete family of ucos 
of P. Hence there exists a coimtable, star-finite refinement 35' = {7i} of U' 
which covers P. For each i, let Vf r\ M = V, . 

Then SB = {F<} is a star-finite covering of M that is a refinement of 11. 

Since every perfectly separable, normal space is homeomorphic with a subset 
of the Hilbert fundamental parallelepiped, by Theorem III 1.14, we have as a 
corollary of Theorem 20.10, 

20.11 Corollary. The countable, star-finite coverings form a complete family 
of ucos for a perfectly separable, normal space. 

We conclude this section with some lemmas useful in later applications of 
the above; 

20.12 Lemma. Let M be a subset of a completely normal space 8 and let 

Ui Un be subsets of M open rel. M. Then if Ui = 0, there exist 

sets Vi open in 8 such that Vi D Ui , i = 1, ■ ■■ ■ , n, and V, = 0. 

Proof. The IftTrima. being trivial for fc = 1, we use a mathematical induction 
argument. Let Ic denote an integer for which the lemma holds, and let Ui , ■ ■ ■ , 
Uu , Uk+i be A -f- 1 open subsets of M with empty intersection. Then U = 
r\u Ui and Uk+i are separated sets (unless 17 = 0, in which case sets Vt , 
i 1, k, exist as in the lemma and we may let 7t+x D Ut+i), and since 
8 is completely normal, there exist sets V, F*+i open in 8 such that V Z) U, 
Fx,h.i D Uu .,1 , and F n F*.^ = 0. For i £ k, let U'i = 17, - U. By the in- 
duction assumption (applied toM - U) there exist sets FJ open in 8 such that 
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Vi D Ui andn Vi = 0. Let F, = FJ U 7. The sets F^ , , F, , V,,.^ 

satisfy the required conditions. 

20.13 Definition. If Af is a subset of a space S, and P is an open set 
containing AT, then an internal ucos U of P will be called a neighborhood covering 
of ilf. If SB is another neighborhood covering of M such that each F G SB is 
contained in some (7 G U, then SB is called a refinement of U, symbolized 
SS > U as before. Note that SB > U implies that the open set covered by SS 
is a subset of P. 

20.14 Lemma. Let M he a subset of a completely normal space and U = 
{?7i} a countable star-finite internal ucos of M. Then there exists a neighborhood 
covering U' = {1/^} of M such that Ui r\ M — Ui and the cornplex U is iso- 
morphic (cf. Ill 4.8, footnote) vnth the complex U' under the correspondence 
Ui^m. 

Proof. For each i, Ui and U Ui , where j runs through those indices 
such that Ui H C7,- = 0, are separated sets. Hence there exist disjoint open 
sets Ai and P*- containing Ui and U U, respectively; we may select Ai so 
that Ai r\ M = Ui . 

Let {(jfc} be the set of all finite subsets of the set of natural numbers {n\ 
such that: If (?a is the set h(l), • • • , h{m), then (1) each Uhn) meets all the 
other sets j = 1, • • • , , m; (2) r\T^i Uhu) = 0. The sets Gh are 

countable in number and each natural number n occurs in only a finite number 
of them. And by Lemma 20.12 there exist for each Gh sets Whd) , i = 1, • * * , 

m, open in P, such that TTmo D Uhd) Whd) = 0- Ui = 

-d, n Ha ^ H/ Bi , where h runs through the valuqs of h for which i G 
Gh , and j runs through the natural numbers < i for which Ui H 17, • = 0. Then 
p = Ur.x is a neighborhood of M and U' = {U'i} a neighborhood covering 
of M having the desired properties. 

20.15 Lemma. If S is perfectly normal, then S is completely normal. 

Pkoof. Let A, J5 be separated subsets of S. Since S is perfectly normal, 
S^ — B = KJ7-1 Mj , where M, is closed in S. Let A r\ Mi = A{ . Then 
A{ C. Mi C. S — JB, and as S is normal, there exists an open set Pi such that 
Ai C P< C 'S_— B. In a simikr manner we obtain sets Bi rel. B and open sets 
Qi such that J5i_C Qi C /S — A. 

Now Ai r\ Bi = 0, and there exist disjoint open sets Ut', Fi' containing 

Ai , Bi respectively. Let Ui_^ U'/, V'i = Qi r\ Vi. Thm Ut , FJ are 

^sjoint open_sets containing Ai , Bi respectively, and such that Ui C. S — B, 

V'iC S- A. . _ _ 

Define Uo = Vo = 0, and for f > 0 let Ui = U'i — KJi-l F,- , Fi = Vi — 
KJ'iZl Ui . Finally, let U = L/”-! Ui , V = W”-i Fi . Then U and F are 
disjoint open sets containing A and B respectively. 
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20.16 Corollary. Every subset of a 'perfectly normal space is itself a perfectly 
normal space, 

21. Approximate homologies. A notion sometimes useful is that of a C-cycle 
approximately on a given set. It arises from the fact that a C-cycle may be 
on each element of a decreasing sequence of compact point sets and yet not be on 
their intersection — a circumstance which rules out the possibility of a ^ 'smallest^' 
carrier of the cycle, for instance (see VII 2, however). We assume throughout 
this section that all coverings are finite. 

21.1 Definition. A C-cycle Y will be said to be approximately on a set 

M if for arbitrary open set P Z) M there exists a covering U such that if SB > 
S3 > U, then 7rj8SB57''(3B) y’'(S 3) on P. Such a covering U will be said to govern 

t’’ on P. (U governs y’’ on P, then, if in terms of the complete family of all 
refinements of U, is on P.) 

21.2 Theorem. If M (Z S, then the Cech r-cycles approximately on M form 
a vector space Zp{Mj 

21.3 Definition. If y"* is a C-cycle approximately on AT, then y"" will be 

said to hound approximately on M, or to be homologous to zero approximately on 
Mj if for arbitrary open set P D AT there exists a covering U such that if 33 > U, 
then y'’(33) 0 on P. Such a covering U will be said to govern hounding of, 

or homologies of, y"* on P. 

21.4 Theorem. If M (Z S, then the Cech r-cycles approximately on M that 
hound approximately on M form a vector space Bp{M, ^). 

21.5 The space Zp{M, ^)/Bp{M, will be called the r-dimensional homology 
group approximately on M, and will be denoted by the symbol IIp(M, $F). 

[It would be preferable to include the in these new symbols — Hp{S; M, 51), 
for instance — since the new cycles make little sense without S; but we omit 
the S for brevity.] 

In the case where Af is a compact subset of a locally compact space S (instead 
of local compactness, we could impose normality on S; it is the former hy- 
pothesis that is needed in later applications), we shall establish an isomorphism 
between H\M] £F) and Hp{M, 5F). Since, as is easily seen, the group IIp{M, 5F) 
is not changed by restriction to a complete family of coverings, we shall assume 
throughout the proof that all coverings employed have the property that if all 
vertices of a cell meet M, then the cell is on M; under the given conditions, the set 
of aU such coverings forms a complete family (Lemma 8.8). 

21.6 Definition. Let Af be a subset of a space S, and U a covering of S. 
Let G = St (AT, U) and let P be an open set such that M Z P ^ G, Then 
the COTering 33 which consists of the elements of U Pi Af (7.6) and of the sets 
U P for all ?7 G U — U P Af will be called a refinement of U adjusted to Af . 
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If we wish to fix 25 more exactly, we call it a refinement of U adjusted to M by 
means of P. 

21.7 Lemma. If M is a closed subset of a normal space S and U is a covering 
of S, then there exists a refinement of U adjusted to M. 

21.8 Lemma. If 23 is a refinement of U adjusted to M by means of P, then 
23 n P = U n ilf . 

Now suppose Y is a C-cycle approximately on M C. S, and let U be any 
covering of S. Let O = St(ili', U), and let P be an open set such that M C 
P G. Let 23' = 23' (U, P) be a refinement of U adjusted to M by means of 
P, and let U' = U'(P) govern Y on P. FinaUy, let U" = U"(U, P) > 
(U', 23'). Let Z'iVi) = ttm'Vs-u-t'CU") = v„tt-Y(U'0 (cf. Lemma 21.8). 
Although 2”'(U) is not unique, this is of no importance for our purposes. 

21.9 Remark. If y' is actually on M, then we may take Z'(VL) = t'CU). 
For if a cycle is on M, it is approximately on M, and any covering governs it 
on P. Hence we may let Xl'(P) = U and take U" = 23' > (U, 23'). Then 
Z'(U) = v„„„t'(U") = x„a«7^(23') = iru„7'(U) = YiU). 

21.10 Lemma. The collection [Z'(]X)} is a C-cycle on M. 

Proof. Let 23 > U. Let Z'iVO and Z'(SS) be defined as above. We denote 
the sets of type P used in the definition of Z'iVl) and Z’'(23) by P and P', re- 
spectively. When we wish to distinguish, for instance, the sets U" used in the 
definitions, we attach the respective arguments — ^thus, U"(U, P), U"(25, P'), 
although we shall omit the arguments unless needed. Let 2B > (U"(U, P), 
U"(25, P')). Then the following relations hold: 

xu"ss 7 ^( 2 B) -- 7'(U") onP, 

(21.10a) vua-x„„®T'(28) Vaa, V(U") = Z'(U) On M. 

And similarly we have the relations: 

va^-ai7XaB)-7(U") onP', 

n^wTu>>mY(m ~ 7r«a-'7 (U") = .Z'(25) On M, 

(21.10b) ■jrasirca"ii'a''ffi 7 '( 2 B) ~ 7rajBZ''(23) on Jf. 

Now we consider the two cycles on the extreme left of relations (21.10a) and 
(21.10b). The projections involved in the above relations may be considered 
as projections (1) from 2B to U"(P) VJ U"(P'), (2) from U"(P) U"(P') to 

(U n P) \j (25 A P') = (U n M) U (23 n M), and (3) from (U A M) W 
(25 A Af) to U A M. Thus, the cycle on the left in (21.10a) may be expressed 
S'S ^aa'j®vaui8a'^(P)ua"CP')^a''(i*)ua"(jp')SB7 (^fi5). Now in the proof which we 
gave earher to show that different projections map a cycle into the same ho- 
mology class of a covering (Theorem 7.2), we employed a chain-mapping “P” 
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such that ii (t'' = Wo • • • Wr j then P(wo • • • w,) = ^ (— l)’uo • * • • • • Vr , 

where w* D ty* , D Wi , etc. If a or** is on a set F, then P(cr") is on F. Evidently 
7*^ (SB), applied to the two cycles of (21. 10a) and (21.10b) in question, is on 
U A M (7.6), and since as a consequence these cycles are homologous on M, we 
have Z\U) ^ on M. 

21.11 Lemma. If y"" '^0 approximately on Af, then = [Z\)X)} ^ 0 on M, 

Proof. We are to show that given a covering U, Z’*(U) ^ 0 on U A M. 
Let P, U' = U'(P), W == «'(P), U" = U"(U, P) have the same meanings as 
above. In addition, let @ == @(P) be a covering governing homologies of y'" 
on P. Let S) = ©(P) > (U", (g). Then y\^) ^ 0 on P. And since from 
SD > U" we have tu-® 7 ''(S)) tXU") on P, it follows that 7’’(U") 0 on P. 

Then the projection 7rujB''7r58.u'' = -ttuu- from U"to U A Af gives tuu- 7’^(U'0 = 
Z^(U) -- 0 on M. 

In view of 21.9 and Lemma 21.11 we have: 

21.12 Corollary. If M is a compact set and y** is a C-cycle on M such that 
for arbitrary open set P containing M, there exists U such that for SB > U, 7’’ (33) ^ 0 
on P, then y'' ^ 0 on M. 

Remark. One can now state Theorem 19.7 for any normal space: 

Theorem. If M is a closed set in a normal space S and yj , i = 1, • • • , Jk, 
are C-cycles lirh on AT, then there exists an open set U containing M such that the 
cycles yj are lirh on U. 

Proof. Suppose no such U exists. Let C/i be an open set containing M, 
and L a linear form in the y's such that L ^ 0 on Ui . Since all coefficients 
lie in Or, there exist only a finite number, say m(Ui)y of such linear forms as 
L that are linearly independent in the algebraic sense. Let m denote the 
minimum value of m{Uf) for all open sets TJi containing AT. 

Let XJ be an open set such that m{JJ) = m, and let L be a linear form in the 
y^s that bounds on XJ, Since L oo 0 on Af , by Corollary 21.12 there is an open 
set V containing M such that L oo 0 on F. Let W = XJ CW, Then L oo 0 
on Wy and m{W) = m. Let , • • • y ho independent linear forms in the 
y’s that bound on W (hence on XJ), There exists a relation L = ^ a' Li . 
But each ^ 0 on Wy hence L 0 on TF. 

As a consequence of the two lemmas just proved, and the remark preceding 
them, the mapping ^ : y*’ — ^ Z** induces a homomorphism : Hp{My ^) — > 
HJM ; $F). We show # is an isomorphism. 

21.13 Lemma. Let Pi be an open set containing M, Then there exists U such 
that if ^ > VLy then y*’(3S) ~ </yyJ^) on Pi . 

Proof. Let U'(Pi) be a covering governing y** on Pi , and let U > U'(Pi) 
such that St(Af, U) C Pi . By definition, Z^(U) = Tuu-ir)y^iVi"{P)) where 
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P c St(M,, U). Since U" > ^uu>'7'(U") ~ / (U) on Pr . Hence 

^'(U) ~/(U) on Pi . 

If 58 > U, then 58 > U'(Pi) and St(lf, 58) C St(M, U) C Pi • Hence as 
just shown, ^’■(58) ~ 7’’(58) on Pi . 

21.14 CoEOLLARY. The cycles y and Z' = ipy determine the same element 

Obviously if .Z'CU) ~ 0 on If, then 2’'(U) 0 on any open set Pi which con- 

tains M. 

We have, then, 

21.15 Theorem. The groups Hp{M, 5F) and IP (if; ff) are isomorphic. 
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CHAPTER VI 


LOCAL CONNECTEDNESS AND LOCAL CO-CONNECTEDNESS 

As a preliminary to defining manifolds and discussing their properties, we 
establish in this chapter some properties of local connectedness as defined in 
terms of C-cycles and cocycles. Throughout only augmented cycles and chains 
are employed. 

1. Local connectedness in n dimensions. If U is any covering and P a 
point set, then (V 7.6) by U A P is denoted the subcomplex of U consisting of 
simplexes of U on P; hence for a chain (7“(ll) to lie on P is equivalent to being 
a chain of U A P. By U A P is denoted the collection of all elements of U 
that meet P. 

1.1 Definition. S is n-\c (= locally connected in dimension n) at x E: S 
if given an open set P containing x there must exist an open set Q such that 
ic G Q C P and such that every n-dimensional C-cycle on Q bounds on P. 

This form of the definition, although having the advantage of simplicity, is 
not the best for some purposes, inasmuch as we shall sometimes be concerned 
with an individual covering, and Definition 1.1, phrased as it is in terms of 
C-cycles, involves at least a complete family of coverings. 

1.2 Definition. jS is n-lc at x G fS if given an open set P containing x 
and a covering U of S, there must exist an open set Q (dependent only on P) 
such that X G Q C P as well as a covering SS > U such that if z^QS) is a cycle 
of 58 A Q, then rasaz’^iSS) ~ 0 on U A P. 

An alternative form of Definition 1.2 is as follows: 

1.2' Definition (Cech). S is n-lc at x G if, given an open set P con- 
taining X and a covering U of S, there exists an open set Q such that x SQ G P 
as well as a covering 58 > U, such that if ^’‘(58) is a cycle of 58 A Q, then z’‘(58) ~ 0 
on (U U 58) A P. 

(By U W 58 we indicate the covering of S that is obtained from the elements 
of U and 58 combined; specifically, {TV | (W G U) V (hT G 58)}.) 

To see, first, that Definitions 1.2 and 1.2' are equivalent, note that if Definition 

1.2 is satisfied, there exists for given U a chain c"^‘(U) of U A P such that 
dc"'^‘(U) = 7rns!z“(58). As shown previously [Lemma V 6.5], there exists on 
U U 58 a chain I)z’'(SS) such that 33l)2'‘(58) = ■7ruiB2"(58) — 2”(58); and from the 
definition, it is clear that S)z“(58) is on Q since z'‘(58) is on Q. Hence 6[c”'^‘(U) — 
2Dz"(SS)] = z’‘(58). Thus z”(58) ~ 0 on (U U 58) A P. And conversely. Defini- 
tion 1.2' implies Definition 1.2. For U U SS is a refinement of U, and hence 
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(33) 0 on (U W 33) A P implies that Tunu^z^'i^) 0 on U A P, which in 

turn implies that 7ruj82:”(3S) ^ 0 on U A P. 

We shall show that Definitions 1.1 and 1.2 are also equivalent. First, 1.1 
implies 1.2. Given P and U as in Definition 1.2, we select Q as in Definition 
1.1, and let 33 be a normal refinement of U (rel. Q) [Theorem V 10.7]. 

Suppose a cycle of 33 A Q. JThen is a cycle of U A Q and as such is 
a coordinate of a (7-cycle y"" of Q. Hence 7’' ^ 0 on P. In particular, then, 
tusqz”' ^ 0 on U a P. 

Definition 1.2 implies Definition 1.1. Given P as in Definition 1.1, select Q 
as in Definition 1.2, and suppose 2” is a (7-cycle on Q. Then if U G S, and 
33 > U as in Definition 1.2, we have that rusBz'^i^) ^ 0 on U A P. By hy- 
pothesis z"" is a (7-cycle on Q, so that 7rusj2:”(3S) ^ z"iU) on Q. Hence s”(U) ~ 0 
on U A P. Thus every coordinate of 2” bounds on P and Definition 1.1 is 
satisfied, 

2. Chain-realizations. As we see later, spaces with sufl&cient local connect- 
edness properties resemble a finite complex homologically. Of fundamental 
importance in the demonstration of this fact is the notion of ‘ ^chain-realization”. 

2.1 Definition. Let K and L be complexes. Then by a chain-realization 
of K on L we mean a function, or chain-mapping r, which assigns to each 
c” G (7 ’*(jK‘; ^F), n = 0, 1, 2, • • • , an n-chain rc” of L such that 

(1) T(aci + hcl) = arCi + hrc^ , a, 6 G 9^- 

(2) rdd" = dr<f. 

(3) Ki(TC°) = Ki(c®) for every Q-chain c°. 

For example, a simplicial mapping of K into L induces a chain-mapping such 
as r, hence a chain-realization of K on L. 

2.2 Definition. If if' is a subcomplex of K that contains all the vertices 
of if, then a chain-realization of if' on L is called a 'partial chain-realization of 
if on L. Thus, when we defined for each 33 > U that the projection of a F G 33 
should be a (7 G U such that D F, we also set up a partial chain-realization 
of 33, as a complex, on U as a complex, where the set analogous to if' was the 
set of all vertices V of 33. 

2.3 Definition. If r' is a partial chain-realization of if on L, then a chain- 
realization T of if on 1/ is called an extension of r' if r agrees with r' wherever 
the latter is defined. We also say that 'V' can be extended to the realization r.” 

In the application of the notions just defined we shall encounter two types of 
theorems. One of these is concerned with what we might call realizations in 
the large, meaning thereby that the whole space S is involved; the other is 
concerned with realizations in the small, in that only a portion of the space is 
involved. We consider the former type first, and as a preliminary we introduce 
a type of uniform local connectedness which we denote by the symbol Culc, in 
analogy with Ic. 



178 


LOCAL CONNECTEDNESS AND LOCAL CO-CONNECTEDNESS 


[VI] 


2.4 Definition. If ® is an arbitrary covering, and c”(U) is a chain of 
some covering U, then c"(U) will be said to be of diameter < (g — symbolically, 
diameter c“(U) < @ — ^Lf tWe exists B G such that c“(U) is on E. 

2.5 Definition. A space S is called n-Culc {n-dimensionally uniformly 

locally connected in the sense of Cech) if given any U, SS G 2, there exist^ Ui = 
lli(ll) and iB'n = 93' (U, 93) such that if z’‘(930 is of diameter < , then 

fl’®s'„2”(930 bounds a chain of 93 of diameter < U. 

2.6 By Ic” we denote the property of being r-lc for all r ^ n; and similarly 
the symbol Culc” denotes the property of being r-Culc for all r S n. 

2.7 As in the case of Definition 1.2, there is an alternative form of Definition 
2.6 in which the phrase “then • • - ” is replaced by “then z’‘(930 bounds a chain 
on 93 U 93;^ of diameter < U.” 

By way of justification of the phrase “uniformly locally connected” above, 
we prove: 

2.8 Theorem. If the compact space S is n-lc at every point, then S is n-Culc. 

Proof. Let U, 93 G 2 be given. For each x ^ S select U(x) G U such 
that a: G U{x). Then with U{x) as the P of Definition 1.2, and 93 in place of 
its U, there exists by the -n-lc assumption an open set Q{x) such that x G Q(x) C 
U(x) and a covering 93 (a:) such that if z” is a cycle of 93 (a:) on Q(x), then 
®'®s!(i)Z" 0 on 95 A U(x), 

Let Xi X, , ‘ x„ E: S such that the set U' consisting of the sets Q(x<) 

forms a covering of S. Let 95' > [U, 93(a:i), • • • , 9S(x<), • • • , 9S(a:,„)]. Then con- 
sider any z”(93') of diameter < U'. The cycle z”(93') is on some Q, say Q(Xi). Then 
iriB(*.)ffl'2’‘(S3') is also on Q(x{) and therefore fl-ssB(,.)X8(».)s-z’‘(95') 0 on 

95 A Uixi). Hence X88-z"(93) hounds a chain on 95 of diameter < U. 

Remark. It should be noticed that as a consequence of the above proof, if 
z’‘(93') is any cycle on U' = Q(Xi), then there exists U = U{xt) G U such that 
(1) U "D U' and (2) z’“(95') 0 on (93' W 93) A 17. The reader may prove the 

converse of Theorem 2.8. 

2.9 Definition. If @ is a covering and t is a partial chain-realization of 
a complex K on some covering U, then t is said to be of norm < @ if for each 
simplex E" oi K there exists G @ such that for every chain c’’ of E", for which 
rc* is defined, the chain rc* is on E. 

2.10 Theorem. A necessary and sufficient condition for a compact space S 
to be U" is that for every pair U, 93 G 2 there exist coverings UJ = U.J(U) and 
93? = 95?(U, 93) such that if K is a complex of dimension ^ n + 1 and r' is a 


'Whenever a symbol ll(Ui , • • • , Ut) is employed, it will be understood that U > Ui , • • • , 
U*. 
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'partial chain-realization of K on 33*, or a refinement thereof, of norm < U?, then 
t' can be extended to a chain-realization of K on Si* of norm < U. 

Proof of the necessity. Given coverings U and 33, define consecutively 
the coverings (cf. Lemma V 8.6): 

U„ >* UaU), S3. > {3S'(U, 33), U.}, 

>* U'-x(Un), SS„_x > , 33.), } , 


Uo >* U^(Ux), SSo > {S3i(Ux, S3x), Ho}, 

where the U'^s and 33'^s are as in the proof of Theorem 2.8. Let U*(U) = 
Uo and 3S*(U, 33) - 33o . 

For any ?7o G Uo , there exists a sequence 

(2.10a) UoCStiUo,Vio)CU'oCU^C-- CUUCU.C-- CU, 

where Ui G U,* , Ui S UJ , for i == 0, 1, • • • , n; U G U; and such that any 
t-cycle of a refinement of 35 < on Ui bounds a chain on if i < n, and any 
n-cycle of a refinement of 33i on Un bounds a chain on U (see Remark following 
proof of Theorem 2.8). 

Now let t' be a partial chain-realization of a complex K of dimension ^ 
n 4* 1 on 35? of norm < U?. If K' is the subcomplex of K of which r' is a chain- 
realization (Definition 2.2), then for any / of K' we let r(/) = /(cr*). The 
definition of r on if — if' will be given inductively. 

Suppose <T^ is a cell of if but not of if'. There exists Uq such that r'd(r^ is 
on Uq . Hence r'da' is on the Uq of (2.10a) and there exists a chain of 
35o 33x on Ui of (2.10a) such that dC^ = We let . Note 

that 2.1 (2) is satisfied. 

Suppose T has been defined on all f-cells of if not in if' for i ^ A — 1 and 
let <r^ be a cell corresponding to an of if not in if'. There exists a Uq such 
that for each corresponding to a vertex of is on Uq , as is also each 

given r'a for a corresponding to a face of E^. Suppose corresponds to 
a face E^"^ of and the was not given. Then was defined by the 
induction by first selecting a Uq which we denote by i7o^\ subsequent to which 
was defined as a chain of S3o 33i W • • • U 3 Sa:-i on , element of 
the sequence of type (2.10a) associated with V^q\ We now have two sequences, 
(2.10a) and the sequence of type (2.10a) in which replaces ?7< . 

Now we took 35o > Uo , and if all r<r®'s corresponding to vertices of E^~'^ lie 
on both Uq and Uq^\ then Ui and meet and consequently Ui,-x and U^iflx 
meet. It follows that all Tcr*'“^.lie on elements of U^:-! that meet Ujc-i , and 
hence rda" is a cycle of 33o • • • Li 3Sfc_i on Ui^^ . Hence there exists a chain 

of S3o fi • ’ • Li 33*-i Li 33fc on Uj, such that dC^ = rd<r*. We let r<r* = C*'. 
If we denote U by U^^i , 35 by 33.+! , etc., the induction is now complete. 
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Finally, having defined r for all cells of K not in K', all chains may be ^^pro- 
jected’ ^ onto S? U SBo = 25 U SS* so as to obtain the desired chain-realization 
of if on 23 U 23*. 

Proof of the Sufficiency. Let a; G /S, open set^ containing x, and 
U G 2 be given. Let Qi be an open set such that re G Qi C P, ?7, V be 
disjoint open sets containing P(P), P(Qi) respectively. Then S — P, U, P — 
Qh Qi constitute a covering U' of S, Then there exist U?(U0, 23J(U', U), 
etc. Let Q be an open set containing x and common to Qi and the elements of 
Un that contain x. Suppose r g n, is a cycle of 23^ on Q. If 1 2 ;'’ | denotes 
the smallest complex of 23? of which z'‘ is a cycle, let F be a vertex of [ 2 ;’* |, and 
let I’* denote the cone-complex (V 6) formed by the join of | 2 ’' | and F. Then 
on the complex 1 z'’ | can be defined an obvious partial chain-realization r' of 

on 23? of norm < U?, and this is extendible to a chain-realization of z'‘ on 
U W 23? of norm < U'. Evidently, since r'z** is on Q, the extension r must be 
on P, and since, by Lemma V 6.1, z** ^ 0 on we have z"” ^ 0 on (U VJ 23?) P. 

3. Complex-like character of compact Ic” spaces. 

3.1 Theorem. If the compact space S is Ic”', then there exists a complex K 
such that the homology groups if), r ^ n, are isomorphic with subgroups of 

the corresponding groups Hl{K; $F). (Compare Theorem 4.5 below.) 

Proof. Let U be a covering of S, and let Uo >* U?(U) (U? as defined in 
the statement of Theorem 2.10). For each C-cycle z% let (p{z^) == z’‘(Uo). 
Then (p induces a homomorphism, which we also denote by <p, of Hl(S; £F) into 
HKUq ; ^F). We shall show that if the cycle z’‘(Xlo) ^ 0 on Uo , then z’’(2S) ^ 0 
for every refinement 23 of Uo ; and since the refinements of Uo form a complete 
system of coverings, it will follow that z" 0, and that <p is an isomorphism 
into a subgroup of Hl(Vio ; CF). 

Suppose, then, z''(Uo) 0 on Uo , z*" being a C-cycle. For 23 > Uo , let 

23? (U , 23) be the covering defined in the statement of Theorem 2.10. Asso- 
ciated with the projections ttuoSb^* are the homomorphisms D (see V 6) into 
£>23?, such that 6Dz''(23?) = 7ruoS8„*z’‘(2S?) — z’’(23?) (Lemma V 6.6). Let 
cr^(Uo), cr'(Uo) be chains such that acr'(Uo) = z’'(Uo), dcl^\Vio) = z^(Uo) - 
tuo3j«*zX 23?). Then = cr'(Uo) - c^^Uo) - Dz^®?) is a chain of 25? U Uo 
such that dc""*^ — z'’(23?). 

Let I I denote the minimal subcomplex of 23? U Uo of which is a 
chain. Let Vi ,i — 1, 2, * • • , m, be the vertices of | [ on Uo , and for each i 

let be a vertex of 23? such that Z) vt. Define a partial chain-realization 
r' of I I on 23? as follows: For each cell a of | z’‘(2S?) [, rV = <t; and 
= v*. Then norm / < St(Uo, Uo) > U?(U). Hence by the definition of 
23? (U, 23), r' can be extended to a chain-realization r of | | on 23? VJ 23 

(of norm < U). Then dre""^^ = = tz’’( 23?) = z'‘(25?). Consequently 

the chain xsbsb^*tc’''^^ is bounded by xjBiB„*z'’(23?), and since the latter is ho- 
mologous to z*‘(23) on 23, we have that z’‘(25) ^ 0 on 23. 
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3.2 Corollary. If a compact space S is then the numbers pl(S; 9r), 
r = 0, 1, • • • , Uj are all finite, 

3.3 Lemma. Let Co , Ci , • * • , c„ any set of n + 1 nonnegative integers. 

Then there exists an at most n-dimensional {geometric as in II 5.2) complex K 
such that pl{K] $F) = , r = 0, 1, • • • , 

Proof. The lemma is true for n = 0; since the number of components in 
K is to be Co + 1 (Theorem V 11.3), we let K consist of Co + 1 vertices. 

Suppose the lemma is true for n — 1. Then there exists an at most {n — 1)- 
dimensional (geometric) complex K' such that pl{K') = Cr for r = 0, 1, • • • , 
n — I, Now let L be a complex consisting of Cn n-spheres, SI , • * • , , where 

k = Cn , such that , i < j, have exactly one vertex in common if j = 

^ + 1, and otherwise have nothing in common. Let K' be augmented by the 
addition of the complex L in such a manner that if' and L have just one vertex 
in common, say a vertex of /S? not on SI . The resulting complex K is at most 
n-dimensional, and since its n-dimensional simplexes lie entirely in L, satisfies 
the condition pl{K) = since pl{L) = Cn . 

That Po(if) = pl{K') = Cr for 1 < r < n follows readily from the fact that 
(1) pl{S^) = 0 (see V 12.5 and Corollary II 5.11) and (2) every r-cycle d" of K 
can be expressed in the form 

(3.2a) / = i"" + 2:1 + • • * +2:^7 

where 2:! , j = 1,2, • * • , c„ , is an absolute cycle of . And since the number 
of components of K is the same as that of if', pl{K) = Co . 

In order to see that p^if), in case 1 < n, is the same as p^(ifOj we can again 
get a decomposition like (3.2a), with r = 1, except that here it is not so obvious 
that the individual terms on the right represent cycles. However, consider 
z\ , for example. Since 

(3.2b) 2:^ = + • * • z\ , 

and dz^ = 0, it follows that dz\ — —dz^ — dz\ — --dzX . Now if dz\ ^ 0, 
then must dzl = a(crj — ■ crl), a ^ where cr? corresponds to if' H L, o-? corre- 
sponds to SI r\ SI and a 5^ 0. For the presence of any other 0-ceIl of S\ in 
dz\ would imply its presence in dz^] and in addition, dz\ being a bounding cycle 
it must satisfy the condition 'Ki{dz\) = 0 (Lemma V 18.7). But then 

— dz^ — dzl — * • • — dzl = u(<r? — <7?), 

implying that —dz^ = aai , which is impossible since Ki(acr?) = a 5*^ 0. We 
must conclude then that dA = 0. Similar arguments apply in the case of the 
other terms of the right-hand member of (3.2b), with a slight variation in the 
case of and zl , 

In view of Corollary 3.2 and the fact that two vector spaces of the same 
finite dimension are isomorphic, we have 
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3.4 Theorem. If the compact space S is then there exists an at most n- 
dimensional (geometric) complex K such that Hl(S; IF) and Hl(K; ^F) are iso- 
morphioj r = 0, 1, • • • , n. 

The reader will recognize that Theorem 3.4 is the extension of the theorem 
that a compact space which is Ic in the sense of Chapter I has an at most finite 
number of components. 

For the situation ‘‘in the smalF^ we give below analogues of Theorems 2.10 
and 3.1. It will be useful, for later purposes, to state the theorems with only 
local compactness assumed. 

3.5 Theorem. Let S he locally compact and Zc”, M a compact subset of S and 
P an open set containing M, Then for any coverings U and 33, there exist coverings 
U« = Un(U; M, P) and 3Si = 3Sn(U, 33; ikf, P) such that if a:’* (330? r ^ n, is a 
cycle of Wn A M of diameter < Ui , then 2j'‘(S30 hounds a chain of (334 U 33) A P 
of diameter < U. 

The proof is analogous to that of Theorem 2.8; the differences in proof are due 
only to the fact that we have here a uniformity with regard to M rather than to S- 

Remark. Any refinement of 334 will serve as well as 334 . In particular, 
334 niay be assumed to be a refinement of U4 • 

3.6 Theorem, Under the hypothesis of Theorem 3.5, if U and 33 are coverings, 
there exist coverings U? = tl?(U; M, P) and 33? ~ 33? (U, 33; M, P) such that if 
K is a complex of dimension + 1 and t' is a partial chain-realization of K 
on 33? A M of norm < U? , then r' can be extended to a chain-realization r of 
K on (33? VJ 33) A P of norm < U. 

Proof. Let Pi , • • • , P^ ^ open sets such that (1) ilf C Pi <C * • * C 
Pft C * * • C Pn C P, and (2) P„ is compact. Let > U be a covering such 
that St(Pn, 380 C P, and select U„ >* U4(3B.; P^, P), 35. > {3S4(3B„, 33; 
P. , P), Un} (Theorem 3.5). 

Next, let 38.-1 > U. be a covering such that St(P.-i , SB„-i)_C Pn , and select 
U.-1 >* ll4-i(3B.-i; P.-i, PO, «n-i > {254-i(3B.-i, 33.; P.-i, P.), U„-i}. 
Continue in this manner until, finally, we let 3Bi ^ U 2 be a covering such that 
St(Pi , 3Bi) C P 2 , and select Ui >* lli'(38i ; Pi , P 2 ), S3i > {33i'(3Bi , 33^ ; 
Pi j P 2 ), Ui}* We then let 3Bo > Ui be a covering such that St(ilf, 3Bo) C Pi , 
and select Uo >* U^(38o ; M, PI) and 35o > {35$(SBo , 33i ; M, PI), Uo}. 

We then proceed as in the proof of Theorem 2.10. Let r' be a partial chain- 
realization of a complex K of dimension ^ n + 1 on S3o A Af of norm < Uo . 
With K' defined as before, suppose <r^ is a cell of K not in K\ There exists 
Uo such that r'd<T^ is on Uo and hence on a Z7o D Uo as before; hence by definition 
of Uo , there exists a chain of 33o 33i on a TTo G SBo such that dC^ = T'd<r\ 

By the choice of 3Bo , Wo C Pi • Let Z7i G Ui such that Wo C Ui ; then 
is a fortiori on J7i . Let ro-^ = as before. 
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Having r defined on all i~cells of jST for i ^ A; — 1, let be as before. This 
time ra/ is a cycle of S5o ^ ^ 33*-.! , on Pit_i H TJLx where G ULi 

and accordingly bounds a chain of SSo • VJ S3jt on a Wi^^i G . 

Since W,., C P. , C" is on P, . 

If we denote U by U„+i , SS by S3n+i , etc., we ultimately arrive at definitions 
of all on P, etc. 

3.7 Corollary. If the locally compact space S is Ic"", M is a compact subset 

of S and P is an open set containing M, then there is a covering Uo of S such that 
if 7% ^ ^ cycles on M such that 2f’‘(Uo) ^ y'^CUo) on Uo A then 

Y*" on P. 

The proof is similar to that of Theorem 3.1. 

3.8 Corollary. If the locally compact space S is l(fy M is a compact subset 
of S and P is an open set containing M, then at most a finite number of n-cycles on 
M are independent with respect to homology on P. 

3.9 Corollary. If M is a compact sublet of a locally compact, Id" space S, 

and P is an open set containing M such that P is compact, then M, 0; P, 0) 
and Hn(S: S, S — P; S, S — M) have the same, finite, dimension. And they 
have respective sets of generators {PJ}, {Pn} such that ri*P? = . 

Proof. The proof is a consequence of Corollary 3.8 and Theorem V 18.30. 

4. Noncompact cases. We shall give in this section certain theorems that 
are of fundamental importance in the applications later on, especially in the 
duality theory. We begin with a theorem which establishes an analogue of 
the ulc property. First we note the following lemma: 

4.1 Lemma. If U is a star-finite ucos of a space S, and M is a compact subset 
of S, then only a finite number of elements of U meet M. 

The proof is left to the reader. 

4.2 Theorem. Let P be an open subset of a perfectly normal, compact, Id" 

space S, and U, SS star-finite internal ucos of Pf Then there exist countable, 
star-finite internal ucos Un = Ui(U; P) and hn = 25n(U, S3; P) of P such that 
if r S n, is a finite cycle of diameter < Un , then bounds a finite 

chain oti S3n S3 of diameter < U. 

Proof. Let {Q*} be a collection of open sets such that 3 Qi and 
p = Uq. , each Qi being compact (Lemma V 20.4) . Let Qo = Q-i = 0. 

By Lemma 4.1, so far as any particular set Q,- is concerned, U and 33 may be 
considered as fcos. Hence by Theorem 3.5, there exist, for each i, fcos Ui,,- == 


^Evidently the hypothesis in this form is more general that if it were assumed that U and 33 
are countable, star-finite ucos of S, 
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Ui:,.(U; Q.+I - - Q._2) and SS',.- = S 8 ]:,.(U, 35; Qi+x - Q.-i , 

Q ,+2 — Qi^ 2 ) of S such that S8^,, > Ui,. , and if Z’’(33n,i), r S n, is a cycle of 
33^,. A (Q.+i — Qi-i) of diameter < Un,.- , then Z’'(SS'n,i) bounds a chain of 
(SS^,, W 33) A (Qi+2 ~ Qi-a) of diameter < U. We may assume that for each 
i, 3S'..-+i > 33;, ,• . 

For each fj_let = {17 n (Q,+i - Q,_i) | U G U;,.}, and 3„,. = 
{Fn (Qx - Qi-2) I V e 33;..}. Let u; = U®„,x , S3; = • 

Consider a cycle -^'(350, r ^ n, of diameter < Un • Then | 1 lies on 

at least one element of Un ; let i be the smallest integer such that | Z"(350 1 
lies on U E: ®n,i . Then U meets no vertices of ? or of any Qnj such 
thaty < i; indeed, | Z”(230 1 lios on SSi.* W 3Si.»+i U 23i,f+2 , and is on Q,-+i — 
Qi^i as well as of diameter < Un.» - Consequently -^’'(230 bounds a chain of 
33^; W 33 of diameter < U. 

4.3 Theorem. Under the hypothesis of Theorem 4.2, there exist countable^ 

star-finite internal ucos U? = U* (U; F) and 33? = 3S?(U, 23; P) of P such that 
if K is a complex {finite or infinite) of dimension ^ + 1 and r' is a partial 

realization of K on 23? of norm < U?, then r' can be extended to a realization of 
K on S!i\J of norm < U. 

The proof is practically a repetition of the proof of Theorem 2.10, of which 
Theorem 4.3 is the analogue, except that Theorem 4.2 is used instead of Theorem 

2.8. 

4.4 Theorem. Let P be an open subset of a perfectly normal, compact, W 
space S, and let M be a compact subset of P and Z" , r ^ n, a C-cycle on M such 
that Z"* == 0 in P.® Then '^0 on a compact subset of P. 

Proof. The set P may be represented as Ur-x where the Q,- are open 
sets such that Qi D Qi+i 3 Q* . Let U be the covering of P whose elements 
are the set Ui — Q 2 and the sets U^+l = Q ^+2 — Q^ , i = 1, 2, 3, , Then 

let Uo >* U?(U), where U? is as defined in Theorem 4.3. 

By hypothesis, Z''(Uo) ^ 0 on Uo . For any 33 > Uo , where 23 is a star- 
finite, internal ucos of P, let S3?(U, 33) be as defined in Theorem 4.3. Re- 
ferring to the proof of Theorem 3.1, there exist chains cl^^, 3DZ''(33?) 

as defined therein, where the last two are on M. Let Uj, be the element of 
U with greatest subscript k such that Uk | | 5^ 0, and let U = Ui.i Ui . 

Then, following the proof as given in the Mter part of the proof of Theorem 
3.1, it is shown that Z''(33) 0 on 23 A U. And since, by Corollary V 20^, 

coverings such as 33 form a complete family for P, we conclude that Z"" ^ 0 on U. 

Note that by the same type of argument, we have: 

4.6 Theorem. Let P be an open subset of a perfectly normal, compact, W 
space S. Then there exists a countable, star-finite complex K such that the homology 


3Cf. Definition V 20.3. 
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groups r ^ n, determined by C-cycles and homologies on compact subsets 

of P, are isomorphic with subgroups of the corresponding homology groups of K 
as determined by finite chains of Kf 

We shall conclude this section with a theorem that is of fundamental im- 
portance for the duality theory of Chapter YIT^. 

4.6 Theorem. If M is an arbitrary subset of a perfectly normal, compact, 
Zc” space S, and Z% r S n, is a C-cycle on a compact subset of M, then a necessary 
and sufficient condition that Z"" ^ 0 in M is that for every open subset P of S con- 
taining M, Z'‘ ^ 0 on a compact subset of P. 

Proof of necessity. Every internal ucos 11 of P gives, by the intersections 
of its elements with M, an internal ucos U' of M, and by hypothesis Z"^ ^ Ot 
on U' and hence on U. Therefore Z^ 0 in P, and by Theorem 4.4 must there- 
fore bound on a compact subset of P. 

Proof of Sufficiency. By Theorem V 20.10, it is sufficient to show that 
Z*" bounds on all countable, star-finite coverings of M. Let U == {Z/*-} be any 
such covering. By Lemmas V 20.14, 20.15, there exists a neighborhood covering 
U' = {Ui} of M such that Ui r\ M = Ur and the complex U is isomorphic 
with the complex U' under the correspondence Ui Ui . Let P 
Then P is an open set and by hypothesis there exists a compact subset F of 
P such that Z*" ^ 0 on P. 

Now by Lemma 4.1, only a finite number of elements of U' meet F, and these 
form a fcos 33' of P. Hence Z'(3S') 0 on 93' P. But this implies that 

Z''(U') bounds a finite chain on U'. This in turn implies, because of the iso- 
morphism between U and U', that Z’'(U) ^ 0 on U. 

For purposes of an application in Chapter XII, we note here that Theorem 
4.4 can be generalized as follows (the proof being not essentially different from 
that of Theorem 4.4) : 

4.4a Theorem. Let P be an open subset of a perfectly normal, compact, Zc” 
space S, and let Z% r S n, be a C-cych on a compact subset M of P such that 
Z’' ~ 0 mod K in P, where K is also a compact subset of P. Then Z' ^ 0 mod 
K on a compact subset of P. 

And Theorem 4.6 generalizes as follows: 

4.6a Theorem. If M is an arbitrary subset of a perfectly normal, compact, Zc” 
space S, and Z**, r S n, is a C-cycle on a compact subset of M, then a necessary 
and sufkient condition that Z"* ~ 0 mod K in M, where K is a compact subset of 
M, is that for every open subset P of S that contains M, Z"" 0 mod K on a com- 

pact subset of P. 

5. Fundamental systems of cycles. In this section we shall show that for 
compact Gs subsets of an Ic” space there exist countable sets of cycles analogous 


^Compare Theorem 3.1 above. 
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to homology bases. The reader may wish to compare the material herein with 
that of §V 12. 

5.1 Theoeem. Suppose that S is W for some nonnegativejnteger r, and that 

j 'i: 7 ‘ ^ ^^Quence of open sets such that (1) Uk is compactj (2) 

u, D U,,, ; Zei M = n Uk . Then there exists a sequence of C-cycles t! , • • • , 
7n(i) , • * * j yhik)} * • • j on M such that for each ft, tI > • • • jJVnck) form a base 
for r-cycles on M relative to homologies on Uk , and Yi 0 on Ukfor i > n{h), 

pROOF^ By Corollary 3.8 only a finite number of Cech r-cycles on M are 
lirh on Ui . Let 7! , • • • , Tn(i) be a base for such cycles. Then by L^ma 
V 18.26 there exists a base for r-cycles of M relative to homologies on U^ of 
the form 7I , • • * , 7rt(i) , Z^cd+i , * • • , (if the 7^s alone form such a base 
we would, of course proceed to a where the Z's form a nonempty system). 
Now we have 

«(i) ^ 

L ®’7< = r' on Ui , j = n(l) + !,•••, ni2). 

t »1 

Let y'i — T'i — Z] . Then yl , • • • , , 7»ti)+i , • • • , Tnca) form a base for 

cycles of M relative_to homology on . For suppose there exists a relation 
~ 0 on Uj . Then substituting for the y'i for i > n(l), the cycles 
Ti — Z', , we get 

n(l) r n(2) "] n(2) 

E + E hi - E ~ 0 on U 2 . 

L j-nCD+l J j*-n(l)+l 

If some U js not zero, a contradiction of the lirh of the original set of cycles 
tJ , ZJ on U 2 results. And if all 6' are zero, then a rel^ion 0 on 

U 2 results. As the 7i , i = 1, • • • , n(2), then, are lirh on U 2 and n(2) in number, 
they form a base of the required sort. 

5.2 Corollary. If S is a locally compact and W space, and M is a compact 
Os in S, then there exist open sets Uk as in the hypothesis of Theorem 5.1, and 
consequently C-cycles of type y[ , • • • , jn^ ? • • • • In^ particular, if Y i^ any 
C-cycle on M and P is an open set containing M, then 7*“ is homologous on P to a 
finite linear combination of the cycles 7^ . 

5.3 Definition. A set of cycles such as the collection 7^ whose existence 
is proved above will be called a fundamental system of r~cycle$ of M. The 
justification for this terip.inology will appear in the sequel. In the meantime 
we record the following obvious corollaries: 

5.4 Corollary. Every compact subset of euclidean space has a countable 
fundamental system of Cech r-cycles for every dimension r. 

For instance, reverting to the Peano continuum Af of V 12.1, it may be shown 
that M has a fundamental system {7^} such that 7* is a cycle on Mk . 
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5.5 CoROLLAEY. Every com'pact subset of a locally compact, metric, W" space 
has a countable fundamental system of Cech recycles. 

The r-dimensional homology group of a compact set M having a countable 
fundamental system of Cech r-cycles as above will bear further analysis. Let 
the cycles yl , • • • , ^ be determined as before (Theorem 5.1) relative 

to the open sets ?7i , • • • , C/* , • • • . Let {Zl}, {Zl} be elements of 
with Zl G {Zl}, Zl G {Zl}. Then we define a distance function 
{Zl}) = l/k, where k is the large^ positive integer such that Z[ Z^ on TJ^ , 

if such a k exists. If Zi Z^ on TJx , we let p(^{Zi] , {Z 2 ]') ~ Ij and if Zi Z 2 
on aU U, , we let p({Z[}, {Zl}) = 0. By Corollary V 21.12, p{{Z[}, {Zl}) == 0 
implies that Zl ^ Zl on M, hence [Zl] — {Zl}, We leave to the reader the 
rest of the details of the proof that in this manner H\M; 5^) becomes a metric 
space. 

The metric space so defined is complete. Consider a Cauchy sequence (1 3.2) 
of homology classes {Zl}, ^ 1, 2, 3, • • • , and Zl G {Zl}. By Lemma V 8.7 

there exists a complete family S' of coverings such that if U G S', there exists 
an open set P containing M such that if ?7 G U meets P, then U meets M, 
For each such U let us choose the Uk with smallest subscript k{Vi) > 1 such 
that C7ft(U) can serve as a set for U. Let i(U) be the smallest natural 
number such that p({ZJcu)}, {ZJ(U)+«}) < 1A(U) for all s: that is, ZJcu) ^ 
Zl(U)+s on Uk(U) for all s. Let Z\U) = Zl^u)(Vi). Then Z"" is a (7-cycle on 
M. For suppose U, 23 G 2', SS > U. We must show that 7rui8-Zi(a})(2S) ^ 
Zi(^-\x){)X) on Af. 

There are;^o cases: (1) If A(2?) ^ &(U), then i{S8) ^ ^(U) and ZJ(U)(U) ^ 
(U) on ?7*(U) and hence on M. Since ^U582^<08)(23) ^icoCU) on M, the 
required homology follows. (2) If /b(2S) < k{V^, then ^(33) ^ i(Vi) and 
ZliiQ)(^) Zl (u)(SS) on Uk(i8) and hence on M. Consequently 7ru5S'^i(5S)(S3) 

rnssZl(xi)(SS) on M, and from ttusuZIch^C^) ^ Zl^u){Vi) on M the required re- 
lation again follows. 

To see that lim»-»<„{Zi } = , select any Uu and let AT* be the smallest natural 

number such that Zl ^ Z) on Uk for all i, j ^ Nk • Let 2" be the set of all 
elements of Z' that are refinements of the covering constituted by the open 
sets Uk , S — M, If l^G 2", then ft(U) S k, hence i(U) ^ AT* . Consequently 
Zl.nAVi) ^ Zl(U) on Uk for all i ^ iV, . 

If, now, we define = lini^-»<» ? where the yl are the 

elements of the fundamental system of r-cycles of M, we see that every such 
sum exists since the partial sums form a Cauchy sequence. Con- 

versely, every cycle y"" of M satisfies a unique homology of the form y** ^ 
a^yl . The latter may be obtained as follows: Let y*" ^ odl 

Ui and 7** ~ Vyl on U 2 . Then a* == 6* for i = 1, • • • , n(]0, since other- 
wise there would exist a homology (a* b^)yl ^ 0 on C7i . In other 

words, the coefficient of yl , for nQc) < i ^ n(k + 1), is the same as in the 

homology 7** ~ a^l . Then 7*' ^ , by application of 

Corollary V 21.12. 
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Viewed from the standpoint of the Cauchy-Cantor-Meray-Hausdorff con- 
struction for completing a metric space, the space H\M] 9^) is the ‘ 'completion’’ 
of the space Wf{M ; ?F) which consists of all finite linear forms 7i ; G 9^, 

and whose metric is determined as above. We have proved, then: 

5.6 Theorem. J/ 8 is a locally compact^ W space and M is a compact 

in Sf then the group H\M\ forms a complete metric space having a countable 
subset rj , * • • , Ti , • • • such that Tf = 0 and every T’’ G H^M] is 

uniquely expressible in the form r”* = X^-i , a* G 9^- In particular, the 
vector subspace Hf{M; generated by the base elements T* is dense in 
and uniquely determines the latter. 

Finally, we observe that the space Hf{M; 9^) above — and hence H\M] 9^) — 
is of a unique type. This is trivial for the finite-dimensional case, of course. 
If Ml , M 2 are compact spaces of type M — i.e., each is a in some locally 
compact Ic"* space — and 7^ , i = 1, 2, • • • , Z\ , i ^ 1,2, • • • are respective 
fundamental systems of r-cycles, then for each X^-i G HK^i ; let 

correspond the element of This is not only an iso- 

morphism between these spaces as vector spaces, but a homeomorphism between 
the complete metric spaces. This is a direct result of the fact that a relation 
XJ-i 0 on J7;fc implies that c = Ofori ^ n{k)- Hence if limy^eo 

~ then ultimately al = a* for i — 1, 2, • • • , A and 

al for i > his nonzero only for greater and greater values of i. 

Another way of looking at the matter is to observe that the topology of 
j6r’‘(M; 9r) as set up above turns out to be the same as that of the product space 
(I 12) formed by a countable collection of sets 9^,* , where each SF*- is isomorphic 
with the field CF. We leave the details of the proof of this fact to the reader. 

5.7 Theorem. The groups fi) of compact G^ subsets of locally compact, 

W spaces are completely determined as to topological structure by the field ^ and 
the Betti numbers p''{M] CF); for p''(M; 9^) infinite, this structure is always that of 
the product space of a denumerable collection of sets SF*- each of which is isomorphic 
with the field $F. 

Remark. Theorem 5.6 is a generalization of a theorem of Vietoris [a] to 
the effect that the r-dimensional Betti group of any compact metric space has 
a fundamental system of cycles F* such as that of Theorem 5.6. For since (1) 
in a compact metric space the homology theory in terms of the Vietoris cycles 
and C-cycles are equivalent, and (2) every compact metric space can be im- 
bedded in the fundamental parallelepiped of Hilbert space (Theorem III 1.14), 
it follows that every compact metric space satisfies the hypothesis and con- 
clusion of Theorem 5.6. 

The significance of the above theorems for the cohomology groups of compact 
spaces imbeddable as G^ subsets of locally connected spaces is brought out 
by the following theorem: 
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5.8 Theorem. If the compact space M is imbeddable as a Gs in a locally 
compact, Id" space S, then there exist a fundamental system {yl*} of r^-cycles of M 
and a countable base {7^} for cocycles of M relative to cohomologies on M such 
thatyl • yl = , In particular, Hf{M) = Hr{M\ 

Proof. Identify M with the M of Theorem 5.1. Having selected yl , • 

7^(1) as in the proof of that theorem, let 7r , • • • , 7"^^^ be cocycles mod ^ — ?7i 
such that 7l-7r = ; i, j ^ n(l). This is po^ible by Theorem V 18.30. The 

cocycles yl form a base for cocycles mod >S ~ ?7i relative to cohomologies mod 
S - M, __ 

By Lemma V 18.27, a base for cycles of M relative to homologies on U 2 may 
be formed by the addition of cycles yl , i = n(l) _+ 1, • • • , n( 2 ) to the set 
ylf * • * , 7n(i) , and a base for cocycles mod S — U 2 relative to cohomologies 
mod S -- M canhe formed by the addition of cocycles yl , j = n{l) + !,**•, 
n{ 2 ), mod aS — U 2 jio the set 7^ , • * • , yl^^\ in such a way that 7i-7r = for 
alii, j ^ n(2). 

Continuing in this manner, there are generated two (finite or infinite) sequences 
{Ti}? {yl} such that (1) for each , the yl for i ^ n{m) form a base for cycles 
of M relative to homologies on , (2) the yl for j ^ n(m) form a base for 
cocycles mod S — relative to cohomologies mod S — M, and (3) 7r7r = 
dl for all i, j. 

Now we assert that the cocycles yl , as cocycles mod S -- M, form a base 
for cohomologies mod S — M. In the first place, they are lircoh mod S — M, 
For a relation 0 S -- M would imply for some j (such that 

bj 9 ^ 0) that yl-yl — 0 (the cycles yl being on M). And in the second place, 
if 7r is any cocycle mod S — M, given on some covering U of S, let 33 > U 
such that if the closure of a simplex of 33 m^ts M, then the simplex is on M 
(Lemma V 8.7). Then 57r*u5Q7r is in /S — Um for some m, and hence there 
exists SB > 33 such that 7r*sBSB7r*uss7r ^ u,7r mod S — M. 

That the set {7^} forms a base for cocycles of M relative to cohomology on 
M follows from V 8.11. 

6. Local co-connectedness; local connectivity numbers and local dualities. 

As in the case of local connectedness, the concept of local-co-connectedness may 
be formulated in various ways. The strict analogue of Definition 1.1 above is 
as follows: 

6.1 Definition. The space S is n-colc (locally co~connected in dimension n) 
at the point x if for each open set P containing x there exists an open set Q 
such that X S Q (Z P and such that if is a cocycle in Q, then in P, 

It will be recalled that if Zn is defined as 2i„(U), then for any 33 > U, 7r*us82:„(U) 
is in Q if 2:„(U) is in Q. And by 0 in P is meant that for some 33 > U, 
there is a chain c””^(33) in P such that 5c'‘"^(33) = '7r*uffi2J«(U). Consequently 
the above definition may be stated in the following equivalent form: 
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6.2 Definition. S is n-colc at a: G /S if for each open set P containing x 

there exists an open iset Q such that x E: Q C. P, and for each covering U there 
exists a covering i8 > U such that if 2„(U) is a co'cycle in Q, then 7r*ui82»(U) 0 

in P. 

To see that Definitions 6.1 and 6.2 are equivalent, suppose x, P, Q are given 
as in Definition 6.1. Then, given U, there exists a finite base of cocycles of 
U in Q, say 2^(11), i = 1, •• • , k, relative to cohomologies on U in P. For each 
2n(ll) there exists a SSi > U such that ar*ti!B, 2 ;l(U) 0 on SSi in P. Let 35 > 
(33i , • • • , 33t). Then 

(a) ir2i!j2^(U) '^0 on SB in P, i = 1, • • • , k. 

Then if 2„(U) is any cocycle of U in Q, we have 

(b) 2 „(U) i: c* 2 :(U), c* G on U in P. 

Relation (b) implies that 

k 

^USQ2^n(U) 2) <5V$sBi3n(U) On S5 Ul P, 

and relations (a) and (b) imply that ^ 0 on SS in P. 

The converse, namely that if the conditions of Definition 6.2 are satisfied, 
then those of Definition 6.1 follow, is immediate. 

In Definition 6.2, given Q and S? satisfying the stated requirements, evidently 
any open set Q' such that x ^ Q' C. Q, and covering 2B > SS, will serve in place 
of Q and 58 respectively. 

The definition of uniform n-colc (= n-coulc) may be given as follows: 

6.3 Definition. S is n-coulc if given U, 58 G 2, there exist U? = U?(U) 
and 58? = 5B?(U, 58) such that if Zn(SB) is in an element of U? , then 7r|sB^«2:„(58) co- 
bounds a chain of 23? which lies in some element of U. 

6.4 Theoeem. If the compact space S is n-colc at every point, then it is n-coulc. 

The proof is virtually a paraphrase of the proof of Theorem 2.8, with Definition 
6.2 replacing Definition 1.2, tt* replacing ir, etc. 

6.5 Definition. If a space is r-colc for r = + 1, • • • , m, we may 

indicate this by the symbol colc^; colcj* is abbreviated to cole”*. 

6.6 Local connectivity numbers. Let x G and let P and Q be open sets 
such that X Ei Q (Z P- Let Z''{x; P, Q) be the vector space formed by the Cech 
n-cycles of S mod S — P (that is, given P as defined above, 2r(x; P, Q) is the 
group Sj S — P; SF) of V 7.10), and P, Q) the subspace formed by 
those cycles of Z'^ix; P, Q) that bound mod S -- Q. Let H^'ix; P, Q) = 
2r(x; P, Q)/B'^{x] P, Q), made into a vector space in the usual way, and let 
p'^ix] P, Q) be the dimension of P, Q). Evidently P, Q) is the maxi- 
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mum number of Cech. n-cycles of S mod /S — P that are linearly independent 
with respect to homologies mod S — Q, 

If Q' is an open set such that Q' C Q, then P, QO ^ p^ix; P, Q), and 
consequently there is a greatest cardinal number P) g P, Q) for 
all open sets Q which lie in P and contain x. For an open set P' such that 
P D P' D Q, P^'ix; P, Q) ^ p^'ix; P', Q), so there is a least cardinal number 
^ p”(a:; P) for all open sets P that contain a;. The number p^ix) may be 
called the n-dimensional local Betti number (over SF) of S at the point x, (In case 
it is necessary in order to avoid confusion, the space S will be indicated in the 
symbol for — thus, x). This will be particularly convenient in case 

S. is a subspace of another space.) We shall not attempt to distinguish between 
the cardinalities of infinite values of p^(x)j as a rule. However, in case p^'ix; P) 
is finite for all P, but has no finite upper bound, we write = w. And in 
case p'^ix; P) is infinite for some P, we shall write simply p'^ix) = . We shall 

find these distinctions of value later on. 

Denote by Zn(x; P, Q) the vector space formed by the set of all 7i-cocycles 
in Q and by Bn(x; P, Q) the subspace formed by those elements of Zn(x; P, Q) 
that are cohomologous to zero in P. Let P, Q) = Zn(x; P, Q)/Bn(x; P, Q), 
made into a vector space, and denote the dimension of Hn(x] P, Q) by Pn{x\ P, Q). 
In analogy to the above, we may define a number P) g Pn{x] P, Q) and 
a number Pn{x) ^ Pn{x) P). The number Prfx) may be called the n-dimensional 
local co-Betti number of S at x. (The symbol Pn{Sj x) will be used when it is 
advisable to indicate the space determining the number Pn{x).) Regarding its 
infinite values we make the same conventions as in the case of 

6.7 Theorem. If either of the numbers Prfx) P, Q), P, Q) is finite^ 
then they are equal. 

Proof. It is only necessary to notice that the two vector spaces Hr,{x] P, Q), 
ir{x] P, Q) form an orthogonal dual pair relative to the usual multiplication 
between cocycles and relative cycles as defined in Chapter V. If is a C-cycle 
mod S — P which fails to bound mod S — Q, then a fortiori z"" is a cycle mod 
S Q which fails to bound mod S — Q. Hence by Corollary V 18.24, there 
exists a cocycle Zn in Q such that ^ 0. Conversely, if a cocycle in Q 
fails to cobound in P, again by Corollary V 18.24 there exists a C-cycle ^ mod 
S — P such that z^-^ 9 ^ 0. Hence P, Q) and ir{x\ P, Q) form an orthog- 
onal dual pair. 

6.8 Corollary. For each x ^ Sj Pn{x) = 

The reader may prove the following theorem: 

6.9. Theorem. In any topological space S, if x S S, then p^(x) is always 0, 
1 or 00 . The value 1 occurs if and only if x is not a limit point of S — x. And if 
for some Tleighborhood P of Xj every qimsi-component of S meets /S •“ P, then 
p\x) = 0. 
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It has probably already occurred to the reader that the case = 0 corre- 
sponds precisely to the case where 8 is n-colc at x. And in combination with 
Corollary 6.8 we have, 

6.10 Theorem. In order that S should he n-colc at x E: 8, it is necessary and 
sufficient that either Pn(^) = 0 or p^{x) = 0. 

6.11 In arriving at the conclusion just made, it was necessary to observe 

that if p^(x) is finite, then any open set which contains x will also contain open 
sets P and Q such that xEQ GP and p^(x; P, Q) = == Pru(x) == p^(x; P, Q). 

Such a pair of neighborhoods P and Q will be called a canonical pair of neighbor- 
hoods of X (relative to n and the local Betti number). 

6.12 Corollary. If the space 8 has only a finite number of components, then 
it is 0-colc at all points. 

Exactly as the numbers Pn{^) and were defined, there may be defined 
numbers g^{x) and g^ix) by interchanging the roles of cycle and cocycle. That 
is, g^{x) is defined in terms of absolute cycles and gr,{x) in terms of relative co- 
cycles. Starting with x, P and Q as before, P, Q) will be the number of 
C-cycles on Q that are linearly independent with respect to homologies on P. 
Eor Q D g^{x] P, Q) ^ g^{x] P, Q'), so that g^{x) P) can be defined as the 
greatest cardinal number such that g {x] P) g P, Q) for all Q. If P 3 
P' D Q, P, Q) S P', Q), so that can be defined as the least 
cardinal number ^ g^'ix; P) for all P. As in the case of p'^ix), if g'^ix; P) is 
infinite for some P, then we write g'^ix) = oo . It will be unnecessary to make 
any further conventions for the case of g^ix), however, because of the following 
theorem. 

6.13 Theorem. The only two possible values of g^{x) are 0 and . 

Proof. Suppose that g''{x] P) is finite for all P. Then, given P, there exists 
Q such that g^ix; P, Q) = g'"{x; P ) ; denote this common value by k and suppose 
k > 0, On Q there are exactly k C-cycles, say Zi , • - • , zl , that are linearly 
independent with respect to homologies on P. There exists U G S such that 
for all 2? > U, are linearly independent with respect to 

homologies on 25 A P (Theorem V 19.2). 

Denote those elements of U that meet Qh^Ui , • •• , U^n * Suppose x E Ui . 
Let F ^ an open set such that x E V and V G Ui r\ Q, For i > 1, let F*- — 
Ui — F. Then the covering 25 obtained by replacing Ui by F,- , i > 1, in U 
is a refinement of U in which only one element, Ui , meets F. 

Let y\ be a (7-cycle on F that is oo o on P. Then ^ on P, where 

each c E ^ and not all c^'s are zero. In particular, 

y’lm -- E 


(6.13a) 

But tJ(S3) = 0. 


on 93 A P. 
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Hence 23^-1 ^ 0 on SS A P, contradicting the fact that the cycles 

2 ,- (25) are linearly independent with respect to homologies on 2S A P. It must 
be concluded, then, that k = 0; i.e., = 0. 

The proof of 6.13 also establishes the following theorem which will be found 
very useful later on. 

6.14 Theorem. In order that S should he n-lc at x ^ it is necessary and 
sufficient that each operi, set which contains x also contain a pair of open sets P, Q 
such that X ^ Q d P md such that g'^ix; P, Q) is finite. 

6.15 Corollary. In order that S should he n-lc at x d S, it is necessary 
and sufficient that either g^{x) = 0 or g^ix) = 0. 

(The dualities g^{x] P, Q) = g^(x; P, Q), and hence g'^ix) = gn(x)j are proved 
as in the case of the numbers 

As a corollary of 3.8 and Theorem 6.14 we may state: 

6.16 Theorem. If S is a locally compact space, then a necessary and sufficient 
condition that S he Id^ is that for every compact subset M and open set P containing 
M, the number of r-cycles on M that are lirh on P is finite, r S n, 

7. Properly (P, Q)^ . The various types of local connectivity defined in the 
previous section may be extended so as to be special cases of what we might 
call connectivity numbers about a set The sole change, to accomplish this, is to 
replace the point a: by a subset of S which is not necessarily a single point. 
Although we shall not have occasion to pursue this idea further in the present 
chapter, we shall find it useful later on (see VII 8). For the present we propose 
to investigate a related notion. 

7.1 Definition. A locally compact space S will be said to have property 
(Pj Q)n , ^ a non-megative integer, if for every pair of open sets P, Q such that 
Q is compact and Q C Pj the vector space HrfS: Q, 0; P, 0) is of finite dimension. 

We shall prove the following theorem: 

7.2 Theorem. If the locally compact space S has property (P, Q)rt+i , and 
Pn(x) is finite or co for all x d S, then S has property (P, Q)^ . 

Proof. Evidently if P D P' S Q' D Q, and the number p„(aS: Q', 0; P', 0) 
is finite, then Pn(/S: Q, 0; P, 0) is finite. For each x d ^ and open set 0 con- 
taining X, there exist P(3;) and Q{x) such that 0 Z) P{x) 3 Q(x) Z) x and 
Pn(S: Q{x), 0; Pix), 0) is finite. Then any open set Q^(x) such that x d Q'(x) 
and Q\x) C Q(x) yields a pair of sets P(x), Q'(x) which we call a special canonical 
pair for x, _ 

Suppose now that P and Q are given. Since Q is compact, we may replace 
P by^ smaller open set who^ closure is compact, so that we may as well assume 
that P is compact, lix d luay select a special canomcal pair P{x), Q'(a;) 
such that P(x) C P, and since Q is compact we may cover Q by a finite number 
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Q'ixi)) ■ , Q'iXk) of the sets Q'(x). Then if p„{S: \Jl^Q'(x,),0]^UP(x,),0) 

is finite, the proof is complete in view of the opening remarks of the proof. 
Hence we may confine our attention to the case where Q is a set of type 
UU Q'(x.). 

Evidently if = 1 above, the theorem is proved. Suppose it has been proved 
for the case where Q is the union of at most m sets Q'(Xi), m ^ 1, and let 
Q^(x^)j i == 1, ‘ • , m + 1, be a set of special canonical pairs. Let Pk 
P{xd, Qi = UU Q (Xi^. If L) Qw+i } the proof is complete. Otherwise, 
let Q"{Xi) be chosen such that P{x^) D Qix^) 3 Q^'ixi) 3 Q'(xi)y for each i; 
the pair P(x,-), Q^'(xt) is again a special canonical pair and the induction as- 
sumption applies. We may therefore assume that the set == Ur-i Q"ixd 
does not contain Q''(x„+i). Let R = Q'J r\ Q"(xm*i)‘ Then 

(7.2a) r\ {QL - Q"{x^,,)) = 0. 

For if this set contained a point p, then dnce Q'Jl Z) QL , P would be a point 
of the boundary of Q”(^m+i) iu Q'J and p G Q'(Xi) C Q''(X{), i ^ m; but all points 
of Q"(a:m+i) in Q"{x^) are in R by definition and have therefore been removed 
from Q"(x ,n*i) when R ha s been ^leted from this set. Hence p ^ Q"(a:„+i) — R. 
Let F = Q''ix,^+i) ~ R, T == Q'„ ~ Q"(x„+i); Y and T are disjoint compact 
sets by virtue of (7.2a). _ 

Since Fjs comp^t, there existe an open set 0 D Y such that 0 r\ T = 0. 
Let F = Q'„+i Pi (<!.— 0). As 0 does not meet — Q"(x„+i), a point of F 
must be a point of in Q"(x„+i), or of Q'(x„+i) in Q4' , hence a point of R. 
That is, F C. R. Also, QL+i — F = A\J B separate, where B — Q'„+i A 0. 
Let (7 be an open set such that R 3 G Z) F. 

Since S has property (P, Q)„+i , there exists an integer p such that every 
p (n + l)-cocycles of G satisfy a cohomology relation in R. Also, by the in- 
duction assumption, there exists an integer a such that every a n-cocycles of 
Q'Z satisfy a cohomology relation in P„ . And there exists an integer such 
that every /S n-cocycles of Q''(Xn+i) satisfy a cohomology relation in P(a:„+i). 

Now suppose there exist a-^-p cocycles zi , " of Q'„+i that are 

independent with respect to cohomology in P. We may select a covering U of 
S such that to each z'n , i = 1, • • • , a- p-p, corresponds a cocycle of U in the 
same cohomology class with z'n ; with no loss of generality we may suppose these 
to be the «« themselves. And we may suppose that U is selected so that St 
(F, U) C G. We split each Zn into chains 4i , 2^2 , where 4i consists of the 
portion of z^ that is in A. Evidently each coeycle 2^+1 = 52*1 is in G. Hence 
each p of them satisfy a cohomology relation 

i"HP 

(7.2b) 20 CiZn-^.i'^O in R; p = 1, 2, • • • , a-jS. 

Consider the cocycles 

(7.2c) r: = 20 c,2i , 


M = 1, 2, • • • , a/3. 
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As these are linear combinations of the zl, , they must be lircoh in P. However, 
the cohomologies (7.2b) imply that for each jit there exists a chain PS in B such 
that, if 

HP HP 

j rn2 ^ Ci,Zn2 } 

i“(j«~l)p + l i«(ju— Dp + l 

then 

(7.2d) r;: - t:, - n, = - co + (c: - o, 

where the chains in the parentheses are cocycles of Q'J and Q'\x^+i) respectively. 

Letting jni = Tni ~ Cn , 7»2 — Cn— Tn2 , and recalling that every a cocycles 
of Q'J satisfy a cohomology relation in , we get relations 

S ^0 in Pm ; V = 1,2, ••• y 

a + 1 

, i = 1, 2. The i3w-cocyclesT^2 satisfy a cohomology 
Y!, 0 in P(a:„+i). 

y=>l 

But by (7.2e), 

Y^y Y 0 in Pm , 

and adding these relations to (7.2f) we get 

Y^y Y '—0 in P. 

1.-1 B-(»-l)o+l 

Thus the cocycles Tl are not independent in P, contradicting the fact that, 
being linear combinations of the coeycles 4 , they must not satisfy any cohomol- 
ogy relation in P. 

This completes the proof. 

In the material that follows, we have need of the concept of dimension of a 
space. The one most convenient for our purposes is defined in terms of coverings 
as follows; 

7.3 Definition. The order of a covering U is the largest integer n such 
that there are n -+- 1 elements of U that have a nonempty intersection. We may 
appropriately use the term dimension of U instead of order, if we consider 11 
as a complex. 

7.4 Definition. A compact space S is said to be n-dimensUmal, or to be 
of dimension n, if is the smallest integer such that every covering has a re- 
finement of order n. If no such n exists, S is said to be infinite-dirnensioncil. 

Definition 7.4 may be adapted to the case of locally compact spaces if we 
make use of the notion of coverings finite relative to a subset: A covering 11 
is called fini te relative to a set M if St(Jlf, 11) is finite. 


(7.2e) 
Let 'Ynj 
(7.2f) 
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7.5 Definition. A locally compact space S is said to be n-dimensional if 
n is the smallest integer such that for every covering U and compact subset 
F of S, Vi has a refinement of order n finite relative to F. 

Examples. The ordinary circle, has the property that given any covering 
U, there exists a refinement of U consisting of a set of open intervals lo , Ii , 
• • - , /fc such that If r\ Ij ^ 0 only if | i — j* 1 = 1 mod & — 1. 

If S is the cartesian plane, let A; be a fixed integer and consider the ^^lattice'^ 
formed by the lines x = mfkj y ^ m/k, for all integers m. Each lattice point 
p is a vertex of 4 squares, but a slight translation in the x direction of the lower 
two squares will place p on only 3 of the squares. Then if each square is en- 
closed in an open set which is not too large, a covering of S results which has 
order 2. 

In general, the euclidean n-sphere, may be shown to be n-dimensional 
according to the definition 7.4 by using a device similar to that of the pre- 
ceding paragraph. (See Lebesgue [a].) 

For later purposes we note the following two theorems: 

7.6 Theorem. If the compact space S is n-dimensional, then Hr{S) = 0 for 
nil r > n. 

(If Zr is a cocycle of S, then there exists a covering U of order n on which Zr 
has a coordinate. Evidently Zr(VL) == 0.) 

Remark. The same type sof argument shows that all C-cycles on compact 
subsets of an n-dimensional, locally compact space S, which are of dimension 
greater than n, bound on those subsets. 

7.7 Theorem. If the locally compact space S is n-dimensional, then for every 
X ^ S and r > n, p\x) = Pr{x) == g^x) = gr(x) = 0; hence S is r-lc and r-colc. 

We can now state the following corollary of Theorem 7.2: 

7.8 Theorem. If the locally compact space S is of dimension n, and Pn(x) is 

finite or w for all x ^ S, then S has property (P, . 

Proof. Given P and Q as in Definition 7.1, since every covering has a re- 
finement of order n finite relative to Q, every (n + l)-cocycle in Q is equivalent 
to 0 and it is therefore trivial that S has property (P, Q)n+i . 

7.9 Theorem. If the locally compact space S is of dimension n, and pr(x) is 
finite or a? for allx ^ S and r ^ n, then S is W, 

Proof. S is n-lc. By hypothesis, if x S >S and P is an open set containing 
X, then there exists Q such that xEiQdP and such that Pn{x] P, Q) = p^(x; P) = 
a finite number k. Let P be an open set such that a; £ P C Q. Then at most 
k Cech n-cycles on P are linearly independent with respect to homologies on P. 
For suppose there exist k + 1 C-cycles 4 on P that are linearly independent 
with respect to homologies on P. Then (see the closing rerdarks on V 18) there 
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exist cocycles zl, mod S P such that zli‘Z^ = 8[ . We may assume that the 
cocycles zi all lie on a covering U of order n such that St(^; U) C Q. Then 
the portion of zl on ig is a cocycle in Q, since 5i^(U) = 0. But inasmuch 
as pn(x; P, Q) = k, there must exist a chain c„-i(U) in P such that 8Cn-i == 

* Then since a% is a cobounding cocycle, its product with 

every n-cycle mod S — P must be zero. Now not all the a* are zero; suppose 
in particular that 9 ^ 0. But since is the entire portion of z\ on P, and 
^ is on P, = 0 if i 1 and = 1 if f = 1. Hence = 

a^'tr,'z\ = As a result of this contradiction we must conclude that g^{x\ P, P) 
is finite, and that S is n-lc at x follows from Theorem 6.14. 

S is r-lc, r <n. Given x^S and P as before, we select Q so that [x] P, Q) = 
p,(x; P), and Q is compact. Let U and F_be open sets such that x E. V C. 
U and Jet P denote the open set Q — V. Let W be an open set such that 
P 3 TF D (C7 t7). 

By Theorem 7.8, S has property (P, Q)« , Hence by successive applications 
of Theorem 7.2, S has property (P, Q)r+i . Therefore there exists an integer 
m such that every m (r + 1 ) -cocycles of TF are related by a cohomology relation 
in P. Let k == m[pr{x] P, Q) + 1 ]. Then we assert that there are not as many 
as k r-cycles on F that are linearly independent with respect to homologies 
on P. For suppose that , * • • , z* are cycles on F that are linearly independent 
with respect_to homologies on P. Then there exist cocycles zj , j = 1, • • • , 
fc, mod S — P such that z^z^ = • Denote by the portion of zl on U. Now 

we may assume that each zl is on aj 3 overing U such that St(i!7, U) C IF. 
Then zl+i = Szl is both in S -- U and U \J W; hence in TF. Consequently 
in groups of w-cocycles each, the cocycles zl+x are related by cohomologies in 
P, and following methods similar to those used in the proof of Theorem 7.2 
we show the existence of A/m = Pr{x; P, Q) + 1 cocycles Tl which lie in Q, 
Some linear combination 7 ^ = ayTl of these cocycles must cobound in P, 
so that 7 r = 0 for i = 1 , • • * , A. But the cycles z[ all lie on F and a contra- 
diction is obtained as in the proof of n-lc above. 

It is interesting to observe, perhaps, that if we denote by IcJ the property of 
being r-lc for r = A, A + 1> • * * ? then the above argument also proves: 

7.10 Theorem. If the locally compact space S is of dimension n and Pr{x) g 
w for allx E S and all r such that 0 g A ^ r ^ n, then S is hi . 

7.11. Remark. As will be seen later (VII 2.25), Theorem 7.9 has a converse 
in that every n-dimensional, locally compact, Ic” space has Pr{x) ^ co for all 
S and r g n. 

For use in the sequel, we record the following consequence of Theorems 7.2 
and 7.8: 

7.12 Theorem. If S is an n-dimensional^ locally compact space such that 
Prix) ^ 03 for allx E S and all r S n, then S has property (P, Q)r for all r S n. 
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8. Other types of higher dimensional local connectedness. Although the 
lc° spaces form the special case, n. = 0, of the Ic” spaces, there exists at least one 
notable property of the lc° spaces that fails to undergo a corresponding strength- 
ening as the degree of local connectedness is raised. From Theorems III 3.3, 
III 3.10 and V 11.9 it follows that if a locally compact space is 0-Zc, then x ^ S 
and U an open set containing x imply the existence of a strongly connected (cf. 
VII 6.1) open subset V of S such that x ^ V (Z U;m brief, the group hl(U) = 0. 
(The group h^S) is discussed in full in VIII 2.1. For present purposes it suflaces 
to say that p (JI)=k implies that there exist k and only k r-cycles on compact 
subsets of ij that are lirh on compact subsets of TJ,) The question arises, if a 
locally compact space is 1-lc, or even lc\ do there exist for each point arbitrarily 
small neighborhoods that have h^{XJ) = 0? 

Simple examples show the answer to be negative. Such examples may be 
cpnstructed from either of the configurations of type Ti or in the accompany- 
ing figure. Each is obtained by an ^‘identification'^ of two points of a closed 




2-ceU (II 5); in type Ti , p was formerly (before identification) two distinct 
interior points of the 2-cell, while in T 2 , p was formerly a boundary point and 
an interior point. In each case, Ti is an irreducible membrane (VII 2.20) 
relative yi , where yl is the fundamental 1-cycle of the — J 1 in the figure — 
forming the boundary of the original 2-ceU. But each configuration contains 
a set, J 2 f also an S^j whose fundamental 1-cycle, yl , fails to bound on Ti . 

If two figures of type Ti are joined in such a way that the J 2 of the first be- 
comes the Ji of the second, then all 1-cycles of the former bound on the new 
configuration, but the yl of the latter is still nonbounding. And if several 
figures of type Ti are joined serially in this fashion, always the 72 of the last 
remains nonbounding, while each 72 of the preceding bounds only on its suc- 
cessor. Such a configuration as the latter can be used to form a circular ordering 
of sets of type Ti , by allowing the J2 of the last to become the Ji of the first; 
such a configuration may be called a Ti-cycle of order n, where n is the number 
of sets of type Ti involved. 

In a sufficiently high-dimensional Euclidean space (dimension 4 is certainly 
high enough in the case of T 2 , since a Ta-oycle may be represented in a 3-space), 
let r be a circle — ^an — ^and let r,-cycles of order n* , A = 1, 2, 3, * • • , in parallel 
hyperplanes, converge on T. If this is done in such a way that n* — > co , each 
of the njfc sets of type Ti in the fcth Trcjcle having diameter < dj, where lim 5* == 
0, etc., the resulting configuration will be 1-lc, but small neighborhoods tl of 
points of T will necessarily have p^(U) = «> . 
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To obtain an example that is lc\ one may introduce 2-dimensional sets joining 
the ir,-cycles of the above configurations to make the set 0 -lc, without destroying 
the 1 -lc property. It might also be remarked that these configurations are also 
locally 1 -connected in the sense of homotopy — ^indeed, LC"; cf. Lefehetz [Li]. 

Evidently the above suggests a definition of local connectedness of a stronger 
type than the r-lc property — ^i.e., one which requires the existence for the point 
in question of arbitrarily small simply r-connected neighborhoods; or, in the 
case of locally compact spaces, of arbitrarily small neighborhoods U such that 
b'CLF) = 0. And inasmuch as by Theorem III 3.3, the Ic property induces 
ulc neighborhoods, possibly an even stronger t 3 pe of local connectedness in 
case r > 0 is obtained by the requirement of arbitrarily small r-ulc neighborhoods 
(in the sense of compact cycles for the locally compact spaces). 

It might be of interest to study the implications of such types of local con- 
nectedness — ^in the homotopy sense as well as in the homology sense. 

For further discussion of these matters the reader is referred to IX 7.8; also 
to Begle [c]. 
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CHAPTER VII 


APPLICATION OF HOMOLOGY AND COHOMOLOGY THEORY TO 
THE THEORY OF CONTINUA 

The extension of the notion of cycle from the classical case of the geometric 
complex to the case of the general space accomplishes, as we have seen in 
Chapter V, what may have been considered its primary purpose; viz, to attach 
to the space the invariant It becomes apparent, however, tha't the 

theory of homology and cohomology, as extended to the general space, provides 
a most useful tool for the attack on problems of a set-theoretic character that 
were not heretofore even considered — ^that in many cases could not even be 
formulated because of the lack of the language of cycles and homology in which 
to express them. 

We have seen in Chapter VI in the case of local n-connectedness an instance 
of the use of homology in extending a familiar point set notion to a more general 
setting — the local connectedness of the Peano space, for instance, becoming 
the 0-dimensional case of a general theory of local connectedness. In the 
present chapter we prepare the ground for further applications. First, we shall 
set forth a number of lemmas which constitute part of what one might call the 
^'mechanics'^ of, or ^^rules of operations'^ with cycles and cocycles. 

1. Fundamental lemmas. Throughout this section, K and M will denote 
closed subsets of the space 8 such that K Q M. Cech cycles will be denoted 
by single symbols, bb Z%y\ • * • , their coordinates on a covering U by Z''(U), 

Tm ••• . 

1.1 Lemma. If > 0) is a cycle mod K on Af, then the collection } 

is an (r — l)-cycle on K, which we denote by dy''. Evidently By'' ~ 0 on AT. 

Proof. That y** is a cycle mod K implies not only that <97"^ (U) is on Kj but 
also that for every pair SS > U there exists a chain such that 

(1.1a) BC^^WO = YOX) - - A\U), 

where A'‘(U) is on K, Applying B to (1.1a) and transposing, we get 

By^Vi) - Tu^ByXSS) = BA\Vi). 

Hence {^ 7 *^(U) } is a cycle on K which we may denote by By"", 

1.2 Lemma. If yl and yl are cycles mod K on Af, then y[ ^ yl mod K 
implies that Byl ^ Byl on K. 

An important special case of Lemma 1.2 is: 
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1.3 Lemma. If y'' is a cycle mod K on M such that 7 ’' ~ 0 mod K then 
dy' 0 on K. 

1.4 Lemma. If y' is a cycle of K such that y' 0 on M, then there exists a 
cycle y’’*^ mod K on M such that dy'"^^ ~ y' on K. 

Proof. If 33 > U, then 

(1.4a) ■3rusj7’'(3 S) ~ t’^(U) on K. 

And by hypothesis, for each covering 33 there exists a relation = 

7X33) on M. Consequently we have 

(1.4b) = ir„aj7X3S). 

Relations (1.4a) and (1.4b) imply that 3xu®C'’"^X3S) E [tXU)]*) where [yXII)]* 
denotes the coset of H'iK, 0; U) (V 7.7) determined by 7’’(U). Note, too, that 
the “ — ” in (1.4b) may be replaced by on K” and the statement just made 
still holds. Let ^ be the homomorphism of Z''(K, 0; fF, U) into H\K, 0; ?F, U) 
mapping 5’’ (if, 0; SF, U) into the coset 0. Consider the homomorphism 

<pd : K] 3r, U) ^ W{K, 0; CF, U). 

Evidently [yXU)]* is the image of some coset of K; JF, U) under this 

homomorphism, and we denote this coset by {C'^XU)} — since it contains the 
given chain C^XU)- 

We have, then, for each U, a flat (C^XU)} in the space Z^*'^(M, Kj 0F, U), 
such that for each 33 > U, 5ras{C"'^^(3S)} C {C’^^CU)}. Consequently, by 
Theorem V 10.2, there exists a cycle 7’"^' mod K on M such that 'y’”^Xll) S 
{C"*XU)} and therefore a7 ''^XU) yX^) on K. 

1.5 Lemma. If y' is a cycle mod K on M, and there exists a cycle Z' such 
that y’’ ~ Z' mod if, then dy’’ 0 on K. 

Proof. Let 7’' — Z' be the cycle y' of Lemma 1.3. 

1.6 Lemma. If y' is a cycle mod K on M such that dy'" 0 on K, then there 
exists a cycle Z' on M such that y" ~ Z' mod if on M. 

Proof. For each U there exists a chain L’'(ll) on if such that dL'iU) = 
a7XU). Hence 7XU) - LXU) is a cycle PXU) of U A ilf such that PXU) ~ 
7XII) mod if. 

Let [r’'(U)]* be the set of all absolute cycles of U A Af such that r’'(U) ~ 
7XU) mod K. As just shown, this is a nonempty class for every U. Further- 
more, [r’'(ll)]* is a flat in the space of r-cycles of U A M, modulo the subspace of 
cycles that are homologous to 0 mod if, etc. Hence by Theorem V 10.2, there 
exists a cycle P’’ of M such that for each It, r'’(lt) G [r'‘(U)]* ; and r’" ~ 7’’ 
mod if on M. 

By the same method as just used to prove Lemma 1.6, we also have: 
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1.7 Lemma. If A and B are closed subsets of M and Y is a cycle mod A \J B 

on M such that By'" ^ 0 mod A on A \J B, then there exists a cycle Z** mod A on 
M such that y** Z"* mod A U B on M. 

[Lemma 1.6 is the case A = 0, B = if of Lemma 1.7.] 

1.8 Lemma. If Y 'is ci cycle mod K and 2’’’ is a cycle mod K on M such that 

y"" ~ 2’’’ mod K, then y"" 0 mod M. 

Proof. For each U there exists a relation 

= t"(U) - Z'(U) - A'{U), 

where .d.’'(U) is on K. Since both Z''(VL) and A’’(U) are on M, this relation 
becomes 

= y\V[) mod M. 

1.9 Lemma. If y' is a cycle mod K such that y' mod M, 
a cycle Z' mod K on M such that 7 ' ~ Z' mod K. 

Proof. By hypothesis, for each covering U there exists a 
such that 

(1.9a) = 7 '(U) - B'(U), 

where jB’’(U) is on M, and (since a 7 ’'(ll) = ajS’'(U)) B’'(U) is a cycle mod K. 
In particular, then, relation (1.9a) implies that 7 '’(U) 5’^(U) mod K. 

Let [B''(U)i* denote the set of all cycles mod of U A If such that if B’'(U) G 
[B’'(U)]*, then 7 ’'(U) ^'Cll) mod K. Then [B’'(ll)]* is a coset in the group 
of cycles of U A Af mod K modulo the subgroup that are homologous to zero in 
(S mod K, and is a flat satisfying the conditions of the existence Theorem V 10.2. 
Hence there exists a cycle Z’^ on ilf mod K such that for each covering U, 
Z\\X) G [H'(U)]A 

1.10 Lemma. If L is a closed subset of a locally compact space S such that 
F(L) is compact and U is an ucos of S, then there exists SB > U such that if the 
nucleus of a simplex of SB meets both L and S — L, then it meets the boundary of L. 

Proof. By Lemma V 8.7, there exists S3 > U such that S3 H F(L) is finite 
and if the nucleus of a simplex of S3 fails to meet F(L), then its closure fails to 
meet F(L). It follows that the union, K, of the closures of such nuclei fails 
to meet F(L), and consequently there exists an open set P such that P(L) C 
PCS - K. 

Denoting the elements of S3 by F, , for each i let 

7, n (L W P) = Fa , F, r\ [(^ - L) U P] = Fa . 

Evidently Vi = Fa W Fa , and F<f C F« , j = 1, 2. Consequently if we denote 
the collection of all sets F.-,- by SB, then SG3 is a covering of S and SB > U. For 
later use we note that 


then there exists 
chain ^"^‘(U) 
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(1.10a) Va r\ 7,, = n P. 

Let E' be a simplex of SB whose nucleus NiE') meets both L and S — L. De- 
note {S — L) r\ N(E') by A and L H NiE’’) by B. Denoting the vertices of E’’ 
by 7„. (y = 1 or 2), let E” be the simplex of 33 whose vertices are the sets 7, ; 
the sets 7, have a nonempty nucleus since n n D n ^ ^ B. In 

particular, then, each vertex 7, of P” meets both L and S — L. But by the 
way the sets V a were constructed, it follows that N(E') = r\ V,j is either a 
subset of L U P or of (»S — L) U P. In the former case A CZ (S — L) r\ P, 
and in the latter case B Q L r\ P. Hence in either case N(E”) has points in 
P, and therefore NiE"") A P(L) 0. 

Let X G r\ F{L). Then r G 7, A P for every v. Hence by relation 

(1.10a), X G V,j , where 7„, is a vertex of E'. 

1.11 DEriNiTiON. If C’'(U) is a chain and L is any point set, then by 
C''’(U) A L we denote the portion of C'’'(U) which is on L. 

1.12 Lemma. J/33 > U, and is a chain ofS&, then A L] 

C [x«sC'-^‘(33)] A L. 

1.13 Lemma. With S locally compact, let L be a closed subset of S — K such 
that F(L) is compact, and y' a cycle on K which bounds on M, or whic h bounds 
mod L on M. Then there exists a cycle Z' on F{L) such that y’’ Z' on M — L. 

Phoop. We shall give the proof only for the case where y' 0 on M. By 
Lemma 1.4, there exists a cycle mod K on M such that ~ y' on K. 
Henceforth in the proof we use only coverings of the type 3B of Lenama 1.10. 
There exists a relation 

(1.13a) dC'^Wi) = y'^*(U) - 7r„y'^‘(33) - A'^\U) 

where is on K. 

From relation (1.13a) we have: 

(1.13b) 5[C"^"(U) A L] = y'"^(U) A L - [Tus,y’'"'(SS)] Ah- B^*\W), 

where B’"^‘(U) is a chain on L. Moreover, B’"^^(U) is on F{L). 

Let Q'*\\X) = [tu8T’'^'(S3)] a L - Tu®[y'*\33) A L]. (Cf. Lemma 1.12.) 
The chain Q^'^‘(U) is on L by its definition. We may then restate relation 
(1.13b) as follows: 

a[0'^"(U) A L] = y"^^(U) AL - Tu«[y'^‘(3S) A L] - Q’-^^(U) - B'^\VL). 

Applying the operator d again to this relation, and recalling that = 0, we 
obtain the relation: 

a[7'^^(U) A L] - 7r„«a[y'"‘(35) A L] ‘= d[Q'*\U) -h P'^^(U)]. 

Hence {5[y’“^‘(U) A L]] is a cycle of L. We have already noted above 
that B’"^*(U) is on F{L). The same holds also of Q'*^. Consequently 
{a[y'^"(tl) A L]} = Z' is a cycle of P(L). 
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Finally, since for eacli U the chain 7’"^^(U) — A 1/ is on M — L, and 

dlY^\Vi) - A L] = dy^ -^\n) - Z^{U), and 7’'(U) -- a7’”''(U) on K, 

we have that 7’“ ^ Z’’ on M — L. 

Remark. In the proof of Lemma 1.13, the portion,d[7'’'^^(U) A I/]_^of 7’"^^(U) 
on L, was shown to define a cycle on the special set of coverings of type SB of 
Lemma 1.10 and hence, by projection, on all coverings U. However, for a 
covering U not of type SB, a[7’''*’^(U) A L] may fail to be on F{L) In this case, 
it may be shown that the collection {a[7’’‘^^(U) A L]} forms a cycle approxi- 
mately on F(L) (V21). 

Consider, for the coverings U of type SB of Lemma 1.10, the chain 7i^^(U) = 
t"'‘'(U) - 7^^'(U) A L. Then7r'(U) isinM - Land a7l^'(ll) = a7'‘''(U) - 
Z^U). We may call the collection {7l'^^(U)} the 'portion of in M — L, and 
{7’^***^(U) A L} the portion of 7’"^^ on L, 

1.14 Lemma. In a co'mpact space let A and B he closed point sets, and Z** a 
cycle on A \J B. Let Z\ denote the portion of Z^ in A -- B, and suppose that 
dZs 0 on A r\ B. Then there exist cycles 7I and Yb on A and B, respectively, 
such that ja + ys ^ Z"" on A \J B. 

Proof. By Lemma 1.6, there exists a cycle 7I on A such that 7! Zx 
mod A r\ B on A] and the same homology holds mod B on A \J B, Then, 
since Z'" Z^ mod B on A \J B, wo have Z"" 7^ mod B on A^ B, That is, 

2’** — 7I is a cycle such that Z"" — 7I 0 mod R on A U jB. Hence by Lemma 
1.9 there exists a cycle ys on B such that Z*" — 7I ^ 7s on ^4 VJ B. Thus, 
Z"" ^ y A + Jb on A \J B. 

1.15 Lemma. With K a compact subset of a locally compact space M, let 

M -K=- Uh P<_ separate, and let 7*" be a cycle mod K on M, Then there exist 
cycles y\ mod K r\ Pi = F(P,) on Pi such that y'' 7i niod K on M, 

1.16 Corollary. With K and M as in 1.15, if 7’' is a cycle mod K on M, 
then there exists a cycle 7^ mod F{K) on M — K such that yx ^ 7** mod K on M, 
and dy'" ^ dyK on K. {Here K need not be compact if F{K) is compact) 

1.17 Lemma. If y'" is a cycle mod K on M such that y"^ ^ 0 mod L on the 

locally compact where K Q L compact, then there exists a cycle Z""^^ mod M\J L 
on S — L such fiat 7*" mod L on M. 

(Cf. the proof of Lemma 1.4. This lemma is placed here because of its use 
of the notion of portion of a cycle in the proof.) 

2. Existence lemmas regarding carriers of cycles and homologies. In Defi- 
nition V 7.10, the terms (1) C-cycle mod Lon M and (2) homologous to zero mod 
L on M were defined. In case (1) the set M may be called a carrier of the C- 
cycle, and in case (2) the set M may be called a carrier of the homology, (And 
we may say M carries the C-cycle in the first case, and carries the homology in 
the second.) In either case, if JT D ikf , then H is also a carrier; in particular 
the space S under consideration is always a (unique) maximal carrier. 
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The question of the existence of minimal carriers presents a problem, how- 
ever. In general, we shall inquire only into the existence of minimal closed 
carriers, since (a) as already observed, a set carries a chain if and only if its 
closure does, and (b) ordinarily minimal carriers fail to exist even when minimal 
closed carriers do exist. To illustrate (b), one may show that is the minimal 
closed carrier of a 1-dimensional (7-cycle but there exists no minimal subset 
of that carries this Z\ 

Even when a minimal closed carrier exists, it is generally not unique. This 
is easily seen in the case of homology; for example, if p, g £ p 9 ^ q, then a 
nontrivial cycle (V 11.4) on p W g is ^ 0 on S^, and either of the arcs of 
with end points p and g is a minimal closed carrier of this homology. For the 
case of carrier of a cycle, let { U*} be a canonical sequence of refinements (V 12.3) 
of a torus T, and let Ki , i = 1, 2, be two disjoint equatorial circles on T, Then 
T is the union of two continua A and B such that A r\ B ^ K^KJ Kz > The 
set Ki being an let Z] be the (7-cycle referred to in the preceding paragraph. 
Let be a (7-cycle whose coordinate on each Uzn is Zj(U 2 n) and whose co- 
ordinate on U 2 n+i is Z 2 (U 2 „+i). Then each of the sets A, B is a minimal closed 
carrier of 

(The same type of example may be given on by using,' instead of a 1- 
dimensional cycle, a nonaugmented 0-cycle on p VJ g, where p, q ^ S^,p 9 ^ g.) 

Remarks analogous to the above may be made for the notions of cycle ap- 
proximately on a set, etc., of V 21. Thus, if a C-cycle y is approximately on 
a set ikf , then M may be called an approximate carrier of y**. A special type of 
approximate carrier of a y'" is that of a closed set M such that every open set 
containing ilf is a carrier of y*"; such a set will be called a locus of concentration 
of y\ And analogously we may define locus of concentration of a homology. 

2.1 Lemma. Let y’' be a C-cycle and [F^] a simply-ordered collection of com- 
pact sets such that (1) if < Fp^r , then Fp^ D Fp^> , and (2) Fp is a locus of 
concentration of y"*. Then riF, is a locus of concentration of y**. 

Proof. Let P be an open set containing n Ep , and let F denote a fixed 
element of {Fp}, Then F — P is a compact subset of u (S — Fp), and there 
exist finitely many of the sets S — Fp covering F — P. Hence, in view of the 
fact that Fp. < Fp.. implies 5 — Fp. C ■“ Fp.. , there exists a p such that 
F — P d S — Fp ; i.e., F D Fp . Consequently P is a carrier of yL 

2.2 Lemma. If y"^ 9 ^ 0 is a C-cycle having a compact locus of concentration 
F, then some subset of F is a minimal locus of concentration of y**. 

Proof. Let {F„} be the collection of all subsets F, of F that are loci- of 
concentration of y% partially ordered by D; let {Fp} be a maximal simply 
ordered subcollection of {F,,} . Since y*' 9 ^ 0, no Fp is empty, so that by Theorem 
I 12.13, the set K = n Fp 9 ^ 0. By Lemma 2.1, is a locus of concentration 
of y** and consequently the last element of {Fp}. 

2.3 Lemma. If M is a closed subset of a compact space S, and y"* is a C-cycle 
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mod Mj then there exists a minimal closed set F containing M such that Y ^ 0 
mod F, 

Proof. It is trivial that 7’’ 0 mod S, Let {Fp} be a simply ordered series 

of closed sets containing M such that 'd Fp> < Fp^r then Fp^ "D Fp>^ j and 7’’ ^ 0 
mod Fp for all p. Let F = f^Fp (Theorem I 12.13). 

By Lemma V 8.7, if U is a fcos of S there exist S3 > U and open set Q D F 
such that if a simplex of S5 is on Q, then it is on F. Now S — QQS — F = 
u (S — Fp) and hence there exists p such that S — Q C^S — Fp ; i.e., Q'D Fp . 
By hypothesis, 7’’ (S3) 0 mod Fp , and a fortiori mod Q, and hence 7*^ (23) 0 

mod F. Then 7rtisB7'^(23) 0 mod F. Since F D AT, 7*^ is a cycle mod F, so 

that 7russ7'’(2S) ^ 7’‘(U) mod F. Combining homologies we get 7'^(U) ^0 mod 
F. Thus Y ^ ^ 3aaod F. It now follows easily (see proof of Lemma 2.2) that 
the desired minimal set exists. 

2.4 Lemma. Let P ie an open subset of a compact space S and let Y he a 
C-cycle mod S — P such that y'' ^ 0 mod S — Q, where Q is some open subset of 
P. Then P has a maximal open subset Pi containing Q such that 7’’ ^ 0 mod 
S- Pi, 

(This is dual to, and a corollary of, Lemma 2.3.) 

2.5 Lemma. 1/7** is an absolute C-cycle of a compact space Sj then there exists 

a minimal closed set F such that 7’' 0 mod F. 

(This is a corollary of Lemma 2.3.) 

2.6 Lemma. Under the hypothesis of Lemma 2.3, if S is r-dimensional, then 
the set F is unique and, moreover, a closed carrier of the cycle 7’*. 

Proof, That 7’^(U) 0 mod F implies 7’'(U) = 0 mod F since U may be 

assumed r-dimensional. This is possible only if all simplexes of 1 7’^(U) | meet 
F. Hence if Fi and F2 are two sets of type F, 1 7’‘(U) 1 lies on Fi H F2 and 
7*"(U) 0 mod Fi A F2 ; it follows that Fi = F2 since these sets are minimal. 

Also, 7rusB7'^(23) ~ t’^(U) implies 7rus7*^(23) = 7*^(U), and hence from the fact 
that 7*^(1!) is on F that 7ru587*‘(25) 7’'(U) on F. 

2.7 Remark. In general, F will not be the carrier of 7’’ when dim S > r. 
For example, let p, g ^ S^,p 9 ^ q, F and K the two arcs of having in common 
only their end points p and q. Suppose imtedded in and that E is one of 
the domains of bounded by S^. Consider E as playing the role of space S. 
Then there exists a 7^ mod p^ q (hence mod F) on K for which F is a minimal 
closed set such that 7^ ~ 0 mod F on E, but F is neither unique nor is it a carrier 
ofy\ 

2.8 Lemma. If M is a closed subset of a compact space S and y"^ is a C-cycle 

on M such that y'" Q on K U) M, then there exists a minimal closed set F such 
that K D F U) M and such that y"" 0 on F. 

(Cf. proof of Lemma 2.3.) 
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2.9 Lemma. If y"" is a C-cycle of a space S such that y"" ^ 0 on some compact 
subset M of S, then M contains a minimal locus of concentration of this homology. 

2.10 Definition. If M is a compact set such that p\M) > 0, but p^{M*) = 
0 for every proper closed subset ikf' of M, then we say that M is irreducible 
relative to carrying a nonbounding recycle. (Alexandroff [c] calls a set which 
satisfies this definition and is in addition r-dimensional, an r-dimensional closed 
cantorian manifold.) 

2.11 Every n-sphere is irreducible relative to carrying a nonbounding n- 
cycle. It is not necessary that p^M) = 1 if Jkf is irreducible relative to carrying 
a nonbounding r-cycle. As a corollary of duality theorems to be proved in 
Chapter VIII, it will follow that known examples of continua which form com- 
mon boundaries of three or more domains in the n-sphere are irreducible relative 
to carrying a nonbounding (n — l)-cycle, and their (n — l)-dimensional Betti 
numbers are ^ 2. 

2.12 Now a space M may be a minimal closed carrier of one of its non- 

bounding cycles without being irreducible relative to carrying a nonbounding 
cycle, as will be pointed out below (2.13). Intermediate between such a space 
and the type of space defined in 2.10 is the compact space M such that p'^iM) > 0 
and such that every cycle on a closed proper subset of M bounds on M; such 
a set M will frequently be called irreducible relative to carrying an r-cycle non- 
bounding on M. Such a set need not be r-dimensional (although it must be at 
least r-dimensional; cf. Theorem VI 7,6), This is easily seen by a modification 
of the following example: Let Af = {{Xjy)\ (Q <x ^ l/'ir)&{y = sin l/x)} U 
{ (0, 2/) 1 1 ^ 2/ = 1 } j 2 ,nd let A be an arc in the same cartesian plane with 

M joining the point (I/tt, 0) to the point (0, --I) but otherwise not meeting Af. 
Let Af W A be modified to a configuration in 3-space by replacing the part of 
Af on the 2 /-axis by a square and its interior in a plane perpendicular to the xy- 
plane and cutting the latter at the points on the ^/-axis. At the same time we 
modify the sine curve portion of Af so that it has all points on the square plus 
its interior as limit points. That the so modified set 8 has the properties desired 
will follow immediately from the duality theorems cited above; i.e., p^(>S) > 0 
but every 1-cycle on a proper closed subset of S bounds on S. Notice that the 
square K carries nontrivial 1-cycles, so that S is not irreducible relative to 
carrying a nonbounding 1-cycle. 

2.13 It should also be emphasized that a set may be a minimal closed carrier 
of a specific r-cycle, without being irreducible relative to carrying a nonbounding 
r-cycle. This is exemplified in the case r = 1 by the set A and cycle of the 
third paragraph of §2. (See also 3.4). With A imbedded in suppose we 
let Si and Sz denote two disjoint 2-dimensional hemispheres such that Si r\ 
A Ki. Let S A\J Si\J S 2 . Then Z" ^ 0 on aSi W , although the 
latter set does not even contain the set A originally designated as carrier of 
Z\ Consequently when we designate a set Af as carrier of a cycle y and then 
speak of y as bounding on another set 5, we do not have a right to assume 
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that M (Z S. However, S will automatically be a carrier of t, no matter whether 
ikf is a subset of S or not: 

2.14 Lemma. If a cycle Y bounds on a set M, then M is a carrier of y\ 

Proof. For each covering U, there exists a relation on Af. 

Hence d[c^^\U) - - YiU) - on M, as required. 

Although, as we have just noted, to assign a carrier to a cycle and then to 
note that this cycle is ~ 0 on a certain set S does not imply that the original 
carrier is on 5, there is one case in which we can guarantee that a cycle always 
has the same carrier: 

2.15 Lemma. If J is irreducible relative to carrying an r-cycle nonbounding 
on Jj and y'' is a no nbounding cycle of J which bounds on a certain set M, then 
J ^ J r\ {M -- J), In particular, then, J C. M. 

Proof. By Lemma 1.4 there exists a cycle niod J on J \J M such 

Corollary 1.16, there exists a cycle mod 
jr\iM - J) such that -- t"'"' mod / on / U M and suc h that ~ 
on J, Then ^ y"" on J; and were J not = J r\ {M — J), then 
would be on a proper subset of J and consequently homologous to zero 
on J. But thi s would imply 7** ^ 0 on /. We must conclude, then, that J = 
J n(M - J). 

An immediate, but interesting corollary of this lemma is the following: 

2.16. Corollary. If in a space S, J is a set which is irreducible relative to 
carrying an r-cycle nonbounding on J, and some nonbounding r-cycle on J bounds 
on S, then J has no interior points. 

In particular, we may state then: 

2.17 Lemma. If S is a space such that p'‘{S) = 0 and J is a subset of S 
which is irreducible relative to carrying an r-cycle nonbounding on J, then J has 
no interior points in S, 

Since the n-sphere has the property that for all r < n, p''{S^) = 0, we can 
state the following theorem, corollary to Lemma 2.17, regarding the ^'invariance 
of dimensionality^' of euclidean spaces: 

2.18 Corollary. The topological image of an in an S^, n < m, has no 
interior points, 

2.19 Theorem. In a compact space S, let K be a carrier of a cycle Z"" such 
that no 0 on K, Let Ki , i = 1, 2, be closed sets containing K such that Z"^ ^ 0 
on Ki , Ki being minimal with respect to these properties, and such that Ki — 
Kz 5^ 0 . Then the set M Ki'U Kz carries a cycle Z""^^ such that noQ on M. 

Proof. Let x ^ Ki -- Kz j and let U be an open set such that x ^ U (Q 
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S — K2 • Since Z’’ ^ 0 on 2?^, , there exists by Lemma 1.4 a cycle Biod 
K on Ki such that 

(2.19a) oniT. 

Evidently dCl'^^ ^ 0 on 2^2 ; and therefore there exists by Lemma 1.6 a cycle 
Z'”^^ such that 

(2.19b) Z’"^^ ^ (71^^ mod Kz on M; hence mod M — C7 on ilf. 

Now suppose Z*""^ ~ 0 on If. Then Z"*^^ 0 mod M — U on M, and there- 

fore, by virtue of (2.19b), 

(2.19c) C['^^ 0 mod ildT ~ C7 on ilf ; hence mod Ki — U on Ki . 

Now by Corollary 1.16 there exists a cycle Clu^ mod F{U) on U such that 
(2.19d) Clu" ^ Cr' mod K^ - U on K, , 

(2.19e) dClu" dCl^^ on K^ - 17. 

But then by (2.19c) and (2.19d), ClP' 0 mod Ki -- U on Ki j implying 
(Lemma 1.3) that 

(2.19f) eCl^^r^O on K^-U. 

Relations (2.19e) and (2.19f) imply that ^ 0 on 2f 1 — ?7, which with 
(2.19a) gives Z*" ^ 0 on ifi TJ. But this contradicts the fact that Ki is 
minimal with respect to containing K and carrying the homology Z** ^ 0. 

2.20 Definition. If Jlf is a compact point set on which a cycle Z"* ^ 0, 
and Z"" 00 0 on a proper closed subset of M, then ilf is called an irreducible 
membrane relative to Z'". 

(The term irreducible membrane is due to Alexandroff [a]. In case r == 0 
and Z® is a nontrivial cycle on a pair of points p and g, then M is called an 
irreducible continuum from p to g.) 

2.21 CoROLLAKY. I/, in a space S, J is a point set which is irreducible with 

respect to carrying an r~cycle nonbounding on J, and Z"* is a nonbounding cycle 
of J which bounds on Sj and Ki is an irreducible membrane relative to then if 
K2 is any set on which Z"" ^ 0 and such that Ki — K2 9^ 0, the set Ki VJ carries 
a cycle such that 0 on KiKJ K2 ^ 

Proof. By Lemma 2.15, J CZ Ki ^ i == 1, 2. Then Theorem 2.19 applies. 

2.22 Theorem, If J and Z"' are as in 2.21, and Z"' ^ 0 on some closed set 
Ky then K contains an irreducible membrane M relative to Z\ The set J is a 
subset of M, 

[Theorem 2.22 follows from Lemmas 2.8 and 2.15.] 
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2.23 Theoeem. If is a cycle of a compact space S, then there exists a closed 
subset M of S which is minimal with respect to carrying a cycle 7** such that 

7’’ on S, The set M is a minimal closed carrier of 7’'. 

Proof. By Lemma 2.5, there exists a minimal closed set M in S such that 
2’’* ~ 0 mod M. By Lemma 1.9, there exists a cycle y'" on M such that Z^ ^ y" . 
No proper closed subset F ot M carries a cycle homologous to Z" ^ since this 
would imply Z"' ^ 0 mod F. Hence the first part of the conclusion is satisfied. 
And since, if there were a proper closed subset F of M which carries 7’’, we 
would again have Z"' 0 mod F, violating the minimal character of If, the 

second part of the conclusion follows. 

We close this section with applications to the theory of local connectedness. 
First, we obtain an analogue of Theorem IV 2.1: 

2.24 Theorem. Let S be a locally compact space which is not r4c at x E: S. 
Then if S is semi-r-connected at Xj there exists an open set P containing x such 
that for every pair of open sets Q, R such that x ^ R Q Q (S: P, there exist on F(Q) 
infinitely many r-cycles that are lirh on P -- R. 

Proof. By Theorem VI 6.14 there exists an open set P containing x such 
that for any open set V such that x E: V Q P, infinitely many r-cycles on V 
are lirh on P. We may suppose P to be taken so that P is compact, and that 
all r-cycles on P bound on S, Let Q, R, V be open sets such that x E V R G 
Q G P, and let 7^ , = 1, 2, 3, • • • , be an infinite sequence of cycles on V that 

are lirh on 

Let K = V and L == — Q. Then by Lemma 1.13 there exists for each i a 

cycle ZJ on F{L) = F{Q) such that Zf ^ 7i on S — L = Q. Then the cycles 
Z^ are lirh on P — P. For suppose there exists a relation 

(2.24a) 23 c’ZJ -- 0 on P - P. 

Now ZJ r^yi onQ implies c 7< c*Z< on Q. I.e., 

(2.24b) 23 c‘7^ - E o’ZJ - 0 on Q. 

Adding relations (2.24a, b) we get E 0 on P, contradicting the fact 

that the cycles 7! are lirh on P. 

Note that in case r = 0, the above theorem gives immediately (see Theorem 
V 11.3a) that there must be infinitely many components of /S H (P — P) that 
meet F(Q), The connection with Theorem IV 2.1 should be obvious, inasmuch 
as eacl^such component must have points on P(P) or P(P), and in any case 
either P — Q or Q — P will contain continua My such as those whose existence 
was proved in the theorem cited. 

In Remark VI 7.11, it was stated that Theorem VI 7.9 has a converse. The 
complete form of this theorem may be stated and proved as follows: 

2.25 Theorem. In order that an n^iimensional, locally compact space S 
should be lifi, it is necessary and sufficient that Pr(x) ^ o} for allx E S and r ^ n. 
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Pkoof. The sufficiency having been proved in Theorem VI 7.9, we need 
show only the necessity of the condition stated. 

Suppose X E: S such that Pr(x) = oo. Then there exists an op^ set P con- 
taining X such thatjp^(a;; P) is infinite. We may assume that P is compact 
and that cycles on P bound on S, Let U and V be open sets such that x G 
V (C U Q Pj and suppose that r* > 0. By Corollary VI 3.8, there exists an 
mteger m such that every m (r — l)-cycles on FiU) satisfy a homology on 
P -V, 

By Theorem VI 6.7, Pt(x; P, V) = p'^ix] P, V) =oo. Hence there exist 
cycles i = 1, • * • , m, mod S — P, tha^re lirh mod S — V. By Corollary 
1.16, there exist cycles mod F(U) on U such that Zl ^ yl mod S — U. 
Evidently the cycles Z[ are lirh mnd S — V, By the choice of m, there exists 
a homology ^ 0 on P — V. Hence by Lemma 1.6, there exists 

a cycle P"" on P such that T"' mod /S — F. But by the choice of 

P, r’' Q on S and a fortiori P’’ ^ 0 mod S “ V. Combining homologies, we 
have that 0 >8 — F, in contradiction of the fact that the 

cycles Zi are lirh mod — F. 

The case r = 0 is a direct consequence of Theorem VI 6.9. 

In obtaining the above theorem we have also proved the following theorem: 

2.26 Theorem. If S is a locally compact^ W space, then Pt{x) g co for all 
X E: S and r ^ n; and if 8 is semi-(n -h lyconnected atx E 8, then pn+i(x) ^ a?. 

3. Separations of continua by closed subsets. As we have pointed out else- 
where, the Jordan Curve Theorem has played a central role in the development 
of topology. And although, as we shall see later, the dualities relating the 
homology groups of a subset of a manifold with those of its complement are 
ordinarily considered to be the outstanding extension of the Jordan Curve 
Theorem, we shall show in this section that the theorem has natural extensions 
in spaces extremely more general than the manifold. 

Aside from certain local ^^smoothness” properties, the orientable ?z-manifold, 
either in the classic sense or in the generalized sense in which we shall use the 
term in the present work, has as a basic property that it is irreducible relative 
to carrying a nonbounding n-cycle, and that there is exactly one such n-cycle 
carried by the space. We have pointed out in 2.11 that a set which is irreducible 
relative to carrying a nonbounding n-cycle is not necessarily the carrier of only 
one such cycle, however. 

We recall (V 7.10) that if J is a closed subset of a space M, then by 
J,0;^) we denote the vector space of n-cycles of J (using coverings of M) 
reduced modulo the subspace of cycles that bound on J. Hereafter we use 
the symbol J, 0), it being understood that a field ^ is the group of co- 
efficients. Now suppose we consider only those elements of J, 0) that 

correspond to cycles that bound on the space M; these form a subspace 
Cr{M; J, 0) of J, 0). We denote the dimension of Gr(M; J, 0) by 

g^M; J, 0). Evidently g^M; J, 0) g p\M; J, 0). 
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3.1 Example. If ikf is a torus, and J is an on M whose basic non- 
bounding 1-cycle 7^ bounds on M, then g^{M] /, 0) = J, 0) === 1. How- 

ever, if J is so situated on M that 7^ does not bound on Af, then g^{M] J, 0) = 0. 
We note that in the former case J separates M into exactly two components 
having J as common boundary, whereas in the latter case Af — J is connected. 

We first prove the following theorem: 

3.2 Theorem. Let M be a compact space carrying cycles^ yl j j = 1? 2, • • • , 

m, such that if A and B are closed proper subsets of M and Pi , dre cycles on 
Aj B respectively, then a homology of the form 23 ^ Fl + on Af, a’ £ 

implies that a’ = 0 for all j. Then if J is a closed subset of M such that M — J 
has at least -h 1 components, g”"^(Af; J, 0) ^ km. 

Proof. Since M — J has at least + 1 components, Af — J — p.- 

separate (Theorem I 9.7a). By Lemma 1.15 there exist cycles 7”, mod F{Pi), 
on Pi , i = 1, • • • , k + Ij j = 1, * • • , ni, such that 7” ^ 23i t”? niod J on 
Af. Let 

(3.2a) a7*,- = 

Then is on F(PJ and is evidently in a homology class which is an element 
of J, 0). 

Suppose J, 0) < km. Then between any km of the cycles there 

must exist a homology relation on J; say 

(3.2b) E E -- 0 on /, a’* £ 

Since not all coefficients a"' are zero, we may suppose 9 ^ 0. We may re- 
write (3.2b) thus: 

f: ~ X Z on J. 

/-I t««2 j“l 

And since (3.2a) implies that we have that 

(3.2c) D 2: ~ 0 on U P* , 

»■— 2 j=“l t»«2 

so that 

(3.2d) £ ~ 0 on M - Pj - Pj^+i . 

3»1 

On the other hand, (3.2a) also gives 

m m 

(3.2e) d Z a‘’7u = E on P^ . 

J-1 3-1 

^Hereafter, ''cycle’^ means ^^C-cycle^' unless indicated otherwise; for example 7’'(U) indicates 
a cycle of a single covering U. 
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By virtue of Lemma 1.6, (3.2d) and (3.2e) imply that there exists a cycle T? 
on M — Pi+i such that 

m 

Ti ~ X mod M — Pi . 

i «1 

But X]r-i ^ 2r-i mod M — Pi , and therefore 

m 

^ rj mod M — Pi . 

1-1 

That is, 22r-i a^’7i — T? ~ 0 mod M — Pi . Then by Lemma 1.9, there exists 
a cycle Fa on ilf - Pi such that 22?-i <*'’7" - TJ ^ Fa ; that is, 

(3.2f) £ a‘’7” ~ Fr + F^ 

7-1 

where Fi is on M Pi+i and Fa is on ilf — Pi . However, by hypothesis 
relation (3.2f) implies that all coefficients a^’ are zero; in particular, a“ = 0. 
Thus the supposition that J, 0) < km leads to contradiction. 

Evidently a space M which carries at least one nonbounding n-cycle, but is 
irreducible relative to carrying an n-cycle nonbounding on M, is a space of the 
type M hypothesized in Theorem 3.2 (but the converse does not hold— see 
Example 3.4 below). Hence we have; 

3.3 CoROLLART. If the compact space M is irreducible relative to carrying 
an n-cycle nonbounding on M, and carries at least m lirh nonbounding n-cycles, 
and J is a closed subset of M such that p’'~^{M; J, 0) = h, then M — J has at 
most [h/m] + 1 components. 



3.4 Example. The figure illustrates a continuum M in the euclidean 
plane composed of (1) a circle A which is the boundary of bounded domain 
Di , and (2) a curve K spiraling about A in a double loop in such fashion that 
A VJ K = ilf is the common boimdary of two domains , D 3 distinct from 
Z>i . As will appear from duality theorems of Chapter VIII, M is minimal 
closed carrier of a y\ satisfying the hypothesis of Theorem 3.2 forn = 1, m = 1; 
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it is not, however, irreducible relative to carrying a nonbounding 1 -cycle, nor 
is it irreducible relative to carrying a 1 -cycle nonbounding on ilf, of course. 

3.5 Remark. Since for the n-sphere, S^, the number m used above is 1 , 

we have that if J is a closed subset of such that = h, then M ^ J 

has at most h + 1 components. In particular, if J is an then /^ = 1 , 
and — J has at most 2 components — an important portion of the Jordan 
Curve Theorem when n = 2 . Although this particular item is superseded later 
on by the duality theorems cited above, we mention it here to show the inter- 
relations between the dualities on a manifold and the above theorems. 

Partly as a means of introducing important new methods utilizing the ma- 
chinery of cocycles, and partly to give a sort of converse of preceding theorems, 
we insert at this point some theorems which are of great importance later on 
in the study of generalized manifolds. 

3.6 Lemma. Let M he a compact space such that if F is a proper closed subset 

of Mj then every n-cycle on F hounds on M, Then if 'f' is a nonhounding cycle 
of M and P is a nonempty open subset of ikf, it is impossible that y"* 0 mod 

M - P. 

Proof. The relation y"" ^0 mod M — P would imply, according to Lemma 
1.9, that there exists a cycle Z"" onM — P such that 7 ” ^ on M. But since, 
by hypothesis, such a Z"" bounds on ikf, it would follow that 7 ” bounds on M. 

3.7 Lemma. Under the same hypothesis as in Lemma 3.6, 71 , * • • , 7 ^ 

are lirh on M, then they are lirh mod S — P for every nonempty open subset P of M, 

3.8 Theorem. Let M be a compact space which carries at least m lirh n- 

cycles^ and such that every n-cycle on a closed proper subset of M bounds on ikf. 
Then if J is a closed subset of M, and ikf — J has at least h components, p»(M; 
Jkf ~ 0) ^ hm, [Cf. V 15.4.] 

Proof. Since M — J has at least k components, it is the union of k separated 
sets Di , • * • , Dk (Theorem I 9.7a). Let 7 ? , • • • , 7 ” denote m lirh n-cycles of 
Af. By Lemma 3.7 and Theorems V 18.23, V 18.25, there exist in each open set 
P,- , y = 1 , • • • , fc, cocycles yliPf), i = 1 , • • • , m, such that 

(3.8a) 7n(P,)*72 = 

We assert that these mk cocycles are lircoh (^dircoh^^ = 'Jinearly independent 
relative to cohomology”) in ikf — For suppose there exists a relation 

== z ahUfi,) in M-J, 

where we may assume that the chains involved are all on the same covering U 
of M, and at least one aj is not zero. In particular, we may suppose that 9 ^ 0. 

Now by Lemma V there exists ^'>11 such that a simplex of 95' in 
M — J \s, also in Jkf — Q, where Q is some open set containing J. Let 2B be 
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the covering of M whose elements are Q and M — J, and let 93 > (33', 353). 
Then, since C„-i is in ilf -^J and the chain Trt^Cn-i is likewise, the latter 
chain must also be in Af ~ Q. Then we have (V 16) 

^ Tr(iS)] = -xS5,SCn_x ^7?(33) 


= -[£ aWUyUP,)] ^ 7^(33) in M - J. 

The portion in Di of the chain xu^Cn-i ^ 71(35) has as its boundary the 0- 
cycle <^VusB7n(^i) 7 i( 35), and the latter must have Kronecker index zero 
(Lemma V 18.7). But by (3.8a), this Kronecker index is "-al7r*s87i(Di) •7?(35) = 
— ai 9 ^ 0. 

3.9 Theorem. Under the same hypothesis as in Theorem 3.8, ^ 

m(Jc — 1). 

Proof. In the notation of the proof of Theorem 3.8, the cocycles 7 n(-D 3 ), i 
fixed, may all be taken in the same cohomology class of M. Consequently each 
pair 7n(D,), j > 1? satisfies a cohomology on M, There are — 1) 

of these relations: 

(3.9a) SC'-i = X o^tyyliP,), V - 1,2, ••• , m{k - 1), 

3 

where only two of the coefficients in each relation are not zero, etc. Denoting 
the portion of on J by Zl-^i , the chains are cocycles of J — ^i.e., co- 
cycles mod M — J — and we assert they are lircoh on /. For suppose there 
exists a relation 

(3.9b) bKn~2 ^ 2-) OpT^S^Zn^i + Dn-1 } D„-,i Ul M J . 

Applying d again to (3,9b), and recalling that 6^ = 0, 

(3.9c) CyTTSsB^-^n-l + = 0. 

But then by (3.9a) we have 

(3.9d) - Z'_i] - 5D„_i = ‘^UcyalyyliDi) m M ~ J. 

v.i 

Suppose Cl , for instance, is not zero. It is the coefficient of 5Zl-i in relation 
(3.9c), and Zl-i is the portion of Ci_i on J. Now SC\-i is ytiDi) — yliD^), 
say, so that a? = —1. Hence — Ci is the coefficient of yliD^) in relation (3.9d). 
That is, the cocycles 7.(1), •) are not lircoh in Af — contradicting what was 
proved in Theorem 3.8. 

3.10 Theorem. Under the hypothesis of Theorem 3.8, if p’'~^{M) = 0 the 
following relation holds: 

p„(M; M - J,0)^ p''-\J) + m. 

Proof. Let Zi-i , • • • , Zt-i be cocycles mod M — J that are lircoh mod 
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M — J. Then — Zlis & cocycle oi M — J , i = I, • • • , h. We assert 
that the Z), are lircoh in M — J. 

Assuming that the Z^ are all on the same covering U of M, suppose that on 
some covering 33 > U there exists a relation 

(3.10a) 2C'„-i(33) = X inM - J. 

Since SxSsZi-x = irusZi , we have from (3.10a) that C'„_i(35) — 23 ’'’us 
is a cocycle of M, and as p„_i(M) = p’"~^(M) = 0, there exists a chain C'’*"^(SB), 
3[B > 33, such that 5(7""(SB) = ir|aBC',_i(33) - . However, this 

gives at once that 23 0 mod M — J, since C^-x is in ikf — J, 

contradicting the fact that the cocycles Zl-i are lircoh mod M — J. We must 
conclude, then, that the coeycles 2’ are lircoh in AT — 

Next, suppose that there exists a relation 

(3.10b) 5(7„_i(33) = E c.irUZi + E a,^S®7;(H0 in M - J. 

Not all the are zero, since we already know the to be lircoh in If — J. 
But then, since = tu^ZI, , we get d[Cn-i(^) ^ X) = 

X ct*^ua37n(-Oi), contradicting the fact that the cocycles 7 n(Di) are lircoh on. M, 

3.11 Definition. If a cycle 7’' of a space S has a closed carrier K such 
that Y*" oo 0 on Kj then will be called a nontrivial r-cycle of S. (Evidently 
the case r = 0 conforms with the usage of the term in V 11.4.) 

3.12 Definition. If ikf is a point set, and F is a closed subset of M carrying 
a cycle y"' which bounds on Jlf, then a point rr of iif — F will be called a harrier 
to 7'' in M if no closed subset oi M — x carries a homology 7’’ ^ 0. 

3.13 Theorem. Let M he a compact space such that p'^iF) = 0 for every 

closed proper subset F of ikf, and let J he a closed subset of M such that = 1 

and J is irreducible relative to carrying an (n l)-cycle nonhounding on /. 
Denoting by 7”“^ a nonhounding cycle of J, let 7”“^ hound on M and no point of 
M — J he a harrier to 7”"'h Then M — J is the union of two disjoint domains 
having J as common boundary. 

Proof. By Theorem 2.22, there exists ikfi C M such that ikf 1 is an irre- 
ducible membrane relative to 7””^. Since J is irreducible relative to carrying 
an {n — 1) -cycle nonbounding on /, and 7”"’^ is nonbounding, J must be the 
carrier of 7”“h Hence there exists x ^ Mx — J, and since x is not a barrier 
to 7”"\ there exists a closed subset ikf2 of ilf — such that 7""“^ ^ 0 on . 
Then by Theorem 2.21, there exists on ikf a nontrivial n-cycle 7”, and since 
= 0 for every closed proper subset F of ikf, the space ikf must be the 
irreducible carrier of y^, and ilf = ikfi W ikfg . By Corollary 3.3, M — J has 
at most two components. 

In order to prove that J separates ikf, let us first replace ikf 2 by a subset of 
ilif2 which is an irreducible membrane relative to 7""”^; such a set exists by 
Theorem 2.22. We shall then prove that ikf — Mi is nonempty and connected. 
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It is certainly nonempty, since otherwise M 2 would be a subset oi Mi — x 
and consequently Mi would not be an irreducible membrane relative to 7""”^ 
Suppose ilf “ Ml = A U B separate. Then F{A) C /• For suppose y G 
(Ml — J) r\ F{A). Since y is not a barrier to 7”“^ there exists a closed subset 
Ms oi M — y such that 7”“^ 0 on M3 . But arguing as in the preceding 

paragraph we see that M = Mi VJ M3 , which is impossible since there exist 
points of A in a neighborhood of y that belong to neither Mi nor M3 . Therefore 
(Ml - J) n F(A) = 0. 

By Corollary 1.16, there exists a cycle 7I mod / on A such that 7I 7” 
mod M — A on M. Let Z”'~^ == . Suppose ^ 0 on /. Then by 

Lemma 1.6, there exists a cycle Z"" on J U A such that 7I ^ Z” mod M — A. 
But then 7” Z” mod M — A, and by Lemma 1.9 there exists a cycle F” on 
M - A such that 7" - Z" -- P”. That is, 7” ^ + T” ^ 0, since 2^" and 

r” are on closed proper subsets of M. We must conclude then that Zr~^ does 
not bound on J, and th^efore that 2^"^ ^ a7”"^ on /, a G since = 1* 

But then 7”“^ ^ 0 on A, a closed proper subset of Mg , contradicting the fact 
that M2 is an irreducible membrane relative to 7""“^. 

Thus M — Ml == is connected. That F{H) C J follows from the same 
argument used to prove F{A) C J above. Then it easily follows that is a 
component of M — J, since H is closed in M — Mi and open in M. And since 
M — J — H 9 ^ 0, M -- J is not connected. 

We have proved, then, that M — J is the union of exactly two disjoint 
domains D and E. It remains to prove that J is their common boundary. 
Suppose that J H FiD) = J' is a proper subset of /. Now by Corollary 1.16, 
there exists a cycle 7J mod J' on D such that 7” 7J> mod M — D. Since 

is a proper subset of J, dyi 0 on J, and there exists by CoroUary 1.6 a cycle 
Z” on Z) U / such that Z” ^ 7^ mod J, But Z"" 0 on D U J and therefore 

7J ^ 0 mod M — D, implying 7” 0 mod M — D. This contradicts Lemma 3.6. 

3.14 Remark, Theorem 3.13 might be called a “generalized Jordan- 
Brouwer separation theorem”, inasmuch as it contains Brouwer^s extension of 
Jordan’s Theorem to the separation of euclidean n-space by an (n — l)-manifold 
as a special case. 

3.15 It is interesting to note the relation of the theorem just proved to the 
particular case of the 2-sphere. For example, in Theorem II 4.3 we proved that 
if a Peano continuum contains at least one and satisfies the Jordan Curve 
Theorem, then it is a 2-sphere. Now it is easy to see that if M is a Peano con- 
tinuum which satisfies the conditions (1) M contains at least one and every 
nontrivial 1-cycle on an bounds on M, (2) p^{F) = 0 for every closed proper 
subset of M, and (3) no point is a barrier to any 1-cycle, then M is a 2-sphere. 
For if J is any in such a space M, then the conditions of Theorem 3.13 are 
satisfied forn = 2 and M — J is the union of two disjoint domains having J as 
common boundary. Before proceeding further in this direction, however, we 
shall introduce some concepts important for the sequel. 
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4. Non-r-cut and r-avoidable points. 

4.1 Definition. A point p of a space S will be called a non-r-cut point 
ot S a every r-cycle of any compact subset of — p is homologous to zero on a 
compact subset of S' — p, 

4.2 Definition. A space S will be called r-avoidable at p ^ S (and p will 
be called an r-avoidable point of S) if for every open set U containing p there 
exists an open set V such that p ^ V (Q U and such that every r-cycle on 
FiU) bounds onS - V. 

4.3 Definition. A space S will be called locally r-avoidable at p ^ S (and 
p will be called a locally r-avoidable point of /S) if for every open set U containing 
p there exist open sets V and W such that p S W C V Q U and such that 
if 7*" is a cycle on F{V) then y'’ ^ 0 on S — W. 

In order to investigate some of the relations between the above definitions, 
we shall prove a theorem on what might be called “set-avoidability.” 

4.4 Definitions. A countable set, 33^ of cycles of a compact metric space 

M such as that whose existence was proved in Theorem V 12.4 will be called a 
metric fundamental system of r-cycles of M, The normal sequence of refine- 
ments used in that proof will be called the normal sequence of refinements associated 
with iS"*. A set of cycles , • * • , Zna+D will be called an interval of S’*; 

more specifically, the {k + l)$t interval of 

4.5 Theokem. If A and B are disjoint closed subsets of a compact metric 
space M such that every r-cycle on A bounds on a closed subset of M — B, then 
there exists € > 0 such that every r-cycle on A bounds on M — S(Bj e), 

Peoof. Let Z[ j • • • , Zndk) , * • * be a metric fundamental system, of 
r-cycles of A. We may assume the normal sequence of refinements associated 
with W to consist of coverings of M, We shall first prove the theorem for 
cycles of The result will then follow. For suppose 7*" is any cycle of A, 
Then for any covering U* of the normal sequence of refinements associated with 
W, t'(U.) ~ a’^:(Ufc) on U* A A, a' G and as each ~ 0 on 

M - SiB, e), 7'(U0 ~ 0 on M - S{B, <). 

Suppose the theorem not true for the cycles of W. Let < 1, and let 
Zl(^i) be the first cycle of S’” that fails to bound on ikf — S(Bj di). Let Umu) 
be the first covering of the normal sequence of refinements associated with 
S'* such that 2J(i>(Umci)) 0 on AT ^ S(Bj 8 i), Now let 82 < min (81 , 1/2) 
be such that if Zl is a cycle of W of subscript i g ^(1), or in the same interval 
of S3'’ as , then .ZJ ~ 0 on ikf — S(Bj §2). Let Zl(_ 2 } be the first cycle of 
W that fails to bound on ikf — S(Bj 82 ) and Umiz) a covering of the normal 
sequence of refinements associated with 33’’ such that ZI(2)(Um(2)) ^ 0 on 
M — S{B, 82 ). Evidently -Zt(2)(U^ci)) ^ 0 on A, 

Proceeding in the above manner we obtain a sequence of cycles of Wj , 

• • • , , such that (1) t(k) < t{k + 1), (2) 0 on ikf — 
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S(B, Sic), where 5i , • • ■ , 5* , • • • , is a sequence of positive numbers mono- 
tonically decreasing to zero, (3) ~ 0 on Al, and ( 4 ) 0 

on ikf — S{B, Sic) if i < k. 

Now let and generally Y’'(U„,(i)) = 2I(i,(U„ci)) + 

■^(( 2 )(U„(i)) + ••• + Z'mc^iUmw)- Then the collection -y'' = { 7 ’’(U„(i)) } is a 
C-cycle on A on the complete family { } . For Y'(U™(i,)) - -4^iY{VL,n(k+i)) = 
- ^Li^I(,)(U„<.^x>)] - TUz:a.u(Vi,na^iy)- (We ab- 
breviate xu/Ui to xj for typographical reasons.) For each i, the cycle desig- 
nated by the expression in the brackets is homologous to zero on A, since 
is a C-cycle of A, By (3) above, ^ 0 on .d, and hence we 

have that x&+i2'I(*+i)(U^(a+i)) ^ 0 on A. Consequently y"" 

is a C-cycle on A. 

We assert y’’ 0 on ikf — B. For suppose the contrary. Then there exists k 
such that y^ ^ 0 on M - S(B, d,). But yWi^w) - ZUk)(Vi^w) = 
2^J(i)(Um(&)) -f • * • + 0 on M — S(B, dk) by (4) above, so that 

2'i(&)(Um<A)) 0 on M — sIb, 5*), contradicting ( 2 ) above. Thus 7 ’* oo 0 on 

M — B and the assumption that the theorem is not true for the cycles of 33*^ 
leads to contradiction. 

Theorem 4.5 may be generalized as follows: 

4.6 Theorem. If A and B are disjoint closed subsets of a compact metric 
space ikf, and there exist on A cycles 7 I , — > 7 * ? finite in number, such that every 
cycle y"' on A is homologous on a closed subset of M B to a linear combination 
of the cycles 7 I , • • • , 7 * , then there exists e > 0 such that every cycle y"' on A is 
homologous on M -- S(B, e) to a linear combination of the cycles yl , • * • , 7 * . 

Remark. Evidently the above theorems remain valid if instead of assuming 
M compact, only A is assumed compact; the essential modification in the 
argument would consist of obtaining 33 *“ by means of coverings U* of M, finite 
in some neighborhood of A and such that each Ua+i is a normal refinement of 
U, rel (A, 0). 

As a corollary of Theorem 4.5 we have: 

4.7 CoROLLART, If M is a compact metric space and p is a non-r-cut point 
of M, then p is an r-avoidable point of M, 

4.8 Lemma. In any space, an r-avoiddble point is locally r-avoidable, 

4.9 Remarks. It is evident that the requirement that every point of a 
space /S be a non-r-cut point places severe restriction on the character of the 
r-dimensional connectivity of S, In particular, if a compact S is not the minimal 
closed carrier of any r-cycle, then the above requirement implies that p^'iS) —0 
and no point be a barrier to any r-cycle. Conversely, if no point of a compact 
/S is a barrier to any r-cycle and p^'iS) = 0, then every point of iS is a non-r-cut 
point of S. 

It is easy to see that the properties defined in 4. 1-4.3 are actually successively 
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weaker. For example, in the cartesian plane, let ikf = { (x, y) | = 1) V 

(1 < X ^ 2, y = 0)}. The point (2, 0) is a 1-cut point and a 1-avoidable point, 
since for every open set containing (2, 0) the boundary contains no nontrivial 
1-cycles. And that a point may be a locally 1-avoidable point while not 1- 
avoidable is shown by the example, in cartesian 3-space, of the set M = 
{ (x, y, z) \ {x^ + ^ 1) W {x^ + 4:, z = 0)} — { {x, y, z) \ {x — 

3/2)^ + 2/^ ^ 1/4, 2 = 0}, with p = (0, 0, 0). 

However, if a compact metric space is simply r-connected, the above dis- 
tinctions disappear. 

4.10 Lemma. In a simply reconnected compact space S, a locally reavoidahle 
point is both r-avoiddble and a n oner-cut point 

Proof. Let p be a locally r-avoidable point of >S, and let Y be a cycle on a 
compact subset K oi S — p. Letting S — K = U, there exist open sets V 
and W such that p E: W C V ^ U and such that if Z"" is a cycle on F(V), then 
^ 0 on S — W. Now by Lemma 1.13 there exists a cycle Z'’ on F(V) such 
that y"" ^ Z"" on S — V, and it follows that 0 on S — W. Hence p is a 
non-r-cut point of S. 

The proof that p is r-avoidable is similar. 

4.11 Corollary. In a simply r-connected^ compact metric space the non-r-cut 
points, r-avoidable points and locally r-avoidable points are all identical, 

4.12 Corollary. In a metric continuum, the non-Q-cut points, O-avoidable 
points and locally O-avoidable points are identical. 

We can now obtain a characterization of the 2-sphere which does not include 
the assumption that the space is peanian — specifically, in the obvious char- 
acterization given in 3.15 in the remark following Theorem 3.13, we eliminate 
the assumption is a Peano continuum.” 

4.13 Theorem. Let M be a compact metric space such that p^(F) = 0 for 
every closed proper subset F of M, which contains at least one 1-sphere, and all of 
whose points are non-l-cut points. Then if M is not a 1-sphere, it is a 2-sphere, 

For the proof, we notice that in proving Theorem 3.13 we also proved the 
following lemma. 

4.14 Lemma. Let M be a compact metric space such that p^{F) = 0 for every 
closed proper subset F of M, and let J he a closed subset of M which carries a non- 
trivial cycle y^~^ but is irreducible relative to carrying an {n — 1) -cycle nonbounding 
on J, Then if 7”“^ ^0 on M, and no point of M — J is a barrier to y^"^, the num- 
ber p”(M) > 0. 

Now in order to prove Theorem 4.13 it is only necessary to show that M is 
Ic, assuming M is not a 1-sphere. Let x E M, and U an open set containing x. 
Since by Corollary 4.7 every point of ikf is 1-avoidable, there exists an open 
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set V such that x S V C U and such that every 1-cycle of F(U) bounds on 
M — y . Suppose that not all points of V are in the same quasi-component of 
U. Then U A\J B separate, where x E: A and F" Pi B ^ 0. 

By the above lemma, 'p^{M) > 0. Let 7^ be a nonbounding cycle of M. 
Then by Corollary 1.16, there exists a cycle 7! mod F{A) such that ja ^ 7^ 
mod M — A. Let = 67! . Then is a cycle of F{A) C Fill), and is 0 
on M ^ V. By Lemma 1.6 (with K = M — V) there exists a cycle Z^ on 
M - Br\V such that Z^ -- mod M - V r\ A. Then Z^ --7' mod M - 
F P A, and hence by Lemma 1.9, ^ P^ where P^ is on ikf — F P .4. 

But Z^ and P^ are on closed proper subsets of M, implying 7^ ^ 0 on M. But 
7^ is a nonbounding cycle of M, We must conclude, then, that F lies in one 
quasi-component of U; hence that M is Icq at every point and therefore Ic 
(Theorem II 1.8). 

Now the assumption in the hypothesis of Theorem 4.13 that M contains an 

is a strong assumption, especially in view of the fact that M is not assumed 
to be a Peano space. It is well to notice, then, that if we assume that M has 
a closed proper subset J such that J is irreducible relative to carrying a 1-cycle 
nonbounding on /, then the proof that M is Ic goes through as before. And 
as M has no cut point by Corollary 3.3 and is therefore cyclicly connected 
(Corollary III 3.32a), there exists a 1-sphere in M. We can therefore state: 

4.15 Theorem. Let M he a compact metric space such that p^{M') == 0 for 
every closed proper subset M' of ikf , which contains a closed subset J such that J is ir-- 
reducible relative to carrying a 1-cycle nonhounding on J, and which has no 1-cut 
points^ Then if M 9 ^ J, M is a 2‘-sphere. 

A characterization of the can be given analogous to the characterization of 
the given in Theorem 4.15: 

4.16 Theorem. Let M be a compact metric space such that p^{M') = 0 for 
every closed proper subset M' of M, and which has no 0-cut points. Then if M 
has at least 3 points, it is a 1-sphere, 

Proof. Since the only point set J which has the property that J is irreducible 
relative to carrying a 0-cycle nonbounding on J is that which consists of exactly 
two points; and since M has at least three points. Lemma 4.14 applies. The 
proof that M is Ic is as in Theorem 4.13. Then since M is a Peano continuum 
with no cut point, it contains an and since p^{M) > 0 irreducibly, this 
must constitute all of M, 

It is natural now to ask whether the closed 2-manifold can be characterized 
in the same order of ideas. First let us note the following theorem which is 
now easily proved: 

4.17 Theorem. Let M be a compact, metric Ic space carrying m cycles Zl , 
i = 1, • • • , m, m ^ 1, such that if A and B are closed proper subsets of M and 
7 i J yl cycles on A, B respectively, then a homology of the form X) cl'Z^ ^ 7i + T2 
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on M implies a' = 0 for all i. Then if M is separated hy each simple closed curve 
of M of diameter less than some fixed positive number e, M is a closed 2-manifold. 

Proof. That M is not separated by any closed subset J such that p^{J) = 0 
follows from Theorem 3.2. Then M is connected; M is cyclicly connected 
(III 3.32a); and if J is a simple closed curve of Mj every component of M — J 
has J as complete boundary. It follows that M contains a simple closed curve 
of diameter < e (cf. Ill 6.5), and the theorem follows from Theorem III 6.1. 

4.18 Corollary. If M is a compact^ metric Ic space such that (1) M is 
irreducible relative to carrying a 2-cycle nonbounding on M, and (2) for some 
positive number €, M is separated by each of its simple closed curves of diameter 
< e, then M is a closed 2-manifold. 

We also note that in the same way in which we proved the Ic property in 
Theorem 4.13, we may prove: 

4.19 Lemma. Let M be a compact metric space which is irreducible relative to 
carrying an n-cycle nonbounding on M, and suppose that all points of M are locally 
(n — l)-avoidable. Then M is a Peano continuum. 

(This lemma is much weaker than Theorem 5,4 below. It is stated here because 
it is needed immediately below and its proof is obvious.) 

4.20 Definition. A (7-cycle Z'" will be said to be of diameter < € if it has 
a carrier of diameter < e. 

Now in setting up a theorem characterizing the closed 2-manifold analogous 
to Theorem 4.15, it would be natural to assume that there exists a number € 
such that 1-cycles of diameter < c bound and no point is a barrier to any 1- 
cycle of diameter < c. Incidentally, in view of Theorem 4.5 this condition will 
imply the local 1-avoidability of all points, for the case under consideration here. 

4.21 Theorem. Let M he a compact metric space such that p^{M') = 0 for 
every closed proper subset M' of M, and let ehe a positive number such that l-cycles 
of diameter < € bound on M and no point of M is a barrier to any 1-cycle of M of 
diameter < €. If M contains some proper subset J of diameter < e which is ir- 
reducible relative to carrying a 1-cycle nonbounding on J, and M is not a l-sphercj 
then M is a closed 2-manifold. 

Proof. By Lemma 4.14, p^{M) > 0, and since, as remarked above, M is 
locally 1-avoidable, it follows from Lemma 4.19 that M is Ic. That M is sepa- 
rated by every 1-sphere of diameter < e now follows from Theorem 3.13. Hence 
Af is a Peano continuum which contains a 2-cycle irreducibly, and is separated 
by every 1-sphere of diameter < e; M is therefore a closed 2-manifold (CoroUary 
4.18). We may also state the following three theorems, enumerated so as to 
indicate their forerunners above: 

4.15a Theorem. Let M be a compact metric space such that p^{M) > 0 ir- 
reducibly, and which has no 1-cut points. Then M is a 2-sphere. 
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Proof. That M is Ic follows from Corollary 4.7 and Lemma 4.19. By 
Corollary 3.3, M has no cut points, and is therefore cyclicly connected and con- 
tains an Now M cannot be an since p^{M) > 0, and the theorem follows 
from Theorem 4.13. 

4.16a Theorem. Let M he a compact metric space such that p^{M) > 0 irre- 
ducibly^ and which has no 0-cut points. Then M is a 1-sphere. 

4.21a Theorem. Let M he a compact metric space such that p^{M) > 0 irre- 
ducihly, and let e > 0 he such that 1-cycles of diameter < € hound on M and no 
point of M is a harrier to any 1-cycle of diameter < e. Then M is a closed 2- 
manifold. 

The €-condition here corresponds to the condition given in Theorem 4.17 that 
every 1-sphere of diameter < e separate space. However, the remark made 
above to the effect that the former condition implies local 1-avoidability through- 
out the above argument raises the question as to the actual relationship between 
these two properties. That the latter property is not generally as strong a 
condition as the former is shown by the well-known example of the ^‘sphere 
with infinitely many handles;’^ thi^ configuration, M, satisfies the condition that 
p^iM] 5F) > 0 irreducibly as well as the condition that every point be locally 
1-avoidable. Consequently Theorem 4.21a, for instance, would not hold if the 
avoidability condition were substituted for the e-condition used therein. How- 
ever, noting in the case of the example just cited that the 1-dimensional Betti 
number is infinite, let us consider adding to the avoidability condition the 
condition that M be semi-l-connected. 

4.22 Lemma. In a compact metric space M, the conditions (a) that there 
exist € > 0 such that r-cycles of diameter < e hound and no point of M is a harrier 
to any r-cycle of diameter < e and (b) that M he semi-r-connected and locally r- 
avoidahle are equivalent 

Proof. We have already remarked above that (a) implies the avoidability 
condition. That the semi-r-connectedness is implied is obvious. 

To see that (b) implies (a), since M is compact there exists (cf. V 19.4) e > 0 
such that every r-cycle of M of diameter < e bounds on M, Let 7’’ be a cycle 
on some closed set J of diameter_< e, and let p G ikf — Let U be an open 
set containing p such that J r\ U — 0, and let V and W be open sets as in the 
definition (4.3) of local r-avoidability. By Lemma 1.13, there exists a cycle 
2’“ on F{V) such that y’’ ^ Z’* on Af — V. And since Z"* 0 on Af — W, it 

follows that y’' ^ 0 on Af — W, and p is therefore not a barrier to y"". 

In view of Lemma 4.22 we may state; 

4.23 Theorem. Let M he a compact metric space such that p^{M) > 0 irre- 
dudhly, which is semi-l-connected and is locally 1-avoidahle at every point Then 
M is a closed 2-manifold, 
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5. r-extendibility. In close relation to the local properties employed above 
stands a local ^ ^relative’ ^ property employed by Cech [g] in his studies on mani- 
folds: 

5.1 Definition. A space M will be said to be r-extendible^ at p G M if 

for arbitrary open set U containing p there exists an open set V such that 
P G F C and such that if y"" is any cycle mod M — U, then there exists a 
cycle Z’" on M such that 7"* Z"" mod M — V. 

5.2 Lemma. If the locally compact M is locally (r — lyavoidahle at p ^ M, 
then M is r-extendible at p. 

Proof. Given an open set U containing p, let V and W be as in Definition 
4.3. Let 7’’ be a cycle mod M — Then a fortiori y"' is a cycle mod M — V. 
By Corollary 1.16, there exists a cycle yv mod F{V) such that 7"* ^ yv mod 
M — Vj and such that dy'' ^ dyv on M — F. Since ^7^ is on P(F), dyv ~ 0 
on AT — IF. Then dy"" ^0 on M — TF, and by Lemma 1.6 there exists a cycle 
Z’' on M such that y"' ^ Z" mod M — W. 

5.3 Lemma. If the locally compact space M is r-extendihle and semi--(r — 1)- 
connected at p ^ M, r > 0, then M is locally (r — l)-avoidable at p. 

Proof. Given any open set P containing p, let U be an open set such that 
p & U C: P, We may assume that U is such that every (r — 1) -cycle on F{U) 
bounds on M, Let F be an open set as in Definition 5.1. Let be a cycle 
on F(U), Since y''~^ ^ 0 on Mj there exists by Lemma 1.4 a cycle 7’’ mod 
F(U) such that ^7'" ^ 7’'“^ on F{U). And by the way F was selected, there 
exists a cycle Z*" on M such that Z’* ^ y*" mod M — F. Then by Lemma 1.2, 
dy"" ^ dZ'' = 0 on ilf “ F. Since dy"" ^ 7’’"^ on M — 17, and a fortiori on 
M — F, we have then that ^ 0 on M — F. 

Cech defined (in the Princeton notes cited above) an n-pseudomanifold as 
a compact S of dimension n, such that p”(/S) > 0 but every n-cycle on a proper 
closed subset of S bounds on Sy and which is n-extendible at every point, and 
investigated thoroughly the separation properties of such a space. In particular 
he proved: 

5.4 Theorem. If the compact space M is n-extendible at every point and such 
that p”(ilf) > 0 but every n-cycle on a closed proper subset of M bounds on Af, 
then M is Ic. 

Proof. (Compare proof of Lemma 4.14.) Let p G Af, U an open set con- 
taining p, and let F be as in Definition 5.1. Suppose that F is not in one quasi- 
component of C7. Then U ^ AVJ B separate, where p G A and B Py F 7=^ 0. 
Let 7” be a nonbounding cycle of M. Then by Corollary 1.16 there exists a 
cycle y\ mod F{A) such that 


®The term is our own; Cech used no name for the property. 
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(5.4a) ja t” mod M ^ A. 

By the way V was chosen, there exists a cycle such that 
(5.4b) ^ Z” mod M - V. 

Then evidently Z'^ mod M — B CW, since 7 I is on A . But then by Lemma 
1.9 there exists a cycle on M — B CW such that ^ T”. As a cycle on 
a proper closed subset of M, T" ^ 0; hence Z” 0. Then (5.4b) implies that 
ja^O mod M — V, and a fortiori mod M — A. From (5.4a) we get y’' ~ 0 
mod M — Aj which is impossible by Lemma 3.6. 

It now follows that: 

5.5 Corollary. If the compact metric space M is 1-extendible at every pointy 
and p^{M) > 0 irreducihly, then M is a 1-sphere, 

5.6 Corollary. Let M be a compact metric space such that p^(My ^) > 0 
irreducibly^ which is 2-extendible at every point and semi-l-connected. Then M 
is a closed 2-manifold, 

[Cf. Theorem 4.23.] 

5.7 Theorem. Let M be a compact space which is minimal closed carrier of 

exactly m nonbounding n-cycles 7 ” , all n-cycles on proper closed subsets of M 
being bounding cycles of M, Let J be a closed subset of M such that (1) M — J 
has a finite number , h, of components, and (2) M is n-dimensional and n-extendible 
at every point of M — J. Then Pn{M] M — 0) = mk. 

Proof. Let Z> be a component of ilf — /; as A: is finite, D is open. Let 
7 n , i = 1, • • • , m, be cocycles in D such that yn-y” = . Suppose y” is any 

cycle mod M — D, and let p G D. As ibT is n-extendible at p, there exists an 
open set V such that p G 7 C -D and a cycle ZA such that 'f ^ ZT mod M — V, 
Since the yl form a base for M, there exists a relation Z"" • Hence 

t” X) mod Af — 7. By Lemma 2.4, D has a maximal open subset P 
such that y” X ^7^ mod M — P. 

W^assert that P = D, For suppose not. As D is connected, there exists 
x G P (i5 — P) and, by the argument employed above, an open set 7' such 
that X ^ V' C. D and such that y^^ X mod M — 7'. Then X 
X 5"yi mod ikf — P P\ 7' and, by Lemma 3.6, = b" for all i. However, if 

we restrict ourselves to coverings that are n-dimensional in D, the homologies 
7 ” ^ X ^* 7 ” j ^tc., become identities, so that the identity y^^ = X ^"7i extends 
over P KJ 7'; i.e., y” X mod M — (P U 7'), contradicting the fact 
that P was maximal for this homology. 

Then y" ~ X mod M - D, and p"(ikf ; ikf , M - P) = p.(Af ; P, 0) - m. 
Hence cocycles y^ in P such that y^y” = d{ form a base for cocycles in P relative 
to cohomology in P, Now any cocycle in ikf — J can be decomposed into 
cocycles in the respective k components of M — so that the cocycles yn(P/) of 
Theorem 3.8 form a base for cohomology in ikf — J; i.e., Pn(ikf; ikf 0) = mk. 
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5.8 Corollary. Under the same hypothesis as in Theorem 5.7, except that 
M is Ic and k may he infinite^ the cardinality of Pn(M) ikf — J^O) is mk. 

Proof In tbds case the components oi M — J are open and the above proof 
holds when k is infinite. 

Remark. An easy consequence is that if M is n-dimensional and 7i-extendible 
at all points, hence Ic by Theorem 5.4, then Pn{M] M — J, 0) = mk^ no matter 
what the cardinality of k. 

5.9 Theorem. Let M he an n-dimensional compact space such that p^ ^ (M) = 
0, which is n-extendible at all points^ which carries exactly m (^1) nonhounding 
n-cycleSj and such that all n-cycles on proper closed subsets of M hound on M, Let 
J be any closed subset of M, Then if the number of components of M — J is a 
finite number k, 

(5.9a) = Mk - 1). 

Furthermore, if either or k is infinite, then both are infinite. 

Proof. By Theorem 3.10, Pn{M] ikf — 0) § p"'~^(J) + m, so that if 

is infinite, so too is Pn(Af; M — 0); and hence in this case k is infinite 

by Corollary 5,8. Conversely, if A is infinite, is infinite by Theorem 3.9. 

On the other hand, if is finite, ^ ni(k — 1) by Theorem 3.9. But 

also, since by Theorem 5.7, Pn(M; M — J, 0) = mk, and by Theorem 3.10, 
Pn{M]M — 0) ^ we have that ^ mk -- m = m{k — 1). 

Remark. In such theorems as 5.9 above which hypothesize that (1) the 
space under consideration carries exactly m nonbounding cycles, all n-cycles on 
proper closed subsets of M being bounding cycles of M — ^i.e., that M is irreducible 
relative to carrying a cycle nonbounding on M and p^{M) is finite — and (2) M 
is n-extendible at all points, the condition (2) may be replaced by the condition 
that p”(x) ^ m for all a; G Af: 

5.10 Theorem. If M is a compact space such that ~ m finite, all n- 

cycles on proper closed sets of M hound on M, and x is a point of M such that 
P^i^) ^ M Ihen M is n-extendible at x. 

Proof. If U is any open set containing x, then U contains open sets V 
and W such that x G TP C F and p^ix; V, W) = p^{x). Let Pj , i - 1, • • • , 
m, constitute a base for n-cycles of M relative to homologies on M, and suppose 
7” is a cycle mod M — U. By Lemma 3.7, the cycles TJ are lirh mod AT — TF, 
and may, since ^ m, be taken as a base for n-cycles relative to homologies 
mod Af — TF. Consequently 7” a’Pj , a* G niod S — W. 

As a consequence of Theorems 5.4 and 5.10 we have: 

^Evidently, by virtue of Lemma 3.7, p^{x) will have to be exactly equal to m under these 
conditions. 
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5.11 Theorem. If M is a compact space such that p^(M) == m finite, all 
n-cycles on closed proper subsets of M being bounding cycles of M, and Pn(^) ^ ^ 
for all X Q M, then M is Ic. 

6. Non-cut points and avoidable points. In the last section we introduced 
the notions of non-r-cut point and of r-avoidable and locally r-avoidable points. 
In the present section we propose to inquire further into these notions as well 
as to introduce some important related notions. 

First, let us consider the O-dimensional cases of the above-mentioned concepts. 
For example, what is the relation between non-cut point as defined in I 5.11, 
and non-O-cut point? In defining the former, we stated, that it was to be assumed 
that the space, or set, M, under consideration is connected, and that a non-cut 
point p was then to be characterized by the fact that the set ifef — p is con- 
nected. On the other hand, a non-O-cut point is a point p such that every 
0-cycle on a compact subset of M — p bounds on a compact subset of ilf — p. 

6.1 Let us define a set M to be strongly connected if it has the following 
property: li x, y E: M, then there exists a continuum K such that x, y E: 
K CZ M. For example, as a result of Theorem IV 3.1, the domains of a locally 
compact, Ic space are strongly connected. We now prove: 

6.2 Theorem. If p is a non-O-cut point of a point set M, then M — p is 
strongly connected] but the converse does not in general hold (even when M is a 
metric continuum). 

Proof. If p is a non-O-cut point of M and x,y E M — p, then by Theorem 
V 11.5 there exists a nontrivial cycle y° on xKJ y; and if ^ 0 on a compact 
subset of aS — p, then by Corollary V 11.11, x and lie in a continuum in ilf — p. 

To see that the converse does not generally hold, we note first the following 
lemma: 

6.3 Lemma. If A is a compact subset of an open subset P of a compact metric 
space M such that every 0-cycle on A hounds on a compact subset of P, then A lies 
in a subcontinuum of P. 

Proof. By Theorem 4.5, there exists an open set TJ containing If — P 
such that every 0-cycle on A boimds on M — U. Let x, y E A. Then there 
exists a nontrivial cycle y° on a: W y, and y® bounds on a compact subset of 
M — U, Consequently by Corollary V 11.11, x and p lie in a subcontinuum 
of ikf — U. Hence, if C is the component otM — U determined by a fixed point 
p of A, C is a continuum since Af — (7 is compact, and C Z) A, 

6.4 To complete the proof of Theorem 6.2, consider the following example 

in the polar coordinate plane: Let Mn = {(p, 1 (0 ^ p ^ 1)&(^ = 7r/4I)}, 

{(p,d)\(0 Sp S 1)&(0 = 0)}, i?: == {(p, 0) I (p = tan 0)&(O ^6 S ir/A)}, 
and let T be the set of points on some arc which joins the point (1, 0) to the 
point (1, 7r/4), but which otherwise fails to meet any of the sets or K. Let 
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M = T\J K\J , and 'p = (0, 0). Then M — pis strongly connected. 

However, is a O-cut point of M. For consider the set A consisting of (1, 0) 
and all points of the form (1, 7r/4”). If every O-cycle on A bounds on a compact 
subset of ikf — p, then by Lemma 6.3, there exists a continuum in ikf — p which 
contains A. Clearly no such continuum exists, and consequently there must 
be a 0-cycle on A which fails to bound on a compact subset of ikf p. (It is 
an instructive exercise to find this cycle.) 

The space of the above example, it will be noticed, is not Ic. As a matter 
of fact, we can prove: 

6.5 Theorem. If M is a locally compact, Ic space, and p is a non-cut point 
of M, then p is a non-O-cut point of M, 

Proof. Let 7° be a cycle on a compact subset K of M — p. By Theorem 
IV 3.3, K lies in a subcontinuum C of Af “• p. Hence by Theorem V 11.2 
7° ^ 0 on C C Af — p. 

As a corollary of Theorems 6.2 and 6.5 we have: 

6.6 Corollary. Among the locally compact, Ic spaces, the non-cut points and 
nonA)-cut points are identical. 

6.7 Remark. In view of Corollary 6.6 and Theorem 1 12.15 it follows that 
&)ery Peano continuum has at least two non-O-cut points. 

Turning lo the notions of r-a voidability and local r-avoidability, we give the 
following theorems, provable by methods used above: 

6.8 Theorem. In order that a point p of a compact space M should he a 
0-avoidable point of M, it is necessary and sufficient that if U is an open set con- 
taining p, there exist an open set V such that p ^ V U and such that F{U) lies 
in a subcontinuum of M -- V. 

6.9 Theorem. In order that a point p of a compact space M should he a 
locally 0-avoidahle point of M it is necessary and suffiicient that if U is an open 
set containing p, there exist open sets V and W such that p Q W V U such 
that F(y) lies in a subcontinuum of M — W. 

As a corollary of Corollary 4.7 and Theorem 6.8 we have: 

6.10 Corollary. If M is a compact metric space and p is a non-f)-cut point 
of M, then for any open set U containing p, there exists an open set V such that 
p ^ V U and such that F{U) lies in a subcontinuum of M — V. 

Next, let us consider the following definitions: 

6.11 Definition. A space S will be said to have p E >S as a local non-r-cut 
point (and p will be called a local non-r-cut point of S) if for arbitrary open 
set XJ containing p there exists an open set V such that p G F C ?7 such that 
every r-cycle on a compact subset of F — p bounds on a compact subset of 
U -p. 
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6.12 Definition. A space S will be called completely r-avoidahle at p G 5 
(and p will be called a completely r-avoidable point of S) if for arbitrary open 
set U containing p there exist open sets V and W such that p G W V C U 
and such that every r-cycle on F{V) bounds on U —■ W, 

6.13 The similarity between Definition 6.11 and the definition of ^V-lc at 

p” suggests that the relation between the two be investigated. Consider the 
example, in the cartesian plane, of the set M = Mn , where Mn — 

{ (x, y) \ (x — l/ny + y^ = 1/^^}- Let p — (0, 0). Then p is a local non-l-cut 
point of Mj but M is not 1-lc at p. And if /S is the euclidean plane and p G S, 
then 8 is 14c at p, but p is not a local non-l-cut point of S, 

Let us consider the case r = 0 of Definition 6.11, however. In the first place, 
it is easy to prove that: 

6.14 Theorem. If p is a local non-O-cut point of a space 8 , and U is an open 
set containing p, then there exists an open set V sitch that p G V C U and such 
that if x^y GV — Pj then there exists a continuum K such that x,y GK G U — p. 

The property stated in the conclusion of Theorem 6.14 is precisely that which, 
when stated in metric terms, Urysohn used [d; §3, p. 301] to define ^'avoidable^' 
(vermeidbar) point of a metric continuum. 

As a matter of fact, we may prove: 

6.15 Theorem. A necessary and sufficient condition that a point p of a locally 
compact y Ic space 8 should he an avoidable^ ^ point in Urysohn^ s sense is that p be 
a local non-O-cut point of 8, 

Proof. The sufficiency follows from Theorem 6.14. To prove the necessity, 
let U be an open set containing p, and let V be an open set such that p G 
V G Uy and such that if x, y G V — p, then there exists a continuum C such 
that Xj y G C G U — p. Let 7° be a cycle on a compact subset of P — p. 
Then by Corollary IV 3.4, K lies in a finite number of continua Ci , • • • ,0* 
oiV — Pf which (see proof of Theorem 6.5) lie in a subcontinuum C of [7 — p. 
Hence 7° bounds on the compact subset C of C7 — p and p is therefore a local 
non-O-cut point of 8. 

Urysohn showed that if p is an ^‘avoidable'^ point of a metric continuum, 
then M is Ic at p. Inasmuch as the natural extension of the “continuum^^ 
condition in higher dimensions is semi-r-connectedness, we might consider the 
implications of the local non-r-cut point condition in semi-r-connected spaces. 

6.16 Theorem. If a locally compact metric space 8 is semi-r-connected and p 
is a local non-r-cut point of 8, then 8 is r-lc at p. 

Theorem 6.16 is a consequence of the following two theorems: 

6.17 Theorem. If M is a locally compact metric space and p is a local non-r- 
cut point of M, then M is completely r-avoidable at p. 
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(This is a consequence of Theorem 4.5.) 

6.18 .Theorem. If a locally compact space S is completely r-avoidahle at 
p ^ S and semi-r-connected at p, then S is r4c at p. 

(This is a consequence of Theorem 2,24.) 

From Theorem 6.17 and Lemma 6.3 we have: 

6.19 Theorem. If p is a local non-O-cut point of a locally compact metric 
space M, then for every open set U containing p there exist open sets V and W 
such^that p S W C V <S: U and such that all points of F(V) lie in a subcontinuum 
of U -W. 

6.20 Corollary. If p is a local non-D-cut point of a locally compact metric 
space M and e > 0 is arbitrary^ then there exists a continuum K in S{pj e) such 
that M — K ^ A\J B separate, where p G: A Q S(p, e). (Compare Urysohn, 
loc. cit.) 

Now Theorem 6.17 has a converse of the following form: 

6.21 Theorem. If the locally compact space M is semi-r-connected and com’- 
pletely r-avoidable at p, then p is a local non-r-cut point of M. 

Proof. Let U be any open set containing p. Then there exists open sets 
V and TF ^ich that p G W Q V C U and such that every r-cycle on F(F) 
bounds on i7 — W, And since M is semi-r~connected at p we may assume that 
W is such that all r-cycles on W bound on M, 

Consider any cycle y’’ on a compact subset K oiW — p. Let C/' be an open 
set such that p GU' QW — K, and let 7', TF' be open ^ts such that pGW' (C 
V' C U' and such that all r-cycles on F(y') bound on U' — IF'. 

Now y"* ^ 0 on M, and if we let L = V' KJ (M — F), there exists by Lemma 
1.13 a cycle Z** on F(L) = F(V') KJ F(F) such that 

(6,21a) y^ ^ on F - F'; a fortiori onU- W\ 

Now Z*" = Z[ +_^2 , where ZJ and Zl jxe cycles on F(F') and F(F) respectively; 
and ZI ^ 0 on f7' — TF', ZJ 0 on i7 — IF. Consequently 

(6.21b) Z^ = ZI + ZJ 0 on TF' 

and relations (6.21a) and (6.21b) imply that y"* ^ 0 on ?7 — TF'. Hence we 
have proved tlmt every cycle on a compact subset of TF — p bounds on a com- 
pact subset oi U — p, and p is a local non-r-cut point of M. 

6.22 Corollary. If M is a locally compact, connected space, and p is a 
completely 0-avoidable point of M, then p is a local non-O-cut point of M. 

And as a corollary of Theorems 6.16 and 6.21 we have: 

6.23 Theorem. In the locally compact, semi-r-connected metric spaces, the 
local non-r-cut points and the completely r-avoidable points are identical. 
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6.24 Theorem. In order that a point p of a locally compact^ connected metric 
space should he a local non-D-cut point, it is necessary and sufficient that for every 
e > 0 the point p be e-separatable^ by means of a continuumf 

Proof. The necessity follows from Corollary 6.20 and the sufficiency pro- 
ceeds as follows: Given e, let if be a continuum in S{p, c) such that M — K — 
A\J B separate, where p E: A <Z S{p, e). Then if TF is an open set such that 
p G IF C A, we have that all 0-cycles on F(A) bound on if C «) “ 
i.e., p is completely 0-avoidable. Then by virtue of Corollary 6.22, p is a local 
non-O-cut point of M, 

6.25 Now the above avoidability and non-cut notions may be modified by 
allowing in each case a finite number of ^^exceptions to the rule;^^ for example, 
in the case of r-avoidability, we may define a space S to be almost r-avoidable 
at p G 5 if for arbitrary open set U containing p there exists an open set V 
such that p & V Q U and such that only a finite number of r-cycles on i^(l7) are 
lirh on 5 — F. Almost locally r-avoidable and almost completely r-avoidable are 
defined by analogous alteration of the corresponding definitions above. And 
in the case of non-cut points, we define a point p of jS to be almost a non^r-cut 
point of S if there exist at most a finite number of r-cycles on compact subsets 
of aS “ p that are lirh on compact subsets of — p; almost a local non-r-cut 
point is defined by analogous change of the corresponding definition above. 

We may then state theorems for the ^^almost’^ categories similar to the 
theorems above. Not all of the expected analogies hold, however, so that we 
shall state precisely those which do. In doing so, we shall use the preceding 
enumeration followed by an upper index “a^'; thus, the analogue of Theorem 
2.6 is designated below by 2.6“. 

4.7“, 4.8“, 4.10“ Theorem. If M is a compact metric space and p is almost a 
non-r-cui point of M, then p is an almost r-avoidable point of M, In any space, 
if p is an almost r-avoidable point, then it is an almost locally r-avoidable point 
And in a simply r-connected, locally compact space, an almost locally r-avoidable 
point is almost r-avoidable. 

Proof. The first sentence is a corollary of Theorem 4.6. The second is 
obvious. To prove the third, let p be an almost locally r-avoidable point of a 
simply r-connected space S, and let U be an open set containing p. There 
exist open sets V and TF such that p G IF C F C and such that for some 
number k, every k r-cycles on F(F) satisfy a homology in /S — TF. Let 7i , * * * , 
yl be cycles on F{U). As S is simply r-connected, each 7* ^ 0 on S, i = 1, 

• • • ,k. Hence by Lemma 1.13 there exists a cycle Z'i on F{V) such that y\ 

^A point p is called €-separatable by a set Jf in a metric space S'^8 ^ K — A\J B separate, 
where p G A C S(p, e). 

^Theorem 6.24 was proved by TJrysohn (loc. cit. Satz Y) for an Ic continuum using “avoid- 
able point” instead of “local non-O-cut point.” In view of Theorem 6.15, Urysohn's theorem 
follows from Theorem 6.24. 
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Z[ on M — V, and since the cycles Zl are related by a homology in M — W, 
the same holds for the cycles 7i . 

4,ir Corollary. In a simply reconnected^ locally compact space, the almost 
Teavoidable points and the almost locally Teavoidable points are identical. 

4.12^ Corollary. In any continuum, the almost Qeavoidahle points and the 
almost locally O-avoidable points are identical. 

6.26 Remark. It will be noted that whereas in Lemma 4.10 it was proved 
that in a simply r-connected compact space, a locally r-avoidable point is a 
non-r-cut point, we have not stated in 4.10^ that in a like space an almost 
locally r-avoidable point is almost a non-r-cut point. Such a statement would 
not hold, as the following example shows: In the polar coordinate plane, let 
{(p, 0) 1 (0 g P g l/n)&(0 = Tr/n)], and let M = Ur.i M„ . Then if 
p = (0, 0), the compact metric space M is a continuum and therefore simply 
0-connected, and is almost locally 0-avoidable at p. However, M — p has 
infinitely many lirh nontrivial 0-cycles. 

6.2 ^ Theorem. If p is almost a noneQ-cut point of a point set M, then M — p 
has only a finite number of constituanis. [See Index.] 

Proof. By hypothesis there exists a finite set of 0-cycles, 7? , • • • , 7^ on 
a compact subset if of ilf — p such that every cycle 7° on a compact subset 
of M" — p is homologous on a compact subset of ilf — p to a linear combination 
of the cycles 7?. Now suppose there exist points Xi , X 2 , * • * , , • • • of 

M — p such that no pair , Xf , i < j, are joined by a subcontinuum oi M — p. 
For each pair Xi , Xn ,n > 1, there exists a nontrivial cycle 7° on x^ , and 
by hypothesis there exists a relation 

(6.2a) ^ E a‘ e 3=, on , 

where if„ is a compact subset of M — p. 

Now at most k of the right-hand members of relations (6.2a) are linearly 
independent in the algebraic sense, and therefore there exists a relation 

(6.2b) X) &”r“ = 0, not all 5" = 0. 

n-l 

Assuming b^ 9 ^ 0, we get that 

jfc+i 

(6.2c) r? = x; c^vl . 

n— 2 

From relations (6.2a) and (6.2c) it follows that 7? ~ En-2 c“7“ on , that 

is, there exists a homology of the form ^ 0 on Untl if. . Now 

if. is compact, hence its components are continua and a fortiori constituants. 
That no linear form such as (^7° can bound on if. may be shown 
by methods similar to those employed in V 11. 
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6.5* Theorem. If M is a locally com/pact, Ic space, and p is a point of M 
such that M — p has only a finite number of components, then p is almost a non-0- 
cut point of M. 

Proof. Suppose M — p has k components. Let , • • • , 7° be A 0-cycles 
on a compact subset if of M — p. By Corollary IV 3.4, we may assume that 
K has at most k components, and by Theorem V 11.3a, p'^^K, ^ k — 1. 

Hence there exists a relation a*7i ^ 0 on if . 

6.6* Corollary. If M is a locally compact, Ic space, then in order that a 
point p of M should he almost a non-Q-cut point of M, it is necessary and sufficient 
that M — p have only a finite number of components, 

6.8* Theorem. In order that a point p of a compact space M should he an 
almost 0-avoidable point of M, it is necessary and sufficient that if U is an open 
set containing p, there exists an open set V such that p G F C F{U) lies 

in a finite number of subcontinua of M — V. 

6.27 Remark. It follows from Theorem 6.8a that an almost 0-avoidable 
point of a continuum M is a point at which M is semi-locally-connected in the 
sense of Whyburn; and conversely. 

(Cf. G. T. Whyburn [Wh, p. 19]. Whyburn defines a metric, connected set 
M to be semi-locally-connected at x ^ M if for arbitrary e > 0 there exists a 
neighborhood F of a; of diameter < € such that Af — F has only a finite number 
of components. It follows easily from the conclusion of Theorem 6.8* that the 
open set F, augmented by components of Af — F that do not meet F(U), is 
an open set V' d U such that M — F' is a finite number of connected sets.) 

6.9* Theorem. In order that a point p of a compact space M should be an 
almost locally 0-avoidable point of M it is necessary and sufficient that if U is any 
open set containing p then there exist open sets V and W such that p G IF C 
V U and stcch that F(V) lies in a finite number of subcontinua of M — W, 

6.17* Theorem. If M is a locally compact metric space and p is almost a 
local non-r-cut point of M, then M is almost completely r-avoidable at p. 

Remark. The analogue of Theorem 6.21 does not hold; see the example of 
6.26. 

6.18* Lemma. If a locally compact space S is semi-r-connected at p d S as 
well as almost completely r-avoidable at p, then S is r-lc at p. 

[This is a direct consequence of Theorem 2.24.] 

6.18^ Corollary. If a locally compact connected space S is almost com- 
pletely 0-avoidahle atpdS, then S is Ic at p. 

6.28 Theorem. In order that a locally compact space S should be Id^ it is 
necessary and sufficient that S be semi-r-connected and almost completely r-avoidable 
at all points for r == 0, 1, • • • , n. 
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[The necessity follows from Corollary VI 3.8.] 

6.16^ Theorem. If a locally compact metric space M is semi-r-connected at 
p ^ S and p is almost a local non-r'-cut point of M, theri S is r-lc at p, 

[This is a consequence of Theorem 6.17^ and Lemma 6.18^.] 

6.16'' Corollary. If p is almost a local non-O-cut point of a locally compact^ 
metric, connected space S, then S is Ic at p, 

6.24^ Theorem. In order that a point p of a locally compact, metric space M 
should be almost a local non-O-cut point of M, it is necessary and sufficient that 
for every open set U containing p there exist open sets V and W such that p E:W ^ 
F C C7 and such that all points of F{V) lie in a finite number of subcontinua of 
U — W; or, in other words, that for every e> G,p be e-separatable by finitely many 
continua, 

[The necessity follows from Theorem 6.17^ and Theorem V 11.10; the suffi- 
ciency follows as in Theorem 6.24.] 

6.24^^ Corollary. If the point p of the locally compact, metric, connected 
space M is e-separatable by a finite number of continuafor every e, then M is Ic at p, 

[The proof uses Corollary 6.16'' and Theorem 6.24^.] 

6.29 Theorem. In order that a locally compact, connected space S should be 
Ic it is necessary and sufficient that for every p E: S and open set U containing p, 
there exist a finite set K of continua inU — p such that S — K = B separate, 
where p E A ^ U. (Compare Urysohn, loc. cit., Satz I.) 

The necessity follows from Corollary IV 3.4: Select V and W such that 
p EW € F C U, and let F(F) = K] then K lies in a finite number of continua 
oi U — W, The sufficiency follows from Theorem 2.24: If S is not Ic at p, 
select U P 8iS defined in that theorem, and K as in the sufficiency condition 
above. Then let W be an open set such that p G TF A. Then only finitely 
many 0-cycles on F{A) (C K) are lirh onK {EU — TF). 

6.30 Corollary. In order that a locally compact, metric, connected space S 
should be Ic at p E S, it is necessary and sufficient that p be almost a local non-0- 
cut point of S, 

[This is a corollary of Theorems 6.24"" and 6.29.] 

7. Property * In IV 3.6 we introduced the notion of property S, and 
showed that for compact spaces it is equivalent to the Ic property. We now 
propose to define a property which we call , which for n == 0 reduces to 
property S, and which plays an analogous role for the higher-dimensional local 
connectedness. (The position of the index n will serve to distinguish property 
Sn from the n-sphere S'". Furthermore, Sn is used only with the word ^^property.’O 

7.1 Definition. By a pair {U, F) we mean an ordered pair of point sets 
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U and V such that C/ D F. By N'^Uj V) we denote the maximum number 
of n-cycles on compact subsets of V that are lirh on compact subsets of U. A 
set of pairs { (?7, F) } will be said to cover a point set M if for each x G M there 
exists at least one pair in the set such that x G V. 

7.2 Definition. If (P is a set of pairs (U, F), then by KJu (? we denote the 

set \J U,U G (U, F) G CP; and byl^^r (p we denote the set F, F G {U, V) G 
CP. The number CP, CP) we abbreviate to /i”(CP). A point set M will 

be said to be the union U CP of a set (? of pairs {U, 7) if if == U.CP = Ur<P. 

7.3 Definition. If <S is any covering of the space under consideration, then 
a pair (C7, F) will be said to be of diameter < @ if i7 is of diameter < (S. 

7.4 Definition. A point set M in a space S will be said to have 'property 
Sn if given an arbitrary covering (S of S, the set M is the union of a finite set CP 
of pairs of diameter < and such that for every subset CP' of (P the number 
A”(CP') is finite. In particular, then, a set cannot have property Sn unless its n- 
dimensional Betti number is finite, 

7.5 Remark. In order to prevent confusion with closely related properties 
to be introduced later on, it seems advisable to emphasize here that in the 
determination of the numbers K" (Definition 7.1) only cycles and chains on 
compact carriers of the sets ?7, F, etc., are considered. It may be objected 
that in the case where the set in question is not only noncompact, but has few 
compact subsets of any significance, then property Sn can be of little use. The 
answer to this objection is that (1) the most significant applications of the 
property are either to compact spaces or to open subsets thereof; and that (2) 
later we shall find it convenient to drop the requirement of compact carriers 
altogether, in which case the objection loses force entirely. 

7.6 It will also be desirable at times to restrict the group of cycles under 
consideration; we have already done this sort of thing in §3, when defining the 
group G^(M] J, 0). For example, property Sn rel. G, where G is a special group 
of n-cycles, indicates that in the determination of the numbers /t” only cycles 
of G are employed. In the next section we shall make similar conventions in 
regard to avoidability properties. 

We first give some “justification” theorems. 

7.7 Theorem. If a point set M has property So , then it has property S. 

Proof. Let (g be an arbitrary covering of space. Then M is the union of a 
finite set CP of pairs {U, V)i each of which is of diameter < Cg and such that for 
every subset (P' of CP the number A°(<P') is finite. In particular, each hf(JJy V)i 
is finite, so that by Theorem V 11.10, F lies in a finite number mi of components 
of U, Since M = (P, it follows that M is the union of at most m* 

connected sets of diameter < (g, where h is the number of elements in CP. 

7.8 Theorem. If an open subset M of a locally compact space has property 
S, then M has property So . 
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Proof. Let ® be any covering of space. By Theorem IV 4.5 M is the union 
of a finite collection of domains, Mi , of ilf of diameter < @. For each i, let 
(JJ, V)i denote a pair such that U = V = Mi , and let <P be the set of aU such 
pairs. Let (P' C CP; then U. CP' = Ur 6^' is the union of disjoint domains 
Dij — * ,Dk, finite in number. By Theorem IV 4.2, M is Ic. Hence by Corollary 
IV 3.4, if K is any compact subset of D = uu Di , then K is contained in 
the union of at most k continua. It follows that /^°((P') ^ k. 

We now state a most important theorem, embodying the definition of a prop- 
erty which is equivalent to property Sr : 

7.9 Theorem. Let S he a compact space and M a subset of S, Then in order 
that M have property Sr rel, G% where is any group of cycles of ikf, it is necessary 
and sufficient that if P and Q are open subsets of S such that P □) Q, then at most 
a finite number of cycles of G'‘ on compact subsets of M r\ Q are lirh on compact 
subsets of M r\ P. 

Proof. To prove the necessity, let P' be an open set such that S — P d 
P^ S — Qj and let ® denote the covering of S consisting of the open sets P, 
P\ Since M has property Sr rel. (?"*, there exists a finite set of pairs {P* , Q^} 
of diameter < (g suchjbhat M = Up. = U Qi , etc. Denote the union of those 
sets Qi which meet Q by V, and the union of the corresponding sets P*- by U. 
Then Mr\QC.V(ZUC.Mr\Pj and at most a finite number of cycles of 
G"' on compact subsets of V are lirh on compact subsets of C7. A fortiori, at 
most a finite number of cycles of C on compact subsets ot M r\ Q are lirh on 
compact subsets of M Pi P. 

To prove the sufficiency, let (g be an arbitrary covering of S formed by a 
finite collection of open sets , i — 1, 2, • • • , By Lemma V 8.2, (g has a 
closure refinement, 35, consisting of sets F, such that Ui 3 Vi . Denote those 
elements of 35 that meet AT by j = 1, • • • , h. Let P, — M r\ , 

Qi — M r\ F*(,) and consider the set of pairs {P, , Q,-}. Obviously their union 
is M, And if F' is the union of some of the sets Q, , and U' the union of the 
corresponding sets P, , then the respective unions F, TJ of the corresponding 
sets F,-(,-) , form open subsets of S such that F C and consequently 
at most a finite number of cycles of G'^ on compact subsets of M P F are lirh 
on compact subsets of M P U — implying that at most a finite number of cycles 
of G’’ on compact subsets of F' are lirh on compact subsets of 17'. Thus M 
has property Sr rel. 

An almost identical argument also shows: 

7.10 Theorem. Let S be a compact space and M a subset of S. Then in 
order that M have property Sr rel. G"*, where G’’ is any group of cycles, it is necessary 
and sufficient that if P and F are an open and a closed subset, respectively, of S 
such that P L) F, then at most a finite number of cycles of G’* on compact subsets 
of M r\ F are lirh on compact subsets of M r\ P. 

An interesting corollary of Theorem 7.10 (cf. also Theorems V 11.10, and 7.7, 
7.8 above) is the following: 
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7.11 Corollary. Let M he a suhcontinuum of a compact space S. Then 
in order for M to have property S, it is necessary and sufficient that if P and F 
are respectively open and closed subsets of S such that P Z) F, then M r\ F is con- 
tained in a finite number of components of M r\ P, 

The property which is proved equivalent to property Sr rel. G" in Theorem 
7.9 is strictly analogous to property (P, Q)„ of VI 7.1, the only difference being 
that in the present case, cycles instead of cocycles are employed. Because of 
the importance of the property, we introduce a special term for it: 

7.12^ Definition. A subset ikT of a space S will be said to have property 
(P, Q)"" rel. where is a set of n-cycles, if for every pair P, Q of open subsets 
of S such that P "3 Q, Q compact, at most a finite number of cycles of (?” on 
compact subsets of iif Pi Q are lirh on compact subsets of ilf P P. [If 
(5^ == ^F) the ^^rel. may be omitted.] 

By Theorem 7.9, then, a subset of a compact space has property Sr rel. G"* 
if and only if it has property (P, QY rel. G*". 

Now in regard to the relationship between property and the n-lc property, 
we have: 

7.13 Theorem. If a closed subset M of a compact space S has property Sn , 
then M is n-lc; but the converse does not necessarily hold if n > 0. (Cf. Corollary 
IV 3.8.) 

Proof. The first part of the theorem follows from Theorem 7.10 and VI 6.14, 

To see that a compact space may have property l-lc, for instance, and not 
property Si , consider the following example: 

7.14 Example. In the coordinate plane let Pn denote the point (1/n, 0), 
n = 1, 2, 3, • * • . Let Kn be the set of all points on an ellipse with center , 
major axis parallel to the y-Bjxis and length 2, and minor axis of length less 
than p(pn , Pn+i)/2. Let Kq denote the set of all points (0, y) such that — 1 ^ 
2 /^ 1 . Then the point set M — U:-o Kn is compact and locally 1-connected, 
but does not have property Si ; in particular, p^{M) is infinite. 

Consider also the following example: 

7.15 Example. In cartesian 3-space let = {(x, 2^) | (0 ^ x S 1)& 

{y = l/n)&(0 S z 1) }, forn = 1, 2, 3, • • • . Let Kq be the surface, excepting 
the base in the x^z-plane, of the unit cube of whose faces three lie in the co- 
ordinate planes and of which (1, 1, 1) is a vertex. Let M = U:~oK„. Here 
again M is compact and 1-lc, and does not have property Si . In this case, 
however, p^iM) = 0. If (P were a set of pairs of diameters less than 1/2, whose 
union is M, and (P' were that subset of (P consisting only of those pairs containing 
points for which z = Oy then h^((P') would be infinite. 

It will be noted in each of the above examples that the set M is not 0-lc. 
We found in Theorem IV 3.7 that the properties S (hence So) and 04c are 
equivalent for compact spaces. What is the situation as regards the Ic"^ property 
and the possession of property S^ for all values of i from 0 to n? 
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7.16 Definition. A set M will be said to have property S* , j S k, if it 

has property Sr for all r such that j ^ ^ h 

7.17 Theorem. In order that a compact space M should he Ic^j it is necessary 
and sufficient that it have property Sq . 

The necessity follows from Theorem VI 6.16 and Theorem 7.10, and the 
sufficiency from Theorem 7.13. 

Theorem 7.17, which is the natural generalization of Corollary IV 3.8, is also 
the generalization of the Sierpinski theorem characterizing Peano continua 
(Corollary IV 3,9). 

In Remark IV 4.3 it was pointed out that property S is stronger than the Ic 
property, for nonclosed subsets of a compact space. Likewise, property SS is 
stronger than Ic” for such sets. We shall see later, for example (Corollary XI 2.22) , 
that the boundary of a domain D in S” complementary to a continuum is peanian 
if D has property generally this is not the case, although an open subset 
of S'" is always Ic”"'^. 

8. Set-avoidability. This section deals with the obvious generalization of the 
notions of avoidable point and non-cut point, wherein we replace ^^point'^ by 
^^closed seP\ The generalization yields important connections with the local 
connectedness and property Sn concepts. We are interested particularly in the 
almost local avoidability and almost complete avoidability generalizations: 
For example, if if is a closed subset of a space then we say that K is almost 
locally r-avoidable if, given an open set U Z) K, there exist open sets V, W 
such that K C. W C V C. U and such that at most a finite number of r-cycles 
of F(F) are lirh on 5 TV. 

8.1 Note first that the points of a compact space may be almost locally 

/-avoidable without the closed sets being almost locally r-avoidable. For 
example, in the cartesian plane let = {{x, y) \ {x = l/n)&(0 ^ y ^ 1)}, 
Mq = {(x, y)\(x = 0)&(0 £ y £ 1)}, A = {{xj y)\ (P S X ^ l)&(y = l)j, 
B = {(x, 2 /) i (0 ^ X ^ = 0)}. Let S = U A W B, and let 

a “ (0, 1), ?> = (0, 0). With the cartesian metric, B is a compact metric space, 
and is almost locally 0-avoidable at all points (this can be seen by trial, but will 
follow as a result of theorems to be proved later). However, if K = a\J b and 
U == B(a, 1/4) W B(b, 1/4), then V and W are not obtainable so as to satisfy 
the definition of almost local 0-avoidability of if. 

8.2 Theorem. If M is any space and G'‘ is any group of r-cycles of M, 
then the property of almost local avoidability of the closed subsets of M relative to 

is equivalent to the property of almost complete avoidability of the closed subsets 
of M relative to G\ 

Proof. That almost complete avoidability implies almost local avoidability 
is obvious. 
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Suppose the closed subsets of M are almost locally avoidable rel. 0% and 
let K be any closed subset of M. Then there exists, for any open set U con- 
taining K, a pair of ^en sets V and W such that K <ZW QV Q U. The set 
K' = {M — U)\J W is & closed subset of M, and the ssiTJ' — M ~ F{V) is 
an open subset of M containing K'. Since the closed subsets of M are almost 
locally avoidable rel. G', there exist open sets V' and W' such that K' dW Q 
V' C U' and such that only a finite number of cycles of O' on F(y') are lirh 
on M - W. 

Now M — W d U — W. For W d K' d W, implying that M — W' d 
M — W) and W d K' d M — U, implying M — W' d U. Therefore we have 

(8.2a) M - W' d U n (M - W) = U - W. 

Consider the open ^t Fi = F H V'. Evi^ntly 17 □> Fi IF D if; for ?7 D 
F) implying U d Vi , and relations V d W,V' d K' d W imply V r\ V' d 
W. Also, since M - F(F) = t/' 3 F', it follows that M - F(V) d F(,V') 
and hence, since F(F H F') C F{V) VJ F{V'), that 

(8.2b) F(Fi) = F(F r\ V) d F(V'). 

The cycles of G' that lie on F(Fi) form, then, a subgroup G[ of the group 
of cycles of G' that lie on F(V'). And since at most a finite number of the latter 
are lirh onM — W', it follows from (8.2a) and (8.2b) that at most a finite number 
of cycles of (?( are lirh on 17 — TF. Thus, given U d K, we have found open 
sets Fi and IF such that if C IF C Fi C 17 and such that at most a finite 
number of the cycles of G' on F{Vi) are lirh on 17 — TF, and therefore K is 
almost completely avoidable rel. G'. 

If (E is a covering of the space. O' any group of cycles, and (P is a covering 
of a set ilf by a finite set of pairs (O', F) of diameter < @ such that for every 
(P' C (P, the number of cycles of G' on \Jr <P' that are lirh on u u CP' is finite, 
then we call (P an iS(@, (?’’) covering of M, 

8.3 Theorem. If a compact space M has property Sr relative to some group 
(?’’ of cycles^ then the closed subsets of M are almost completely avoidable rel, G\ 

Proof. Given a closed subset K oi M and an open set XJ containing if, let 
V and W be arbitrary open sets such that if C TT C P C By Theorem 
7.10 at most a finite number of cycles of G" on F(F) are lirh on i7 — TF. 

8.4 The question arises, does the converse of Theorem 8.3 hold? That the 

answer is negative is easily seen from the following example: In the polar 
coordinate plane let Kq = (0, 0), ifn = {{p, 0) \ p = 1/n}, and M = U:-o K„ . 
Then the closed subsets of M are almost completely avoidable relative to the 
group of all 1-cycles, but M does not have property Si since p^(M) = . 

8.5 It appears, then, from Theorem 8.3, that the S-properties are in general 
a strengthening of the almost complete avoidability properties. And since 
possession of property Sr implies finite p"* and hence semi-r-connectedness 
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(Corollary V 19.5), the sequence ^^Property Sr semi-r-connectedness and almost 
complete r-avoidahility at all points — > r-lc'^ (Lemma 6.18“) reveals the inter- 
mediate character .of the avoidability properties between the S and Ic properties. 

Now there is one case, important in the sequel, in which the converse of 

Theorem 8.3 does hold; namely, where (?’’ == 5’'(Af, £F), the group of bounding 

r-cycles of M, 

8.6 Theorem. In every compact space M, Property Sr rel, is 

equivalent to the almost complete avoidability of the closed subsets of M rel, B\M, 9r). 

Proof. Let P and Q be open sets such that P D Q. If M has the almost 
complete avoidability property, there exist open sets U and V such that Q C 
V ^ U C. P anc^such that at most a finite number of cycles of B''{M, on 
F{U) are lirh on P — F. If Z"' G B''{M, 6^) on Q, then by Lemma 1.13 there 

exists a cycle y"" on P(?7) such that Z"" ^ y"' on U. The theorem now follows 

from Theorem 7.9. 

8.7 Further light may be thrown on the relationships between the S, avoid- 
ability, and Ic properties by the extension of the local connectivity numbers to 
the connectivity numbers about a set, already referred to in VI 7. We refer 
particularly to the numbers If P D Q are open sets containing the fixed 
set Kj then a number g\K; P, Q), in analogy with g^x; P, Q), is defined as 
the number of C-cycles on Q lirh on P, The number g'^iK; P) is the greatest 
cardinal number which is ^ g\K;Pj Q) for all Q, and g\K) is the least cardinal 
number ^ g"{K; P) for all P. If g'^iK; P) is infinite for some P, we write g\K) == 
coj but if g'^iK; P) is always finite while g^'iK) is infinite, we write g'‘(K) = co. 
That, unlike the case where if is a point, the various cases g\K) = 1, 2, • • • , 
0 ) can occur when if is a general closed point set is easily seen from examples. 
For instance, if if is an in then g^(K) = 1. If for each natural number 
n, if,^ is an of diameter < l/?^ in such that lim sup {if„} is a single point 
Xj then g^ (U K^yJx) = c. 

8.8 Remark. The numbers g\K) are clearly dependent not upon the set 
if alone, but also upon the space in which if is imbedded. For example, if if 
is a point in an then g^{K) — 0, but if the space is the set M of the example 
in 8.4, then for the point ifo , g^{Kf) = «>. It would be appropriate, then, to 
include the imbedding space in the symbol for the number — as for instance 
g^'iK] S^) for a set if in — ^but unless more than one space is involved during 
an argument, we use the abbreviated symbol g'"{K), 

In case only cycles of some special group, (7**, are taken into consideration, 
we denote the numbers g'' by g{K] g{K; P; (?"'), etc. 

8.9 Theorem. In every compact space M, Property S rel, 0^ is equivalent to 
the relation g(K; O') S co for all closed subsets if of M, 

Theorem 8.9 follows easily from Theorem 7.9. 

From Theorems 8.3, 8.6 and 8.9 we also have: 



[9] 


AN ADDITION THEOREM 


241 


8.10 Thboeem. In a compact space M, if g^{K-, G") ^ w for every closed 
subset K of M, then the closed subsets of M are almost completely avoidable rel. 
(?^ And for G' = 5), the two properties are equivalent. 

9. Aa addition theorem. The following theorem is an important generaliza- 
tion, from 5“ to general topological spaces, of Theorem II 5.18. 

9.1 Theorem. In a normal space S let Aj, and Az be compact point sets and 
K a compact subset of S — Ai — Az which carries a cycle Y that is homologous 
to zero on compact subsets of S — Ai and S — Az- Suppose is a cycle mod 
K on compact Ki , i = 1, 2, where S ~ A, Z) K, K and dZT^ ■y' on K, 
and that is a cycle on Ki U Kz such that — ZiY'' mod K on 

Ki U Kz If can be so chosen that y’*^ ~ 0 on a compact subset M of S — 
{Ai r\ Af), then 7 ' ~ 0 on o compact subset of S — A^ — Az . 

Proof. We may assume that M Z) K-^KJ Kz . Let M (Z Ai = P, , and let 
P be an open set such that C. P ‘C S — Az — K^ . Let H = (Kz — P) W 
(M r\ F(P)). Then H Q S — Ai — Az , and we shall prove that 7’’ ~ 0 on H. 

By Lemma 1.4 there exists on ikf a cycle Z’’*^ mod Ki W Kz such that 
dZ'*^ ~ 7’"^* on Ki \J Kz . By Lemma 1.16 ^ere exists a cycle ZY^ 
mod the boundary (rel. M) of Jkf — (Ki \J Kz'O P) such that ZY^_z-' 
mod Ki\J Kz^P on M and such that dZY^ ~ dZ^*^ on K^U Kz^ P. Now 
the relations dZ"*^ ~ 7’"^^ on Ki\J Kz , and 7’"^^ ZY'^ + ZY^ mod K on 
Ki U Kz (as given by hypothesis), together with the second relation of tte 
preceding sentence, imply that dZY'^ ZY^ + ZY^ mod K on. Ki '<J Kz 'O P. 

Let U be any covering none of whose ekments meets both P and Ki . There 
exists a chain C'''^"(U) on Ki KJ Kz 'J P such that aC’-^"(U) = - 

ZY\n) - ZY\VL) + P:'^'(U), where P:'^‘(U) is on K. As defined ^ove, 
dZY\Vi) is on ATi W (Z, -P)\J(Mr\ F(P)). Now d[C^*\VL) A (Kz W P)] = 
ldZY"(V0] A (Kz UP) - ZY\U) A (Kz UP) - ZY\n) + K'*\Vi) + 
jyr+i(y), jV’"^'(U) is a chain on Kz — P. Applying the operator d to 

this relation and transposing, we get 

(9.1a) dZY\U) = a{[aZi"“(U)] a (Kz U P)} - 3[Zr'(U) a (Kz U P)] 

+ + aAT^^u). 

Now P:’'^‘(U)_is on K and ZY\VD A (Kz L^P) is on K^ H (Kz ^P) = K^r^ 
KzCKz- P. Also, [dZY\m] A (Kz UP) is on the set [Kr U (Kz - P) \J 

(M r\ Fjp))] r\ (Kz \IP) = [Ki n (Kz u p)] u (Kz - p) u [(m r\ f(P))] n 

(Kz u P) c (Kz - P) U (ilf n P(P)) = H. Hence relation (9.1a) implies 
the existence on H of a chain L'^^U) such that dZY^(Vi) — aL’"^*(U). But 
since dZY^ ~ 7' on K, there exists a chain C’"*'^(U) on K such that aC'’'*^(U) = 


®Uiider the hypothesis stated in the preceding sentence, such chains as exist by 

Lemmas 1.4, 1.6. 
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7'‘(ll) — dZl''\U) and consequently is a chain on H witl 

7'’(U) as boundary. 

An important consequence of Theorem 9.1 is a generalization of the Phragmen- 
Brouwer property of /S” (Theorem II 5.19). 

9.2 Theorem. If A and B are disjoint^ dosed subsets of a normal space S, x, 
y E: S — A -- B lie in single constituants of S — A and S — B, respectively ^ and al 
1-cycles on compact subsets of S bound oh compact subsets of S, then x and y lie in thi 
same constituant of S -- A — B\ 

By virtue of the theorems of II 4, we then have: 

9.3 Corollary. If S is an Ic continuum such that p^(S) = 0, then S hai 
all of the properties 1, I', II-V of II 4.1; in particular, then, S is unicoherent 
And if S is completely normal, then it has property V'. 

Remark. Evidently Corollary 9.3 still holds if instead of assuming S to be 
a continuum, etc., it is assumed that S is locally compact, normal, Ic, and such 
that every l~cycle on a compact subset of S bounds on some compact subset of S, 

9.4 Theorem. In a space S let A and K be compact, disjoint point sets, ana 
let 7** be a cycle on K that bounds on the compact sets Ki , Kz {each of which contains 
K) respectively, but bounds on no compact subset of S — A. If is a cycle as 
defined in Theorem 9.1, and M is a compact set {containing Ki VJ Kz) on which 

0, then some component of M r\ A contains points of both Ki and Kz . 

Proof, li Ki r\ Kz r\ A 9 ^ 0, the theorem is trivial. We suppose, then, 
that the sets Ki r\ A, Kz r\ A are disjoint, and that no component oi M A 
contains points of both Ki and Kz . Let be the set Ki r\ A together with 
all points ot M r\ A that are c-equivalent in M A A to points of Ki , i = 1, 2. 
The sets AJ are disjoint and closed (Corollary IV 1.7), and by Theorem IV 1.5 
M r\ A = Al U A2 separate, where Ai 3 A'i , i = 1, 2. Now with M as the 
space, a direct application of Theorem 9.1 shows that 7’' ^ 0 on a compact 
subset of Af — Al — A2 = ilif — {M r\ A) E S — A, contradicting the hy- 
pothesis. 

In concluding this chapter, we give a characterization of the 2-cell which will 
be useful in the sequel. 

9.5 Theorem. Let M be a compact, metric, Ic space containing a simple 
closed curve J such that (1) each arc of M spanning J separates M, and (2) ij 
7^ is a nontrivial l-cycle of J, then M is an irreducible membrane reL 7’". Then 
M is a closed 2-cell, 

Proof. That M is connected follows easily from condition (2) . (See Lemma 
IX 5.2.) If we can prove that a union of two disjoint arcs Ai and A2 , each 
having one end point on J, cannot separate M, then the theorem will follow 
from Theorem III 5.1 (condition 5.1a of the latter wiU follow from the fact 
that Al and A 2 may be degenerate). Hence suppose, on the contrary, that 
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M — (Ai KJ A 2 ) = X yj Y separate. If both X and Y contain points of J, 
let A^ r\ J = j i = ly 2, and let Xy y E: J “* (cii ^ 0 , 2 ) that are separated 
by ai and 02 on J. Denote the two arcs of J containing ai and a2 by Ki and , 
respectively, and let 7° be a nontrivial cycle on x 'U y. With K ^ x\J y and 
the of Theorem 9.4 replaced by Ai U A2 , it follows from that theorem 
that some component of A contains points of both Ai and A 2 , which is im- 
possible. The case X r\ J = 0 is left to the reader. 
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GENERALIZED MANIFOLDS; DUALITIES OF THE POINCARfi 
AND ALEXANDER TYPE 

1. General properties. A locally compact space S will be called a generalized 
manifold of dimension n if the following axioms are satisfied: 

A. The dimension of S is n, 

B. S is colc^'\ 

C. For each x S S, Pn(x) == 1. 

For sake of brevity, we use the symbol n-gm for such a space. If the n-gm 
is compact, then we call it an n-dimensional generalized closed manifold, and 
symbolize it by n-gcm. When compactness is not assumed we may emphasize 
the fact by calling the n-gm an ^'open generalized manifold.^^ 

By virtue of Theorems VI 7.9 and VI 7.12, we have immediately the following 
theorem: 

1.1 Theorem. Every generalized manifold is locally connected in all dimen- 
sions, and has property (P, Q)r in all dimensions. 

In particular, an n-gm is Ic in the sense of Chapter I, and the n-gcm can 
therefore have only a finite number of components. 

The euclidean n-sphere, S'", is a special case of an rz^-gcm. It is, moreover, a 
special case of what we call the '%phere-like^^ generalized manifold. 

1.2 Definition. An n-gcm is called sphere-like if its homology groups are 
isomorphic with the corresponding groups of S^, 

The classical manifolds, such as those of polyhedral character with elements 
so grouped as to form an n-cell at each vertex, as well as the generalized ^'mani- 
folds'^ such as those of van Kampen [b] (see also Lefschetz [Lg]), which again 
are polyhedral in character but with the star of each vertex satisfying special 
conditions, are all special cases of gem's. And the same holds for the Brouwer 
manifolds, which were defined among the topological spaces with each point 
having a neighborhood homeomorphic with the interior of the closed sphere in 
euclidean space. 

As a consequence, the theory which we develop concerning the generalized 
manifolds holds equally well for the classical types. In particular, the positional 
properties of point sets, of which the Alexander duality theorem and its special 
corollary, the Jordan-Brouwer separation theorem, are classical examples, will 
be proved for the gem. And we shall develop a natural extension of the methods 
for recognizing special continua, such as were developed for the case of the 
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plane by Schoenflies and the later set-theoretic topologists of the first third of 
the century. 

One thing should be made clear at the start, namely that the gem is actually 
a generalization in the sense that even among the separable metric spaces it 
includes spaces not found among any of the classical types of manifolds. An 
example of such is the following, due to van Kampen: 

We first construct a ^Toincar^ space.” (See H. Seifert and W. Threlfall, 
[S-T, p. 218, and references in appendix note 33 therein].) In euclidean 3-space, 
let K be an in which has been put a knot — say a trefoil knot. Expand K 
slightly so as to become a Imotted anchor ring with torus surface T. The set 
M obtained by deleting the interior of T from euclidean 3-space, compactified 
by the addition of an ideal point at infinity, will be called a space of type M, 
and the set T will be called its boundary. 

The Poincar4 space which we have in mind is formed by combining two sets 
of type M along their boundaries, in such a way that (1) their only common 
points are the points of their boundaries, and (2) in combining (identifying) 
their boundaries, the meridional axis of one goes into the equatorial axis of the 
other. The effect of this is to render it impossible to deform continuously to 
a point a circle C which lies in one of the sets of type M and ^ dinks” its boundary. 
And this is true despite the fact that the resulting 3-dimensional space is ^^sphere- 
like”. For as soon as C is deformed onto the boundary of the type M set con- 
taining it, it becomes essentially an equatorial axis of the torus boundary of 
the other. 

To construct the gem which we mentioned above, we now proceed as 
follows: In cartesian 3-space for each natural number n let = 
{{Xj z) \ {x — l/nY + < l/[3n(n + 1)]^}. Denote the sphere which 

is the boundary of Sn by . Let P„ be a Poincar^ space of the type just de- 
scribed, but with a 3-cell deleted — the boundary sphere of this 3-cell being 
allowed to remain in , however. Let S' = E^ — U Sn . Then let S be 
the space obtained by adding the P^’s to S' in such a way that each P^ meets 
>S' only in its boundary B'n , which is identified with P„ , and in such a manner 
that a Xn E: Pn j then p, the origin of coordinates in the original E^, is the 
sequential limit point of the sequence {a;^} • The space S has the necessary local 
homology characteristics, but it contains arbitrarily small simple closed curves 
(in the PJs) which are not continuously deformable to a point in the neighbor- 
hood of the origin p — an irregularity property not present in a finite complex 
whether a manifold or not. 

The reason for giving a d-dimensional example will be clear as soon as we 
show that for the 1- and 2-dimensional separable metric cases, the gem and 
the classical closed manifolds are the same. Thus, for n = 1, a gem is an >Sh 
and for 71 = 2 a gem is an ordinary 2-dimensional manifold — every point having 
a neighborhood homeomorphic with the euclidean plane. These facts furnish 
additional justification for the Definition 1, of course. Naturally one can give 
examples of nonseparable 7z.-gm’s for n = 1 and 2. 
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2. Orieatability. The classical manifolds are divided broadly into two types : 
the orientable and the nonorientable. In the 2-dimensional case, the closed 
orientable manifolds are the ordinary closed surfaces without “singularities’^ 
such as the the torus, and surfaces of higher genus. (See Hilbert and Cohn- 
Vossen, Anschauliche Geometne, Berlin, 1932, Chapter VI; Ker6kjart6 [K]; also 
A. W. Tucker, Elementary topologyj Princeton lecture notes, 1935--1936, which 
contains a remarkable set of illustrations; Veblen [V].) The nonorientable sur- 
faces such as the projective plane, Klein bottle, etc., are nonimbeddable in 
3-space. 

The distinguishing characteristic of the classical orientable n-manifold is the 
existence of an ?i-cycle over the group of integers which is nonbounding and 
which is destroyed by the deletion of an Ti-cell. The existence of this cycle 
means that the n-cells a\ of the complex constituting the manifold can be so 
oriented that the chain is a cycle. Inasmuch as the gem is only a topological 
space with special local properties, and, as the above example shows, is generally 
not decomposable into cells constituting a “locally finite” complex, we shall 
require for orientability simply the existence of an n-cycle which has the whole 
space as minimal closed carrier. 

Before going further, however, it will be necessary to extend the concepts 
of cycle and cocycle to fit the “in the large” situation of the open gm. In 
dealing with local properties, we were able to avoid so doing, and where the 
open gm is an open subset of a gem, as it will frequently be in the sequel, we 
can still avoid this necessity. But where the open gm is not necessarily a subset 
of a compact space, we need the following extension (in which, incidentally, 
we describe only the “absolute” cases) 

2.1 The space S being locally compact, let be the collection of all 
compact subsets of S. It becomes a directed system (13.1) if we let < Fy 
mean that F^ (Z Fy , Let the vector spaces^ Z\S) Fy , 0), Fy , 0) be 

denoted by zl , ¥y ^ respectively, and if Fy, < Fy , so that Fy CZ F, , and z'' is 
a cycle of Fy , let c^fyz'' = z^ where the latter is considered as an element of 
Fy — ^i.e., is the identity mapping. Then {zl ; co* }, {bl ; a;*4 are direct 

systems of groups, and their respective lim’s., we denote by z^'iS) and V(S), re- 
spectively. The factor group h\S) = z\S)/¥{S) we call the r~dimensional com- 
pact homology group of S, The elements of z\S) are called compact cycles; the ele- 
ments in zl may be called coordinates of compact cycles. It will be noted that since 
{zl , CO*,} is a direct system, a compact cycle is determined, up to homology, 
by any coordinate inazl , Consequently we shall in practice usually identify 
the compact cycle with one of its coordinates, treating it as a C-cycle on a 
compact subset of S, And when we speak of a compact cycle bounding in an 
open set P, we shall mean that, considered as a C-cycle on a compact set, it 

^An alternative procedure might be to introduce compactification of a manifold M by 
addition of an ideal set C, and use of cycles mod <7 instead of the ^ ^infinite’' ^ cycles and cocycles 
described below. 

^See V 7.10; the symbol £F(= G) is deleted since we consider only the case of field coefficients. 
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bounds on a compact subset of P. Evidently the group h\S) is isomorphic 
with the group of all C-cycles of S that have compact carriers, reduced modulo 
the subgroup of those that bound on compact subsets of S. 

The group h^'iS) could also be defined as linu {K ; (pfy), where K = 
and (p% maps {z"} G K iiito {y"} G K if {z"} C {7"} in K . 

2.2 Next; let Wr denote the r-dimensional cohomology group of S mod 

5 — Fy — ^i.e., Sj S — Fy) in the symbolism of V 15.4 — and let be a 

mapping of P'J into Hi? which carries an element {Zl] of HI into {7?} G HJ? if 
{Zl} C {7r} in Hi? . Then §r(/S) = lim^ {HI ; will be called the r-dimen- 
donal infinite cohomology group of S; and a collection [Zr] will be called an 
infinite r-cocycle of S if <p^y Zl ^ Zi? mod , the Zl being the coordinates, 

2.3 In order to define a cap product between compact cycles and infinite 

cocycleS; consider a compact cycle 7’’ and an infinite cocycle Tp . Then 7"* is 
by definition a collection {7^} where yl is a (7-cycle of Fy , and Fp is a collection 
{Fp} where Fp is a cocycle mod S — Fy , Now for a fixed v, we already have 
a definition (V 17.3) of the C-cycle yl~^ = ^yl , The compact cycle deter- 
mined by yl~^ we let be the cap product Fp ^ 7^ To see that it is independent 
of the choice of Fy , consider any such that P^ < P« . Then 7^^ = ^ 

7a ■= Fp ^ cofa7a , siuce thc co*’s are identical mappings, etc., and hence on 
Fy becomes Tl ^yl — yl'^. Thus = 7«”^- 

2.4 Between compact cycles and infinite cocycles of the same dimension r 
we may also define a dot product, or multiplication relative to 3^, as in the 
case of the C-cycles and cocycles, by first determining a cap product F" ^ yl 
as above, and then letting F^*7'‘ = Ki(Fr .--s yl). That both ^ and • can be 
extended to products between cohomology and homology classes of infinite 
cocycles and compact cycles follows from the compact case. And we may 
prove: 

2.5 Theorem. The vector spaces ^riH) and H{S) for a locally compact Id" 
space S form an orthogonal dual pair relative to the • multiplication and the field £F. 

Proof. If Tr is an infinite noncobounding cocycle, and F, is one of its co- 
ordinates such that FJ? 0 mod S — Fy , then by Theorem V 18.19 there exists 
a C-cycle yl of Fy such that Tl-yl 9 ^ 0. If y"" is the compact cycle determined 
hyyl , then Tr-y'' 9 ^ 0. 

In order to show that if a compact cycle 7'’ oo 0, there exists an infinite co- 
cycle F^ such that Fr*7’’ 9 ^ 0 we again use the machinery we utilized in the 
com;jmct case in Chapter V. Given an Fy , let P be an open set containing Fy such 
that P is compact. Since & is Ic’", it follows from Corollary VI 3.9 that Hr(>S : 

6 — P; S, S — Fy) is finite. If P' is any compact set containing P, let G(P') 
denote the set of all cocycles mod S — Fy that are also cocycles mod S — P\ 
A cocycle mod >S — P, that is also a cocycle mod S — F^ for every compact set 
PO Fy may be called essential, and evidently these are the cocycles of C\p^ G(P'). 
Now just as in the proof of Theorem V 10.7 we can show the existence of a P' D P 
such that every element of (r(P') is essential. 
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The rest of the proof is merely an adaptation of Theorems V 10.1, 10.2 to 
the present case. 

2.6 In case the space S is already compact, ^r{S) and ¥(S) are still de- 
finable as above, but in this case they become Hr{S) and as defined in 

V, since the directed system {F^,} has a maximal element, S. 

2.7 Paralleling the ^ove definitions, let us consider the set { C/,} of all open 
sets Uy such that each Uy is compact. It becomes a directed system if we let 
Uj, < Uy mean that U^CZUy . 

Let HI = Hr{S : Uy , 0). For U^ < Uy , let co* : F; be defined by the 

stipulation that Zr G Hr maps into Zl G HI if the elements of Zr all belong to Zl . 
Then hr(S) = lim_ {Hr ; is called the r-dimensional compact cohomology 
group of S. If G KiS), then a collection {7^}, where 7r G , is called a 
compact cocycle of S if yl and 7^ are identical for U^ < Uy ] evidently such a 
^^representative” cocycle exists for each element of KiS) since co* is defined so 
that ZJ C ^%{ZT)- And evidently every cocycle 7r iii an open set with compact 
closure determines a compact cocycle, so that as in the case of compact cycles 
we shall in practice find it convenient to identify the compact cocycle with one 
of its elements yl , v fixed. Any one of the open sets Uy (containing yl) will be 
called a carrier of 7^ . 

2.8 If Z\Uy) is the group of cycles mod S — Uy j and B\Uy) the subgroup 

of those that bound mod S — Uy , then with oy^^y as the identity mapping we 
denote lim^ {Z\Uy)]oyf,y} andlim^ {B'"{Uy)]03^,y} hy Z\S) and£’‘(/S), respectively. 
The elements of Z''{S) we call infinite cycles of S, and the group = 

Z^'iS) /B\S) we call the r-dimensional infinite homology group of S. The meaning 
of the statement that a given infinite cycle “bounds mod S — Uy ox that 
certain infinite cycles are “lirh mod S — Uy ,” etc., should be clear. 

2.9 The definition of a cap product between compact cocycles and infinite 
cycles is made in the usual manner: Given a compact cocycle y^ = {yl] and 
Z"* G Z\S)^ we choose any v and obtain the cap product Zi“^ = 7^ ^ Z^ , where 
Zl is the coordinate of Z** on Uy . Then Zl~^ is a cycle on Uy , and determines 
a compact cycle Z'~'^. The definition of a dot product between compact co- 
cycles and infinite cycles of the same dimension parallels that for the infinite 
cocycle-compact cycle case above, and we have the theorem: 

2.10 Theorem. The vector spaces ^\S) and hr(S) of an open generalized 
manifold S form an orthogonal dual pair relative to the • multiplication and the 
field 9F. 

(Actually all that is needed is a locally compact, Ic’’ space since only the 
(P, Q)r property is employed. That such a space has property (P, Q)r is proved 
in Chapter XI.) 

Proof. If Z*" is an infinite cycle of S not in P’'(/S), then for some Uy ,Zl 
mod S — Uy , Zl being the coordinate of Z’’ on Uy . Then there exists a cocycle 
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in Uy such that yl'Zl 9 ^ 0, and consequently the compact cocycle 7r de- 
termined by 7r satisfies the condition that 7r * -2^’’ 9 ^ 0. 

If a compact cocycle 7^ ^ 0, then each corresponding ^ 0 in , Now 
if we fix Uy , , then for any C7^ 3 C7^ , we have that Pr{S: Uy , 0; Uy , 0) is finite 
since S has property (P, Q), for all r (Theorem 1.1). Hence by Theorem V 18.31 
the dimensions of H\S: S, S - Uy] S, S - Uy) and Hr(S: ,0;Uy, 0) are 

equal and finite. 

From here on the proof of the existence of an infinite cycle such that 
jr^Z"' 9 ^ 0 is strictly parallel to the analogous case in Theorem 2.5. 

2.11 In case & is compact, §’*(/§) and K{S) are the same as the E\S) and 
Er{E) respectively, of Chapter V. 

For the sequel it is important to notice what the groups just defined become 
when the open n-gm & is an open subset of another n-gm T. For inasmuch as 
the conditions A — C are purely local, any open subset of an n-gm is itself an 
n-gm. 


2.12 Theorem. If T is a locally compact space and S is an open subset of T 
such that S is compact ^ then Hr(T; Sj 0) is isomorphic with hr{S), 

Proof. If Zr{U) is a cjocycle of T in S, let SS > U be such that a simplex 
of SS in /S is also in T — Q, where Q is an open set contaming P — >S (Lemma 
V 8.7). Then, since T^sQ^riVi) is in S, it is also in T ~ Q and accordingly de- 
termines a compact cocycle of S. If ^^^(U) ^0 in >S, then (by definition) for 
some 2B > 33, 2S again being chosen according to Lemma V 8.7, x?i2B^r(U) 0 
on SB in S, hence ^ -7r5sB2r(U) ^ 0 in S, and as this cohomology 

is on SB, it is also in an open subset of S whose closure in ;S is compact. Conse- 
quently the correspondences Zr(Vi) — > 7r2iB2;r(U) induce a homomorphism of 
Hr{T] Sj 0) into KiS), and this homomorphism is clearly both onto and one- 
to-one, inasmuch as every compact cocycle of ;S is a cocycle of T in S, etc. 

We defer the proof of the isomorphism of H\T’, T, T — S) and (cf. 

Lemma 6.1). 

2.13 By orientability of a manifold we shall mean the existence of a non- 
boimding ?^-cycle of the suitable type; in the case of the n-gcm, we shall ask that 
there exist a C-cycle which is nonbounding, and for the open n-gm we shall ask 
that there exist an infinite n-cycle which is not homologous to any infinite 
n-cycle on a closed proper subset. 

It should be noticed that whether the given manifold is orientable or not is 
dependent upon the field ^ employed. For example, the projective plane is an 
orientable 2-gcm when 2F is the field of integers mod 2, but is not orientable 
when ^ is the field of integers mod 3, 

In the sequel, when dealing with compact sets, C-cycles will be employed as. 
heretofore except when some other type of cycle is specified. 
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3. The orientable n-gcm. The n-gcm will in the sequel constitute the most 
important case. The spherelike n-gcm is the natural generalization of the euclid- 
ean n-sphere, so far as homology properties are concerned, and our use of the 
open manifold will frequently be for the case where it is an open subset of the 
orientable n-gcm. 

It will be noticed that there is nothing in the purely local conditions A-C 
defining the n-gm, even after the addition of compactness, to prevent the space 
consisting of, say, a pair of nonintersecting ?i-spheres. The condition which 
we add to the former conditions in the case of an n-gcm, which leads most directly 
to the type of space to which we wish to restrict considerations, is : 

D. If F is a 'proper closed subset of S, the'n every n-cycle on F bounds on S. 

(Since S is n-dimensional, having therefore a complete family of n-dimen- 
sional coverings, and since 2’''(U) 0 on an n-dimensional U implies = 0, 

condition D is evidently equivalent to the assumption that if F is a proper closed 
subset of S then p'^iF) = 0.) 

3.1 Theorem. If S is an n-gcm satisfying D, then p^{S) S 1* 

Proof. Suppose yl , yl are cycles lirh on S, Let x G Sj and P, Q open sets 
such that X G Q C. P and Pn(x; P, Q) = 1 — such sets exist by condition C. 
Since, by VI 6.7, P, Q) = Pn(x; P, Q), there must exist a relation 

(3.1a) aiji + a272 ^ 0 mod S — Q, 

But as Ti t 72 are lirh on S, the cycle aiji + a272 is a nonbounding cycle of S 
and by Lemma VII 3.6 relation 3.1a is impossible. 

3.2 Corollary. A necessary and sufficient condition that an n-gcm, S, be 
orientable is that p^{S) = 1; and a necessary and sufficient condition that S be 
nonorientaUe is that p^{S) = 0. 

Since we must have p”(S) = 1 if /S is an orientable n-gcm, we may hence- 
forth assume that every orientable n-gcm has a unique nonbounding n-cycle- 
7”, which we shall call its fundamental cycle. And if P is an open subset of 
such a space, there exists in P a cocycle 7^ such that 7'‘*7n = 1, which we shall 
call a fundamental cocycle in P. It should be noticed that fundamental cocycles 
are necessarily chosen from a unique cohomology class. For consider funda- 
mental cocycles yl , yl (in any open subsets); then by definition 7”*7i == 7”- 
7^ = 1. Now since Pn(S) = p”(^) = 1, there must exist a relation 7^ ^ ayl , 
a E 3^, and since the dot product is invariant within the cohomology class, it 
follows that 7’'*(a7n) = 7”*7« = 1* But 7”-(u7«) == o^hT-yl) = a and conse- 
quently a = 1. 

(It should be recalled that in general the relation 7”*7n = y^-yl does not 
imply that 7n 7^ • For instance, if {ZF,}, {Zl] are finite collections of cycles 
and cocycles such that ZIl Zl = (as in the case of orthogonal pairings for a 
space of finite Betti number) , then • (Zi -h Z^) = ZT * Zi + 27 • = ZJ • Zi = 1 , 

but obviously Z\ -b Zl is not in the same cohomology class as Zl ,) 



THE ORIENTABLE n-GCM 


251 


3.3 Theorem. All fundamental cocycles of an orientable n-gcm S lie in the 
same cohomology class of S. 

It is natural to ask, at this point, if there is any direct relationship between 
the fundamental cocycles and the orientability. By condition C, even in the 
case of the nonorientable manifold, there exist for every x ^ S canonical pairs 
(VI 6.11) P, Q such that P, Q) = 1, so that in Q there is a cocycle Zn that 
fails to cobound in P (although ^ 0 on S, to be sure). That is, the local 
situation as regards the existence of nonbounding cocycles is the same for the 
nonorientable case as for the orientable case. The question raised here has 
been neatly settled by Begle [a] in the following manner: 

3.4 Let S be an n-gcm, and @ a covering of S. Since Pn(x) = 1 for all 

X E: there exist refinements ®i and @2 of @ such that each element of @2 
is a Q of a canonical pair, P D Q, relative to n and the local Betti number, 
and each element of @1 is a P corresponding to one of the Q’s of @2 • In oach 
Qi E ^2 there is a cocycle 7’ 0 in the corresponding P, G @1 . Suppose 

Qz , Qj & ^2 , Qt Qi ^ 0. Then there exists a canonical pair P, Q in Qi r\ Q, , 
and in Q a cocycle 7„ 0 in P. Since 7„ is in Q , , there exists a relation ^ 7n 

in Pi ; and since 7^ is in Q, , a relation a^yl^ 7„ in P, , where a^ , a,- E 3^- 

3.5 Theorem. The n-gcm S is orientable if and only if there exist, for each 
covering @ of S, coverings @1 , @2 ? cocycles ? cls defined in 3.4, such that 
for any choice of canonical pairs P, Q in the intersection of elements of @2 , the 
ratios a»/a, are all 1. 

Proof. Suppose S is an orientable n-gcm and 7” is its fundamental n-cycle. 
Then, being given @1 and @2 , we choose in each Q, a fundamental cocycle 
yl . The cohomology a^yl^ a^yl implies that y^-{a^y^r) = 7” -(a, 7^) and hence 
Ui = a, ; ai 7^ 0 since 7„ aZ^ in P, a 0, where Z^ is a fundamental cocycle, 
and evidently ai = a. 

To prove the converse, let ;S be an n-gcm and @ any covering of S. Let 
@1 and @2 be given as above, and let U2 ^ @2 as in Lemma V 8.3. Let U be 
a covering such that St(U2 , U) > @2 ? and let S' be a complete family of 
coverings all of which are refinements of U and n-dimensional. Hereafter cycles 
and cocycles will be considered only on S'. 

Suppose E\ j_ E) E @2 and that the corresponding elements E\ , E] of U2 
are such that El r\ E] 9^ 0. By hypothesis there exist cocycles yl in the sets 
E\ that are 0 in the corresponc^g eluents P, of @1 and such that if P, Q 
are a canonical pair for a point of El r\ E] such that P E E] r\ E] , then in Q 
there is a cocycle 7„ such that 7n^ 7n in P» , 7n'^ yl iR E,- . 

There exists a cycle yl mod S — E^ such that 7r7n = 1, and since 7^^^ 7n 
in Ei , also yl^yn = 1. Similarly there is a cycle 7” mod S — P,- such that 
7r7ft = 1* Since P, Q form a canonical pair, yl ayl mod S -- Q, a E 
However, this homology implies that yl-y^ = (a7/)*7„ and hence that a = 1, 
and accordingly 7” ^ 7? mod S — Q. As each element of 2' is n-dimensional. 
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homology between ?i-cycles of elements of 2' implies ^entity and therefore 

= 7” mod S — Q. And this holds for every point of E\ r\ E] . 

In order to construct a nonbounding cycle 7"" on S, we now introduce coverings 
U4 Us ^ U2 as in Lemma V 8.3, and assume that U > U4 as well as such 
that St(U4 ; U) > U3 , St (Us , U) > U2 . More specifically, we stipulate 
that , U) lies in G Us and St(C7! , U) lies in U! . For each_such U we 

define a 7”(U) as follows: Let crl be any n-cell of U. It is on some Ul , where 
G Us , and_2n 7''(U) we assign to <tI the coefficient which itjias in_7?(U). 
If cTfc is also on , where G Us and i ^ j, then it is also on El r\E] , and 
since 7” == 7” on this set, the coefficient of d is not dependent on the particular 
Ul chosen. 

To see_;that 7”(U) is a cycle of U, let (/f^ be any {n — l)“Cell of U.__It is 
on some , C/J G U4 , and every n-cell with which it is incident is on Ul by 
the choice of U4 and U. These n-cells have the same coefficients in 7"(U) as 
they have in 7”(U), and d7”(U) is on S — Ei , so that <tT^ must have a zero 
coefficient in d7"(U). Thus y^{Vi) is a cycle. 

Let 7” = (t'^CU)}. To see that y" is a C-cycle, we need merely notice that 
if 33 > U, then == 7:(U), so that = 7"(U). 

Finally, 7” oo 0 on 5 since, for any z, 7''*7n = Tt*7n = 1? and S is therefore 
orientable. 

4. The Poincare duality for an orientable n-gcm. The equality p'iS) = 
0 ^ r ^ n (using nonaugmented homology theory), 8 an orientable 
n-gcm, will first be established, and the case of the orientable open manifold 
considered later. In each case the notion of ^^cochain realization'' is useful, 
and we first give a lemma concerning such realizations, in a form which is 
adaptable to both cases. Throughout we employ nonaugmented complexes. 

Consider a finite complex K of dimension and let U be a covering of an 
orientable n-gm 5, whose fundamental cycle is denoted by 7’'. A function 
T* which assigns to each chain C"' of if a chain t*(C'‘) = C"''' of U is called a 
cochain realization of if on U if 

(a) r* is linear, 

(b) 

(c) Ki(C') = Ki(r*(r ^ 7") for every 0-chain C" of K, 

Definitions of partial cochain realization and norm parallel the previous cases in 
connection with chain realizations (in Definition VI 2.9, ^^on £?" is replaced by 
^fin i7"). 

4.1 Lemma. Let S he an^ orientable n-gm^ L a compact subset of 8 and P a 
neighborhood of L such that P is compact. For each covering ^ of 8 there is a re- 
finement Sn == ®»(@; L, P) and for each covering of 8 there is a refinement 
= T>n(35, L, P) such that if r*' is a partial cochain realization on 2) A L 

This lemma is stated for the general n-gm to avoid repeating it when needed in §5; the 
material in the early part of §5 is needed for the proof in this case, however. 
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of norm less than of an n-dimensional complex Kj then there is a cochain realiza- 
tion T* of K in P on of norm less than (S such that wherever 

the latter is defined. 

(The proof parallels that of Theorem VI 3.6, and for the n-gm employs condi- 
tions B and C of the definition of n-gm, and Theorem 3.3, in place of the Ic” 
condition. However, stated as it is for the general n-gm (in order to avoid 
repeating in §5), the material in the early part of §5 is needed for the proof.) 

4.2 Theorem. If S is an orientdble n-gcm, then for 0 ^ r n^ the vector 
spaces H''(S) and H”“’’(>S) are linearly isomorphic. 

Proof. By Theorem 1.1 and Corollary VI 3.2, the vector spaces are 

all of finite dimension. We shall show that for each r, there exists a linear 
homomorphism^ of H\S) onto and conversely; it will then follow that 

these vector spaces are of the same finite dimension and linearly isomorphic. 
Inasmuch as and Hr(S) are linearly isomorphic (Theorem V 18.18; see 

also V 9.1), it will be sufficient if we define a linear homomorphism of Hr{S) 
onto for all r. 

For any cocycle jr of S, let <p{yr) = Tr ^ where 7 ” is the fundamental 
cycle of S. Then (p(yr) is an (n — r) -cycle of S (cf. V 17.2). And if 7 ^ ^ 0 
on Sj then <p(yr) 0 on S (by use of V 16,9 ). Then (p induces a linear 
homomorphism ^ of HriS) into We shall show that # is ^^onto.” 

Let U be any covering of S, and Uo >* UJ(U), where UJ(U) is the covering 
defined in Theorem VI 2.10; incidentally, then, Uo may be considered as the 
same covering which was designated by the same symbol in the proof of Theorem 
VI 3.1. Also, let Ui be an n-dimensional refinement of Uo which is >23* (U, Uo) 
as well as >*@n(Uo ; aS), the latter being the covering defined in Lemma 4.1. 
In each element of Ui there is a fundamental cocycle of S, and we may assume 
that each of these lies on a fixed covering U 2 > Ui . Let r*' assign to each 
element of Ui the corresponding cocycle on U 2 . Then r*' is a partial cochain 
realization of the complex Ui on U 2 of norm less than @n(Uo ; S, S ) . Consequently, 
by Lemma 4.1, there exists a cochain realization r* of Ui on a covering U 3 — the 
S)n(U 2 , Uo ; >S) of Lemma 4.1 — of norm less than Uo . 

Now let 7 ”"’' be any C-cycle of S. Then 7 * 7 ”” ""(Ui) = 7 r(U 3 ) is a cocycle 
of U 3 . We let 7 r ^ 7 ” = 2””^ To show that 7 ""''' ^ = =b 1 , it is sufficient 

to show that 7 ”“’’(Uo) ^ rjZ”’’''' (Uo) ; confer the proof of Theorem VI 3.1. In order 
to do this, consider' the complex K obtained from Ui together with a complex 

which is isomorphic with Ui , and the deformation complex DUi(V 6 ) asso- 
ciated with the mapping of Ui into Uf which maps each element of Ui into its 
corresponding element in Ui . We call Ui and U( the base and top of K, 
respectively. 

Denoting corresponding chains on Ui and Ui by C and C' respectively, we 
recall that by Lemma V 6.7 if 2 * is a cycle of Ui , then there exists a chain 


^A homomorphism (p is linear if a<p(x) == <p(ax)f x G cf. V 9.1. 
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= on K such that =z z" — Let / be a chain-mapping of 

K into Ui defined as follows: On Ui , r' is the identity, and for any chain C'" 
on the top of K, we let r'C" = (~-l)V 3 (r*C' ^ t”(U 3 )) if i is an odd number 
2k -- 1, or an even number 2k, (The power of in the coefficients is inserted 
to ensure that r' satisfies the conditions previously imposed (VI 2.1) on chain- 
mappings. The symbol tI is used for typographical reasons to denote a pro- 
jection from Us to Ui .) Then r' is a partial realization of K on Ui of norm less 
than UJ(U), and consequently r' can be extended to a realization r of if on 
Ui U Uo . 

Now, as noted above, there exists a chain of K such that = 

t"""(Ux) - y”''(U0. Then = t"""(Ui) - (-l)'"7rJ(TV'(Ui) ^ 

t”(U 3 )) = 7”~^(Ui) - V = dzl. As is on Ui U Uo and 

Ui > Uo , we may let tt be a projection of Ui U Uo into Uo of the obvious type, 
and obtain tttC”" ^ on Uo such that = 7r?7''‘’’’(Ui) — (XI 3 ) ^ 

y^~\Uo) - 7?Z”-**(Uo). Hence 7"’^(Uo) ^vZ^'^Uo). 

5. The open n-gm. For the open manifold, the Poincar6 duality takes the 
form of an isomorphism between and F"'(5), in case either of these is 

of finite dimension, that is, between the r-dimensional infinite homology group 
and the (n — r)-dimensional compact homology group, defined in §2 above. 
In general, the isomorphism is between /i”"'‘(/S) and a subspace §J(>S) of ^'*(>5) 
which is defined below, and which for finite dimension is identical with 
Our problem is chiefly to indicate what changes are necessary in the material 
of §§3 and 4 in order to adapt it to the proof of the new form of the duality. 
We consider only the connected n-gm until §5.20. 

Considering first the preliminary material of §3, we must define what is 
meant by saying that an infinite cycle is on a proper closed subset of S, An 
infinite cycle, W, being an inverse limit, has a coordinate, F” , on every open 
set Uy whose closure is compact. We make the convention that if this co- 
ordinate is 0 for some Vj then W is on a proper closed subset, S — 17^ , of ;S. 
Condition D then takes the form: 

D'. If F is a proper closed subset of Sj then every infinite n-cycle on F bounds 
on S, 

(For the general n-gm, we shall ask that D' hold for each component.) 

We can then prove: 

5.1 Theorem. If S is an open n-gm satisfying D', then either all infinite 
n-cycles of S bound on S, or there exists exactly one Urh nonbounding infinite n-cycle. 

Proof. Suppose F? , Tl are infinite cycle^that are lirh on S, Let x E. S, 
and P, Q open sets such that x ^ Q Q P, P compact, and Pn(x; P, Q) == 1 
(condition C of the definition of n-gm). Then there exists a relation 

(5.1a) ttiFtp + a 2 F;p 0 mod — Q, 

where FJp , F^p are the respective ^^coordinates'^ of F? , Tl on P. As S is n- 
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dimensional, we may suppose all cycles on a complete family of ?i“dimensional 
coverings, so that homology implies identity. But then (5.1a) implies that 
UiPr + Us Fa is on a proper closed subset of /S, and hence bounds on /S, contra- 
dicting the assumption that F? and Fa are lirh on S. Hence S cannot carry 
more than one nonbounding infinite n-cycle. 

5.2 As a consequence of Theorem 5.1, just as in the case of the n-gcm, we 
may assume that an orientable open n-gm has a unique nonbounding infinite 
cycleJT”, which we call its fundamental cycle. And if P is an open set such 
that P is compact, then by Theorem 2.10 there exists in P a compact cocycle 
7^ such that F”*7„ == 1, which we call o. fundamental cocycle in P. And analogous 
to the case of the n-gcm, we have: 

5.3 Theokem. All fundamental cocycles of an orientable open n-gm lie in the 
same compact cohomology class of S. 

As a consequence of Theorem 5,3 we may, whenever we have a relation 
fliTn ctzyl , where yl and yl are fundamental cocycles, assume that Ui = Ua = 1. 

We may now prove the duality for open manifolds. We first note, however, 
in contrast to the case of the n-gcm, all of whose Betti groups are of finite 
dimension, that the Betti groups encountered in the study of the open manifold 
are generally infinite. Consequently, in order to obtain the particular type of 
duality which we need for our later purposes, we shall assume that the space S 
is the union of a countable number of compact sets. This will mean, then, 
that in later applications of the theory of open manifolds to the study of open 
subsets of the ^-gcm, we shall have to assume that the open subsets of the n-gcm 
have the above property — ^in other words, that the n-gcm is a perfectly normal 
space (V 20.1). 

We precede the proof of the duality for open manifolds with some lemmas. 

5.4 Lemma. Let S be an orientable open n^gm with fundamental cycle F”, 
and let 7”“*” be a compact cycle on a compact set P, which bounds on a compact set 
Li . Then if Q, P are open sets containing L, Li , respectively y there is a compact 
cocycle 7 ^ = t* 7”“'' in Q such that 7^ ^ F” 7"“’' in Q and 7r^ 0 in P. 

Proof. We first show the existence of a 7^ satisfying the condition 7r 
F" in Q. Let Qi and Q 2 be open sets such that P C Q2 C Qi C Q, B,nd 

let U ^ a covering of S such that St(Q2 , U) C • Also, let @ 
U?(U; Q 2 , Qi ) — the covering introduced in Theorem VI 3.6— and such that St 
(P, @) C Q2 • Lej^Uo be the covering introduced in Corollary VI 3.7, relative 
to the sets Q and Qi , and let Ui be an n-dimensional refineiMnt of Uo , such 
that Ui >* @.((g; P, Qf), Ux > S5?(U, Uo ; Q 2 , Qi), Ui >* ®n(®; Q 2 , QO the latter 
being coverings defined in Lemma 4.1 and Theorem VI 3.6. 

In each element of Ui there is a fundamental cocycle of Sj and we may 
assume these are all on a U2 > Ui . Let r'* assign to each vertex of Ui the 
corresponding fundamental cocycle on U2 . Then there exists a cochain realiza- 
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tion T* of Ui A Q 2 of norm < S_on Us A Qi , where U3 is a refinement of the 
S)n(U2 , L, Q 2 ) and S)n(U2 , Q2 , Qi) of Lemma 4.1 such that = 

7^(113) is a cocycle in Q 2 . Then 7r(U3) is a compact cocycle of >S. 

To show th^ the cycle Z”"*' = 7^ ^ F" in Q, we first form a complex 

K from Ui A Q 2 just as the complex K in the proof of Theorem 4.2 was formed 
from Ui . And as in the proof just cited, we make a partial realization r' of 
K on Ui of norm less than (U; Q2 ? Qi) which can be extended to a realization 
of K on (Ux U Uo) A Qi . The chain will now be on (Ui KJ Uo) ‘A Qi , 

and 7””'^(Uo) on Qi . And by Corollary VI 3.7 this is sufficient in 

order that 7’*'''' ~ Z”"’' in Q, 

Finally, if 7”’'*' 0 on Li , then there is a chain on Ui A Li such that 

^ Then is a chain on U3 such that 5(7’’"^ - 

^ = ^^(^3). Hcncc 7r(U3) -- 0, aud as 

^n-r+i jg necessary to choose the coverings employed above 

^'sufficiently smalE^ in order to make 7r(tl3) 0 in P. 

5.5 Definition. If P and Q are open sets such that P Z) Q, then by the 
symbol ¥(8: Q; P) we denote the group of compact cycles in Q reduced modulo 
the subgroup of those that bound in P. 

5.6. Lemma. If P and Q are open subsets of an orientahle n-gm >S, such thatP is 
compact and Q P, then there exists a linear homomorphism of Hr(S] Q, 0; P, 0) 
onto h^^\S: Q; P). 

Proof. Let 7r be a compact cocycle in Q. Then <p(yr) = 7r ^ = 7”'"*“, 

where F" is the fundamental cycle of S, is a compact cycle of Q, And if jr 
cobounds on a compact subset of P, then ^(7^) bounds on a compact subset 
of P. Hence (p induces a homomorphism ^ of Hr{S; Q, 0; P, 0) into 
h^-^(S: Q; P). 

Let 7’""’’ be a compact cycle of Q. Then by Lemma 5.4, there exists a compact 
cocycle 7r = r*7”“'' in Q such that <p(yr) ^ 7'^"’^ in Q. 

5.7 Lemma. With P and Q as in Lemma 5.6, there exist open sets P', Q' 
such that P ^ P^ "5 Q Q' and such that if A, B are closed sets such that P D 
A D PZ Q D B D QZ then Q; P), H„^r(S: S, S - A; S, S - B), 

EP~'‘(S: Bj 0; A, 0) and Q'; P') are all linearly isomorphic. 

Proof. Let {zp’*} be a collection of compact cycles in Q , finite in number, 
that form a basis for homologies in P, Consider any open set W such that 
P 3 IV 3 Q. To form a basis for compact cycles in Q relative to homologies 
in TV, we may add to {2;"”’*} a finite set {7^*^} of compact cycles of Q. Now each 
X) in P; let P* be a compact subset of P on which this homology 
relation holds. Then we may select P' so as to contain u Fs and so that 
P 3 P' 3 TV. Evidently h^^^iS: Q; P) = h^^^S: Q; P') - h^^\S: Q; A), 
where A is any closed set such that P D A 3 P', and h*'~\S: Q; A) is the group 
of compact cycles in Q reduced modulo the subgroup of those that have co- 
ordinates bounding on A. 
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Let 5, be a compact subset of Q that carries z" and let Q' be an open set 
such that Q 3) Q' D U Bi Then Q; P) = Q; A) = 

ir-\S: B, 0; A, 0) = Q] P') = Q'; P'). 

By Theorem V 18.30, S, S - A; S, S - B) = Ip-'iS: B, 0; A, 0) 

and the lemma now follows from the above relations, 

5.8 Lemma. With P and Q as before^ there exist P' and Q' such that P □> 
P' 3 Q 3 Q' cind such that if A\ B' are open sets such that P 3 A' 3 P', Q__p) 
B' 3 Q', then there exists a linear homomorphism of Hn^r{S: S, S — A'; S, S B') 
onto W{8: S, S - P; S, S - Q) [= H^(S: S, S - P'; S, S - Q% 

Prooe. By Theorems V 18.31 and 1.1, H^iS: S, S - P; S, S - Q) 
Hr(S: Q, 0; P, 0). Let {zl} be a finite collection of cocycles in Q forming a 
basis relative to cohomologies in P. By virtue of Lemma V 8.7 we may assume 
each zl has a carrier whose closure lies in Q. Then there exists an open set 
Q' such that Q 3 Q' and such that Q' contains a set of carriers of the cocycles 
zl . li W is an open set such that P 3 W' 3 Q, a basis of compact cocycles of 
Q relative to cohomologies in W may be formed by adding to {zl} a finite 
collection of cocycles {7* } of Q. Each 7* is cohomologous to a linear combination 
of the zVs in an open set whose closure lies in P, and we may select P' D TF so as 
to contain such a subset of P for each of the 7* . Then Hr(S: Q, 0; P, 0) = 
Hr(S: Q\ 0; P', 0) == Hr{S: S', 0; A', 0) for any such open sets A', B' as in 
the statement of the lemma. Consequently by Theorem V 18.31, WiS: S, S — 
P;S,S-Q)= H^(S: 8, S - P'; 8,8- Q') = H\8: 8,8- A'; 8, 8 - B'), 
We note, incidentally, that if { } forms a basis of cycles mod 8 — P relative 
to homologies mod 8 — Q, then the FJ , considered as cycles mod 8 — P\ 
form a basis relative to homologies mod 8 — Q\ 

With A', B' as above, consider a cocycle inod /S — A'. Let <p{Zn-r) — 
Zn~r F” = F"*, where F” is the fundamental cycle of 8, Inasmuch as 
is on /S — A', the chain F’’ is a cycle mod 8 — A'. If Z^-r ^ 0 
mod 8 — B', then there exists a chain of some refinement S3 of the covering 
carrying Z^-r , such that = Z^-r + Ln^r , where Ln-r is in >S •” B', 

and again it follows from the formula for the boundary of ^ cap product that 
d^Qn-r^i _ ^ 1) ^ F"(SS) mod 8 - P', so that F^ ^0 

mod 8 — B'. Hence <p induces a homomorphism of Hn-r{S: 8, 8 — A'; 
8,8- PO into H\8: 8, 8 - A'; 8, 8 - P'). 

To show that this homomorphism is onto, we may consider ^ as a homo- 
morphism of 8,8- A'; 8,8- P') into 8, 8 - P; 8, 8 - Q). 

Let F"" be a cycle mod 8 — P, As 8 — P and A' are nonintersecting closed 
sets, there is a covering U such that no element of U meets both 8 — P and 
A\ We now use the methods of the p^of of Theorem 4.2. Let t*F'‘_^ 7„_r ? 
a chain of U3 . Since r*dF'‘ is on P — A', is a cocycle mod 8 — A\ The 
chain Z"' = F" is a cycle mod 8 — A'. That Z"* ^ F"" mod 8 — B' may 

be shown by a virtual paraphrase of the corresponding part of the proof of 
Theorem 4.2. 
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We can now state, as a result of Theorem V 18.31 and Lemmas 5.6-5.8: 

5.9 Theorem. Let P and Q be open sets in an orientahle n~gm S such that 

P 2) Q and P is compact Then there exist open sets P', Q' such that (1) P 2 
P' Q S Q' dnd (2) if A and B are open sets su^ thatP 3 A 3 P', Q D P D Q', 
then H\S: S, S - A; S, S - B) ^ 0; A, 0). 

5.10 Now suppose a spa^ S is the union a countable set of open sets 

Qi ) * • * } Q^ , * ' * SRch that Q* is compact and Q^ C Qt+i for all i- Then by a 
fundamental system of infinite recycles of S we shall mean a collection decom- 
posable into sets (?I of infinite r-cycles such that (1) C , (2) the elements of 
(?i form a base for infinite r-cycles of S relative to homologies mod P — . As 

we shall see immediately below, for an n-gm the sets (Pj are finite, so that the 
collection u (PJ is countable. 

5.11 The subspace of generated by cosets corresponding to a funda- 

mental system of infinite r-cycles will be denoted by ^f{S) and called the rth 
infinite fundamental homology group of S over $F. For finite-dimensional ^\S)j 
^f{S) and are the same. 

5.12 Theorem. If 3 is an n-gm that is the union of a countable collection 
of compact point seiSj then ^"/{S) is of countable dimension for allr, M or cover j 
there exist (1) open sets Pi , • • • , P* , * * • whose union is 3 such thatP^ is compact, 
Pk C P /.+1 } and (2) a fundamental system of infinite cycles Fij ••• ,r^-, ••• 
such that for each k, ri , ‘ • , ri(fc) form a base for infinite cycles of 3 relative to 
homologies mod 3 -- Pk • 

Proof. The existence of the sets P* follows easily from the fact that 3 is 
the union of a countable collection of compact point sets. 

By Theorems V 18.31 and 1.1, p'‘(3: 3, 3 — P 2 ; 3, 3 -- Pi) is finite. In 
particular, only finitely many infinite cycles of 3 can be lirh mod P — Pi , 
and there exists a finite set of infinite cycles, Pi , - • > , P^d) forming a base 
for infinite cycles relative to homologies mod 3 — Pi , Passing to P 2 , a base 
for infinite cycles relative to homologies mod 3 — P 2 may be formed by aug- 
menting the collection PJ , * • • , P^d) by cycles Pxd)+i ? * • * , Pi( 2 ) , by virtue 
of Lemma V 18.26; and so on. 

Remark. Since an open set with compact closure must eventually lie in 
some Pk j if an infinite cycle P’* fails to bound on 3, then there exists k such 
that P” 00 0 mod 3 - Pk • Hence P" E 9^, ^od S - P, . 

This does not imply that P** a'Vi on 3, however; for a homology 

P** ^ 0 on implies that P** ^ 0 mod /S — P* for all k. 

5.13 Theorem. Under the hypothesis of Theorem 5.12, if ^/(^) af finite 
dimension, then 

Proof. If §/(^) is of finite dimension, then the cycles PJ of Theorem 5.12 
form a finite sequence P[ , • - • , PJc*) , and if P'' is any infinite cycle of 3, P*" ^ 
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mod S — Pk+t for all natural numbers t Since if is any open 
subset of S with compact closure there exists t such that Pa 4 . *1) C7,, , it is clear 
that r"* ^ a'Tl mod S — Uy . The cycles TJ , • • • , ri(&) are lirh mod 

S — Pk , hence lirh on S by definition. Thus they form a base for 

5.14 Theorem. Let S he an orientahle n-gm which is the union of a countable 

collection of compact point sets. Then §/(^) — for 0 ^ r ^ n. 

Proof. As in the prwf of Theorem 5.12, w may express S as p* 

where (1) P* is open, (2) Pj, is compact, and (3) Pu C Pjt+i • 

Now dim h!'~\S) cannot be an uncountable cardinal. For it it were, then, 
since F compact implies a k such that F Q Pj, , there would exist a k such that 
Pk contains coordinates of an uncountable set of lirh compact cycles of S, But 
by Corollary VI 3.8 at most a finite number of compact cycles of P* are lirh 
in Pfc+i . 

Now suppose is of finite dimension, m. Let * * • , 71“'' be lirh 

compact cycles forming an (n — r)“dimensional homology basis and let k be 
any integer large enough so that Pk contains carriers of all the cycles 7 ^‘“^ 
Now h"'~\S: Pk ; Pk+i) is of finite dimension, and since the cycles y””** are a 
fortiori lirh in P*+i , we may select cycles Zi'\ • * • , zl^'‘ on compact subsets 
of Pk in such a way that every compact cycle of P* is related to the system 
Ti"! • • * j tI"! • • • j by a homology on a compact subset of S, It 
follows that there exists an integer j such that only the cycles are lirh in 
Pk+i and consequently that Pk ; Pk+i) has dimension m. Then for all 

integers ^ the dimensions of IP'iS: S — Pk+s ; S, S — Pk) and 

Pk , 0; Pk+^ j 0) are m, by Theorem 5.9, and it follows that dim ^"'(S) S 
m, and consequently dim &(S) S rn. 

Next suppose is of finite dimension, h. Then by Theorem 5.13, dim 

= h. By Theorems 2.10 and V 18.16, ^\S) = KiS), so that dim 
hr{S) = h. Let 7 r , • • • , 7 ? be compact cocycles of S, linearly independent 
relative to cohomology in S, Let i be any integer large enough so that Pi 
contains carriers of all the cocycles 7 r , * • * , 7^ • By reasoning similar to that 
employed in the preceding paragraph, there exists an integer t such that dim 
Hr{S: Pi , 0; Pi+t , 0) = /i, and this holds for all integers t^ ^ t By Lemma 
5.6 there exists a homomorphism of Hr{S: Pi , 0; Pi+t , 0) onto h^~\S\ Pi ; Pi+t), 
It follows that dim Pi ; Pi+t) ^ h. And because of the fact that i and 

t may be taken as large as we please, it follows that dim 1P~\S) S h. 

Thus if either or ^f(S) is of finite dimension, then the other is of 

finite, but not greater, dimension. Hence if either is of finite dimension, their 
dimensions are equal. And since if both are of infinite dimension these dimen- 
sions are aleph-null, the required duality follows. 

5.15 Lemma. Let S be an orientahle n-gm which is the union of a countable 
collection of compact point sets. Then ^f(S) = hr{S). 

Proof. We showed in the proof of Theorem 5.12 that dim is at most 
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a denumerable cardinal. That dim hr{S) is at most denumerable follows as in 
the case of dim except that the fact that S has property (P, Q)r (cf. 

Theorem 1.1) is used instead of Corollary VI 3.8. 

Now if either ®/(^) or KiS) is of finite dimension, then ^}{S) = KiS) by 
Theorems 6.13, 2.10 and V 18.16. The only remaining case, then, is that where 
both ^}iS) and KiS) are of dimension aleph-null. 

As a corollary of Theorem 5.14 and Lemma 5.15, we now have: 

5.16 Lemma. Under the same hypothesis as in Lemma 5.15, hr{S) = 

5.17 A fundamental system of infinite r-cocydes of >S may be defined analogous 

to that for the infinite r-cycles. If Pi , • • • , P* , • • • are as in Theorem 5.12, 
we apply Corollary VI 3.9 to obtain^a base F, , • • • , F”^^^ of infinite r-cocycles 
relative to cohomology mod 5 — Pi ; augment this to obtain a base relative 
to cohomology mod aS — P 2 ; and so on. The corresponding space is 

then defined as the subspace of generated by the homology classes of 

the F’s. 

5.18 Lemma. Under the same hypothesis as in Lemma 5.15, h\S) = 

Proof. It was shown in the proof of Theorem 5.14 that dim h\S) is at 
most denumerable. The lemma now follows easily from Theorem 2.5. 

As a corollary of Theorem 5,14 and Lemma 5.18 we have: 

5.19 Lemma. Under the same hypothesis as in Lemma 5.15, = 

5.20 Remark. In the applications, particularly to open subsets of an 
orientable n-gcm, the above results will continue to hold whenever the number 
of components is countable. This will be the case whenever the n-gcm is per- 
fectly normal, as will be shown later in another connection (Theorem XI 2.17). 
It is necessary to show, however, that in such a case condition D' holds for each 
component: 

5.21 Theorem. If S is a perfectly normal orientable n-gcm, and M a closed 
subset of Sj then every component of S — M satisfies condition D'. 

Proof. Let C be a component of S — M, and Z” an infinite cycle of C that 
is on a closed (rel. C) proper subset P' of <7. By Lemma 6.1 below we may con- 
sider Z” to be a cycle mod aS — (7 = M'. Let C — P' — . By Lenoma VII 2.3, 

there exists a minimal closed subset P of >8 — Uy containing M' such that 
Z^ ^ 0 mod P. By Lemma VII 2.6, P is unique and a closed carrier of Z"". 

Suppose P n (7 7 *^ 0. Then there exists x S C r\ F such that a: Ip (7 — P. 
Let U and V be open subsets of C such that x C. U and U,V) = 1 . 
Then there exists a relation 

(5.20a) aZ” + ^ 0 mod >8 -- F, a, 6 G CF, 

where 7 ” is the fundamental cycle of S and not both a and b are zero. Now 
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a 7*^ 0 by Lemma VII 3.6; and if 6 = 0, (5.20a) implies F is not minimal since 
(5.20a) can be considered an identity, inasmuch as S is 7^-dimensional; and 
with a 9^ 0 9 ^ b, (5.20a) implies y" = --afbZ^ on V. This is impossible, 
since the set(/S F)r\ V is not empty and S carries 7” irreducibly. We con- 
clude, then, that Z” = 0 and D' is satisfied. 

5.22 Remark. F or the sake of completeness, it should be stated that here- 
after the general open n-gm S is considered orientable only when each of its 
components satisfies D' and S carries a nonbounding infinite cycle that is not 
homologous to a cycle on a closed proper subset of S, 

6. The Alexander type of duality for a closed subset of an Ti-gcm. First proof. 
If P is an open subset of an n-gm such that P is compact, and P is an Fg. , then 
a group H^S; S, S - P) may be defined relative to P in the same manner 
as §/(S) was defined relative to S, except that instead of a fundamental system 
of infinite cycles of 3, we set up a fundamental system of cycles mod /S — P. 
We first prove the following lemma: 

6.1 Lemma. If P is an open subset of an n-gm such that P is compact and P 
is an F, then there exist natural isomorphisms ^'{P) = ETiS] 8, 3 — P), and 
§;(P) - H',{3- 8,3- P). 

(^'(P) and are determined from P just as ^''{8) and ^f(S) are de- 

termined from 8.) 

Proof. If F’’ is a cycle mod 8 — P, then F’’ determines an infinite cycle 
on P as follows: Consider any covering U(P) of P by a finite number of open 
sets. As the elements of U(P) are also open in 8, and P(P), the boundary of 
P, is compact, there exists an obvious covering U of /S by a finite number of 
open sets consisting of the elements of U(P) and of a collection { U'i} such that 
each U'i contains points of S — P and does not cover any element of ll(P). 
The coordinate F![(U) of an element Tl(U,) of an infinite cycle F' of P on 
U(P) may then be determined from the coordinate of the given F' on U. It is 
easily shown that such a collection of coordinates yields an infinite cycle of P. 
And if the cycle F’’ mod 8 — P is homologous to zero mod 8 — P, the corre- 
sponding infinite cycle F"” of P will be a bounding cycle. There exists, then, an 
obvious homomorphism # of H'{8; 8, 8 — P) into ©'(P). 

Consider an infinite cycle F”^ of P. By the definition of infinite cycle, the 
element F* of F"" on Pj, is a cycle mod P — P* such that F* = FLi mod 8 — Pt . 
If U is a covering of 8, the collection U H P is a covering of P, and there exists 
an integer k = k(]X) such that U r\ P;^,, = U Pi P and hence such that 
Fhu,(UPP) = Fi[(u,+,(UPP)foraUi>0. Letr^W = Fj(u)(UPP). Then 
7 ''(U) is a cycle mod iS — P on U, since 37’‘(U) lies on 51 — P*(U) and hence on 
8 — P. And if 33 > U, ~y(U) mod 8 — P, since with k > max (k(\X), 

fr(25)) and tbe fact that Ft is a cycle mod iS — P* , we have iruaFiCSS) ~ F*(U) mod 
8 — Pk , which implies the former homology. Evidently if F[ , FJ are infinite 
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cycles in the same homology class, the corresponding cycles yl , yl mod S — P 
will be homologous mod S — F. 

The proof that &(P) = Hf(S; S -- P) is left to the reader. 

6.2 Lemma. Let S he a space such that pl(S) = =0. If M is any 

closed subset of S, then Hl(M) - S, M). 

Proof. Consider a cycle (augmented) yl on M. As pl{S) = 0, tI ^ 0 on 
5, and by Lemma VII 1.4 there exists a cycle Tl"^^ mod M such that 

(6.2a) ^ yl on M. 

Now suppose that is any other cycle mod M such that dVlf^'^ylonM. 
Then since ~ Fa"^^) ^0 on M, there exists by Lemma VII 1.6 a cycle 

F"'*'^ such that F’"'^^ ^ FJ"^^ — F^^ mod M, By hypothesis, ^ 0 on >S, 
and hence Tl'^^ — FJ"^^ 0 mod M. Therefore by the above process a unique 

homology class of S, M) is determined, and denoting homology classes 

by parentheses, we define a mapping # : (yl) — > (FJ^^). Evidently this defines 
a homomorphism 4> : H:(M) ^ Fr'(/S: S, M), 

The mapping ^ is ^^onto/^ For let (F*”^^) G Hl'^^(S; Sj M). Then by Lemma 
VII 1.1, is a cycle 7'’ of If, and we can use F"”^^ and dF’’’^^ as the Tl'^^ 
andyl of relation (6.2a), giving that #(dF’“*‘^) = (F*"^^). 

Finally, ^ is (1-1). Suppose ^(yl) = Take FJ’^^ Fa"^^ such that 

dF^^ ^ 7I on ilf, i == 1, 2, F^^ being a cycle mod ilf. By hypothesis, FI”^^ ~ 
F^^ mod M and, by Lemma VII 1.5, d(Fr^ — Fa"^^) 0 on Af. Hence 

dVl'^^ ^ dFa"^^ on ilf, implying that 7! 72 on M. 

Remark. The augmented case of the ‘^-spaces” is again denoted by the 
addition of an index such as fif/„(Jlf), for instance. 

6.3 Lemma. If M is a compact Gs and S is lc'‘, then the isomorphism 
^ : Hl(M) Hl'^^(S; S, M) established in Lemma 6.2, when applied to 

is an isomorphism ^ : H}a(M) — > H}a^(S; 5, M). 

Proof. Let {7^ be a fundamental system of (augmented) r-cycles of M 
determined relative to a system of open sets {11^} as in Theorem VI 5.1. For 
ij= L • * ‘ , n(l), let dF^^ = yl on S. The cycles Fr\ mud ilf, are lirh mod 
Ui . For if there exists a relation ~ 0 mod Ui , then by Lemma 

VII 1.9, there exists a cycle mod M on Ui such that 

nil) 

(6.3a) 2] mod M. 

t«i 

Relation (6.3a) implies (Lemma VII 1.2) that 3 (V fiV a'jTC^^) ~ on M; 
i.e., dZ'*^ ~ on M. But since Z'"*'^ lies on Ui , this implies Aat 

X)"-i oM 0 on 17i , contradicting the fact that the cycles yl are lirh on Ui . 

Now suppose r’”^^ is any cycle mod M. Let y"' — Then y' '^f^ib'yl 

on Ui . Hence by Lemma VII 1.6, there exists a cycle such that Z'*^ ~ 
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“EriV mod U^ ^ Since = 0 , ^ Q on S and therefore 

r'"' --EriV 6’rr'mod Ux . 

Hence the ^ = 1) ‘ * j ^(1)> form a base of (r + l)-cycles mod M relative 
to homologies mod Ui . The remainder of the proof should be clear. 

The duality theorem of Alexander type for an n-gcm may now be stated in 
the following form: 

6.4 Theorem. Let S be a perfectly normal orientable n-gcm and r a non- 
negative integer < n such that pliS) == pV^{S) = 0, r < n — 1, and pT^iS) = 0 
if r = n -- 1 (or pl(S) = 0; c/. Theorem 4.2). If M is a closed subset of S then 

HUM) = hr-'^S - ilf). 

Case r < n — 1. By Lemma 6,3, H^fa(M) = HU(S] S, M), and by Lemma 
6.1, HUiS; S, M) = - M). By Lemma VII 3.6, if 7 ” is the funda- 

mental cycle of aS, 7 ”“ oo 0 mod M and hence by Lemma 6.1, there is a non- 
bounding infinite n-cycle on S — M. Thus aS — AT is an orientable n-gm 
and by Theorem 5.14, - M) = hT^-^S - M). 

Case r ^ n — 1 . By Corollary 3.2 and condition C, the hypothesis of Theorem 
VII 5.10 is satisfied and consequently M is n-extendible (VII 5.1) at every 
point. Hence Theorem VII 5.9 applies, with m = 1 , and ^”"^(1/) = A: — 1 
(A* may = 00 ). By Theorem VII 5.7 and Corollary VII 5.8, A* = Pn{S] >5 — ikf, 0). 
That is, dim HU(M) = dim Hn(S; aS ~ Af, 0) — 1 , which by Theorem 2.12 == 
dim hn(S — M) — 1 ; and the latter, by Lemma 5.16, = dim hf(S — M) — 1 = 
dim hl(S - M). 

7. The Alexander type of duality for a closed subset of an n-gcm. Second 
proof. In this section we give a proof of the Alexander type of duality which 
brings out interrelationships of a type not discernible in the proof given above. 
For the new proof we need the following theorem: 

7.1 Theorem. If S is a locally compact, Ic space such that for some r, 
Vr(S) = p“+i(aS) = 0, M is a compact Gs subset of S, and [yl] is a base for cocycles 
mod S — M relative to cohomologies mod S — M, determined as in Theorem 
VI 5.8, then the cocycles 7^+1 = ^ 7 * form a base for compact (r + l)-cocycles of 
S — M relative to cohomologies in S — M. Incidentally, then, Ht(M) = 
KUS - ikf). 

Proof. With sets Uj, as in Theorem VI 5.8, if 7 r+i is a compact cocyck of 
aS — Af, then there exists such that 7^+1 is a compact cocycle of a 8 — 11^ • 
Since Pr+iiS) = 0, there exists a covering U and a chain Tr of U such that 
8Tr = 7 r+i(tl). Then Tr is a cocycle mod S — Um and because of the manner 
in which the cocycles yl were determined in Theorem VI 5.8, there exists a 
cohomology 

njm) 

r. E aM 

3-1 


(7.1a) 


mod S — M. 
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Relation (7.1a) implies the existence of a chain Cr-i such that 

n(m) 

(7.1b) = r, - D a,Tr + a , 

J=1 

where Cr ism S — M (we leave out the symbols for coverings and projections 
for sake of brevity; we may assiune all coverings employed to be of the type 
S3 of Lemma V 8.7). Applying 8 to both members of (7.1b), recalling 8^ — 0, we 
get 

n(m ) 

(7.1c) dCr = ^ a.yl+i — Tr+i • 

Relation (7.1c) implies that 7,.+i ^ <3^,7r+i in S — M, 

The cocycles yl+i are lircoh in S — M. For suppose not. Then there exists 
a relation 8Cr = in S — M. But then ^iTr Cr is a cocycle 

of S and, since Pr{S) = 0, is a cobounding cocycle. But as Cr is in ;S ™ M, 
this would imply 0 mod S M, in contradiction to the fact that 

the cocycles yl are lircoh mod S -- M. 

7.2 The second proof of the duality proceeds as follows: In case r < n — 1, 

it follows from Theorem VJL8.31, Theorem 1.1, andJLemmas 5.6-5.8 (with 
P = >8 - M,Ji ^ S - that S - , 0; S - M, 0) = 

g ^ , g ^ where the sets ilf, are as above. We recall 

(cf. proof of Lemma 5.6) that this isomorphism is induced by a mapping 7r+i — 
yr+i ^ r”, where V is the fundamental cycle of >8. In particular, the cycles 
^ ^ ^ n(m), form a base for cycles of >8 — [7^ relative to 

homologies in >8 — ikf. The collection {7””'’"^} determined in this way for all 
Urri determines a b^e for — M), For (1) any compact cycle of S — M 

lies in some 8 — Um j and (2) any homology _relating a finite number of the 
cycles in a 8 ilf would hold on some S — Um, and imply nonindependence 
of the corresponding cocycles 7r+i in the isomorphism referred to above. The 
theorem now follows, for this case, from Theorem VI 5.8 and the above Theorem 
7.1. 

7.3 Now the chiefly noteworthy feature of the above proof is that it sets 
up the desired isomorphism in a natural way; to each 7^ of the base of cycles 
on M is made to correspond a cycle yT""’^ of 8 — M in such a way that the cycles 

^ base for {n — r -- l)“Cycles of >8 ikf relative to homologies in 
>8 — ilf . It would be desirable likewise to determine a base for the augmented 
0-cycles of 5 — ilf in an analogous manner. In order to accomplish this, we 
need an analogue of Theorem 7.1 for the case r = — 1; 

7.4 Theokem. If 8 is an orientable n-gm such that Pn--i{8) = 0, is a 
compact Gs subset of 8, and {yl-i } is a base for cocycles mod 8 — M relative to 
cohomologies mod 8 ^ M determined as in Theorem VI 5.8, then the cocycles 
Y« == 57n„i , together with a fundamental cocycle Tn in 8 — Mj form a base for 
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compact n-cocycles of S — M relative to cohomologies in S — M, Incidentally j 
Pr,^i(M) = dim hniS — M) — 1 . 

Proof. Let jn be a compact cocycle of /S — M,j^ 0 in S — M. There 
exists Um as before such that and Fn are in aS — 17^ . As r„ forms a base 
for cocycles of S relative to cohomology on Sj y^ ^ aVn on S. Accordingly, 
on some covering U, there exists a relation 

(7.2a) 5^.1 - Tn - ar„ . 

Let be the portion of (7„-i on . Then L„_i is a cocycle mod >S — , 

and therefore ci^yl-l mod S — M. Hence on some 25 > U, 

there exists a relation 

n(m) 

(7.2b) = x5^L„_x - Z a-rn-i + Q»-i , Qn-. in S - ikf. 

t-X 

Applying 5 to both sides of (7.2b), 

n(m) 

(7.2c) * 

a-1 

From (7.2a) and (7.2c) it follows that 

n{m ) 

(7.2d) SCxScC,-! — x5s5L„_i — Q„_i) = xS®7„ — ax$ajr„ — 23 o.T» • 

t-1 

Relation (7.2d) implies that 7 n c^Pn + X)***!^ ^tTn in aS — Af . 

That the cocycles are lircoh in aS — M follows as in the last paragraph of 
the proof of Theorem 7.1. Now suppose that there exists a relation 

(7.2e) = Y. aai + aF, in aS -- Af . 

Then not all the a, are zero, since F„ cannot cobound in aS — Af . And a 7 ^ 0, 
since the yl are lircoh in aS — Af . We may therefore rewrite (7.2e) in the form 

(7.2f) 5C"-^ = E a,T; + r„ mS-M. 

Then, since 57 )l_i = 7 ^ , we have from (7.2f) that b{C'"~^ — 23 o.Tn-O = r„ , 
contradicting the fact that F,» does not cobound on aS. 

7.5 Case r = n — 1 . This may now be established by noting that the 
cycles 7 ? ““ 7^, where 7 ° = Tn ^ F'^, 7 ° = F„ F"" form a base for (augmented) 
cycles of aS — Af relative to homology in aS — Af . 

7.6 Inverse form of the second proof. We now raise the question: Can we 

not reverse the above procedure, starting with a base for cycles of aS — Af 
and making correspond thereto in a natural manner a fundamental system for 
cycles of Af? It is easy to see that the answer is affirmative. Inde^, in case 
r < n — 1 , starting with a base 7 ^”'"^ * * • , for cycles of aS — {7i relative 
to homology in aS -- Af , we pass to the set yUi ^ ^ = 1, • • • , n(l) 

which forms a base for (r + l)-cocycles in aS — relative to cohomology in 
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S — M. Since Vr+\{S, ?) = 0, ;^ere exist relations bCl = 7‘+i on S. The 
Ct are_cocycles mod S - Ui and are easily proved to form a base for 
r-cocycles of Ui relative to cohomology mod — ilf by methods similar to 
those used above. Hence there exists by Theorem V 18.30 a base of cycles 
y'i on M,j = 1, ■■■ , nil), such that (7;-% = 8{ . The cycles yj form a base 
for r-cycles of M relative to homology on Hi . _ 

In the case r = n - 1, a base for (augmented) 0-cycles oi S - Ui , lirh in 
S — M, consisting of w(l) nontrivial 0-cycles, determines exactly w(l) -(- 1 
components!), , == 1, • • • , n(l) -i- 1, of S — flT, that meet S — Ui (cf. Theorem 
V 11.10). Let r_“ , ri , • • • , be fundamental cocycles such that lies 
in D, n (S - Hi). Since r“ H on 5, f = 1, • • • , nil), there exist chmns 
CLi such that SC'„.i = r° - r‘ . The chains CLi are cocycles mod -S - Hi , 
lircoh mod S — M, and there exist cycles of M such that 7" = 51- . 

We leave further details of the proof to the reader. 

8. LinMng theorems. The significance of the second proof of the duality 
above becomes plainer if we consider a relationship of cycles which may be 
called “geometric linking.” Here we consider only subsets of a gem S and we 
assiime that S is spherelike in the dimensions considered (otherAvise we are in a 
position similar to that in which we would be if we discussed cut points of 
nonconnected sets!). 

8.1 Definition. A cycle y^ will be said to link a set of points M in S if 
y' is on a compact subset of S — M and does not bound on a compact set therein. 
(Compare the use of the term “link” in the euclidean case, as in the proof of 
Theorem II 5.22.) 

8.2 Definition. If y' and 7”“’'“* are cycles with disjoint closed carriers, 
and neither bounds in the complement of a closed carrier of the other, then 
we say that y' and are linked in S. Two homology classes {y'}, {y”"’'"^ 
of compact M,S - M, respectively, will be called linked in -S if every element of 
the one is linked in 8 with every element of the other. 

(In the case of both 8.1 and 8.2, we shall frequently leave out the phrase “in 
8” whenever 8 is the space under consideration.) 

8.3 Theorem. Let 8 and M satisfy the hypothesis of Theorem 6.4. Then in 
the isomorphism between HuiM) and hr'~^iS - M) establish^ in the second 
-proof iand its inverse) of Theorem 6.4, corresponding homology classes are linked 
in 8. 

Proof. We may as well consider the classes corresponding to yl and yr '~^ 
in the notation used above. Let y' ^ yl on M and y""’'"* ~ y"'' ^ on a closed 
subset of - AT. Let iV be a carrier of y""’"' m8 - M. We shall show that y' 
and y”"’’"^ are linked in 8. Suppose there is a closed carrier C of y"”’""* such that 
y" ~ 0 on a closed subset T of 8 — C; evidently we may suppose C r\N C S 
— Hi for some k. Let Q be an open set such that CnNdQCS — iJJh L) T). 
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By Lemma 5.4 there exists a cocycle 7r+i = ^ in Q such that 7^+1 

r” in /S — ikf. Now from_the isomorphism between Hr+iiS: S — Ukj 

0; S - M, 0 ) and S - ; S - M) (7.2) as established above by 

products of type 7^+1 ^ F”, we know that 7”'''“^ ^ in — M implies 

7r + l ^7r + l in >Sf — ikf . 

If U is a covering on which 7^+1 , 7^+1 and yl have representatives, there 
exists a relation 5(7^ (35) = 7rSsB7r+i — ‘7rS357r+i in S — M, This relation together 
with the relation 5T|®7i = Tts^yl+i gives <5[Cr(25) + 7r?ts87];] = Tts&yr+i • 
Since 7^4-1 is in >S ~ (Uk W T), the portion of (7r(3S) + 7rS557J on U T is a 

cocycle Zr mod S — {Uk ^ T), And evidently Zr-yl = 7r-7i = 1. But yl ^ 
7"* ^ 0 on itf W r, so that Zr^yl = 0. 

Suppose that there is a closed carrier K of y"" such that 7”“'’"^ ^ 0 on a closed 
set / d S — K. Let P be an opei^et such that J d P <Z S -- K. This time 
we ^lect Uk so that J r\ N d S -- Uk and the cocycle 7^+1 = 7*7”“*'“^ in P H (5 
~ Uk)- Note that 7^+1 0 in P. (See Lemma 5.4.) Let us take (7r(2S) as 

before, and let 5Lr(95) = 'n-tssyr+i in P. Then 7r$587]: + Cr(35) — I/r(35) is a cocycle 
of Sj and as Pr{S, = 0, there is a covering SB such that 

(8.3a) ^us7r “h r{^) — ^sasLr(35) 0 on S- 

Now since 7r|sC^r(SS) is in ^ — ilf, relation (8.3a) implies that yl — Zr ^ 
where Zr is the portion of Lr(35) on M, is a cobounding cocycle mod S — M. 
Hence (7^ — Zr)-y'' = 0. However, Zr-y"" == 0, and therefore (7^ — Zr)- 
7" = 7^*7" = 7^-71 = 1- 

We may state, then, as a result of the second proof of Theorem 6.4 and its 
inverse, that 

8.4 Theorem. If cycles 7^ , ^ = 1, 2, • • • , form a fundamental system of 

r-cyclesfor the set M of Theorem 6.4, then a base = 1, 2, • • • ,/or compact 

cycles of S — M relative to homologies in S — M can he selected in such a manner 
that the homology classes {7f}, {ZT""'^} are linked for each value of L Conversely ^ 
if cycles i = 1, 2, • • • ,/orm a base for cycles 0/ 5 — ilf relative to homologies 

in S — Mj there can be found a fundamental system of r-cycles, yl , i = 1, 2, - • • , 
of M such that the homology classes {7^}, {Z^~^~^} are linked. 

8.5 Theorem. Let M and S be as in Theorem 6.4. Then if yl j i = 1, 2, 

• • • , form a fundamental system of r-cycles of M, every nonbounding {n — r -- 1)- 
cycle of S — M is linked with some cycle yl ; and if ^ = 1, 2, • • • , form 

a base for compact cycles of S — M relative to homologies in /S — ilf , then every 
nonbounding r-cycle of M is linked with some cycle ZT^~^- 

Proof. Given the base of cycles let a fundamental system yl , 

i = 1, 2, • • • , of r-cycles of M be determined as in the inverse form of the 
second proof of Theorem 6.4. Let 7’’ be a nonbounding cycle of ikf. Then 
7*^ ^ a,7i on M. Let a^ be the coeflEicient of smallest subscript that is 
not zero, and suppose n{k — 1) < m ^ n{k) in the notation used above. Then 



268 GENERALIZED MANIFOLDS; DUALITY THEOREMS [VIII] 

with TJk as in the proof of Theorem 8.3 it may be shown that y aTad are 

linked. 

Similarly, given the fundamental system of cycles Yi , we may determine the 
base of cycles as before, and if is a nonbounding cycle of ^ — Af, 

then ^ aiZT"~^ in S — M. And if is a nonzero coefficient, 

then is linked with 7^ . 

8.6 Corollary. With M and S as in Theorem 6.4, if Y i^ nonhounding 

cycle of M, then Y linked with a compact cycle 0/ jS — Af. And if is 
a compact cycle of S ^ M that fails to bound in S -- M, then is linked 

with a cycle Y of M, 

Evidently the above method of proof also shows: 

8.7 Corollary. If systems {7^} and are selected as in Theorem 

8.4, then every finite linear combination of cycles of one system is linked with a 
cycle of the other system. 

Sometimes, in the sequel, we shall be concerned not with a complete funda- 
mental system of cycles of a closed set, but with a set determined in the fol- 
lowing manner: Let M be compact, and a subgroup of the group of r-cycles 
of M. In the above proofs we may confine our attention to cycles of (?’’ in the 
following fashion: In Theorem VI 5.8, let 7I , • * • , 7n(i) be a set of cycles of 
G^ lirh on !7i and such that if 7** is a cycle of G% then 7"* is homologous on Ui 
to a linear combination of the cycles 7I , • • • , Ymd , etc. In the manner indi- 
cated there may be obtained what might be called a fundamental system of 
cycles of G" relative to homologies on M. 

8.8 Theorem. If M and S are as in Theorem 6.4, and G'* is a group of r- 
cycles of Af, then there exists a fundamental system, Yi } i = L 2, • • • , of cycles 
of G" relative to homologies on M, and a system of lirh compact cycles 

t = 1, 2 , • • • , 0/ /S — Af such that the homology classes {7^}, are linked for 

each value of i. Moreover, every finite linear combination of cycles of the system {7^ } 
is linked with an element of } and conversely. Indeed, if is a compact 

cycle of S — M such that c^Z^Yf^ i'^ S -- M, where each c* 9^ 0 , 

then is linked with each of the cycles . Similarly, if 7** ^ d^yiu) 

on M, d^ 9^ 0 , then 7’' is linked with each of the cycles 

Similarly, we have the following theorem: 

8.9 Theorem. If M and S are as before, and E is a subgroup of the set of 

all compact (n — r — l)-cycles of S — M, then there exists a complete set {Z^”**"^} 
of cycles of E lirh relative to homologies in S — M and a system {7^} of cycles of 
M such that the respective homology classes {7i}, {ZJ”'*"^} in M and 5 — Af are 
linked for each value of i. More generally, if is a cycle of E such that 

^ c’ZJTrT^ in S — M, where each c' 9^ 0, then is linked with 

each of the cycles yl^,) . Similarly, if 7’' ^ d^yui) on M, d^ 9^ 0 , then 7'' 
is linked with each of the cycles ZJ7/r^« 
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Finally, if 71 ? * • • , 7 ! are lirh cycles of Af, finite in niunber, there exists 
(Theorem V 19.7) an open set Ui containing M such that these cycles are lirh 
on C/i . Hence the cycles 7 ! > • * * , 7^ may be included in a fundamental system 
of r-cycles for M, On the other hand, if • • • , are lirh compact 

cycles of /S — ikf, then for a choice of Ui such that S — Ui contain^ompact 
carriers of all these (n — r — l)-cycles, the latter are lirh in ^ — Ui . We 
can state, then, 

8.10 Theorem. If M and S are as before, and 7 I , • • • , yl are lirh cycles 
of M, then there exists a fundamental system of r-cycles for M of which the cycles 
7 i , * * * j 7 fc o,re elements. Consequently there exist compact cycles , 

in S — M such that 7 ^ and are linked, i = 1, • • • , k. Conversely, 

if ZJ~’‘"\ • • • , are lirh compact cycles of S — M, then there exists a base 

for compact cycles of S — M having these cycles as elements, and consequently 
there exist cycles y\ of M such that y\ and are linked, i = 1, k. 

9. A duality for nonclosed sets. The duality theorems of the last three 
sections relate only to the cycles of a compact subset of a manifold and its 
complement. For certain purposes it is convenient to have a duality relating 
compact cycles of an arbitrary subset of a manifold to compact cycles of its 
complement. 

9.1 Theorem. Let M be an arbitrary subset of a perfectly normal orientable 
n-gcm S and r a nonnegative integer < n such that if r <n— 1,pI(aS) = = 0 

and otherwise pT^{S) =0. 1 / 7 ^ , i = 1, • • • , A*, are compact cycles of M that are 
linearly independent relative to unrestricted homologies on M, then there exist compact 
cycles i = 1 , • • • , A-, 0 / /S — ilf svxlh that y\ and are linked. 

Proof. It follows from Theorem VI 4.6 that there exists an open subset P 
of >S containing M such that the cycles y\ are linearly independent in P relative 
to homologies on compact subsets of P. Hence by Theorem 8.10, there exist 
compact cycles Z, of aS — P C aS — ikf of the type desired. 

Remark. Since M is arbitrary, there is obviously no need of a ^^converse^^ 
case (covering the case where the cycles ZJ are given instead of 7 ^) as in 
Theorem 8.10. 


Bibliographical Notes 

§1. The definition of n-gm as given here is that of Begle [b] with an un- 
necessary axiom (requiring the space to be Ic^^) deleted. Earlier definitions given 
by Cech [b, c,e], Lefschetz [c], Wilder [n] and Alexandroff-Pontrjagin [i] did not 
utilize the (at the time nonexistent) theory of cocycles. 

§2. Compare Begle [b]. 

§4. References to Poincare’s papers and the original form of the Poincard 
duality may be found in Veblen [Y]. The proof given here is based on Begle 
[a]. 



270 


GENERALIZED MANIFOLDS; DUALITY THEOREMS 


[VIII] 


§§5, 6, 8. For proofs of Theorems 6.14, 6.4, and 8.3 in the case where the 
Betti numbers of S ot M are all finite, see Begle [b]. The original statement 
and proof of the Alexander duality theorem will be found in Alexander [a]. 
Subsequent extensions, as for instance to closed subsets of a manifold, appeared 
in Alexandroff [c], Frankl [a], Lefschetz [b, Lg], and Pontrjagin [a, b]. H M is 
a classical manifold and K a homeomorph in ilf of some complex, then Pontrjagin 
showed in [d] that there exists an Alexander type of duality between the cycles 
of K that bound in M and the cycles of If — Z that bound in M. See also 
Alexandroff (k). For a discussion of an extension of his duality to spaces of 
infinite dimension, see Alexander [d]. The first proofs of dualities for generalized 
manifolds appeared in Cech [b] and Lefschetz [cj. See also Lefschetz [L; VI] 
and Alexandroff [jj. Euclidean analogues of linking theorems of the type 
given in §8 will be found in Pontrjagin [c]. 

§9. Theorem 9.1 was stated and proved for arbitrary subsets of S" by S. 
Kaplan in his dissertation [a, b]. 



CHAPTER IX 


FURTHER PROPERTIES OF n-GMS; REGULAR MANIFOLDS 
AND GENERALIZED CELLS 

In this chapter we shall prove further “justification^^ theorems for the n-gcm, 
establish certain avoidability properties, and discuss some equivalent or alternate 
definitions. 

1 . Case n = 1. Since the is the only 1 -dimensional closed manifold in 
the classical sense, we would like that the metric case of the 1 -gcm also reduce 
to the Without the metric requirement, however, one may expect the 
1 -gcm’s to present an infinite variety of topological categories, differing, for 
example, in their properties in the large, such as in the cardinality of a minimal 
base for open sets, as well as in their properties in the small, such as the cardi- 
nality of local bases (“character’^ at a point). 

Turning then to the metric case, let M be a metric 1-gcm. By Theorem 
VIII 1 . 1 , ilf is a Peano space. As such, it cannot be acyclic (III 3.31), since if 
it were it would have an end point p, and Pi(M, p) = 0, by the following lemma, 

1.1 Lemma. If M is an acyclic Peano space, and p is an end point of M, then 
Pi(M, p) = 0. 

Proof. Let e > 0 be arbitrary, and let re be a point of M such that M — 
X ^ MiKJ M 2 separate and p E: Mi C. S(p, e). Let 8 be any positive number 
<€ such that M 2 S(p, 8) ^ 0. Let be any cycle mod M — S(p, e). 

Now is a cycle mod M 2 and consequently by Corollary VII 1.16 there 
exists a cycle 7 ^ mod (x) on Mi such that ^ Z^ mod M 2 . Since dy^ is on 
X, hence ^ 0 on rc, there exists by Lemma VII 1.6 a cycle on Mi such that 
^ y^ mod M 2 on Mi . But ~ 0 on M, since M is acyclic, hence 0 
mod ikr 2 - The combination of these homologies gives 0 mod M 2 , and 
a fortiori mod M — S{p, 8). Hence p^(M, p) = pi(M, p) = 0 . 

Continuing with M as above, in the remarks preceding Lemma 1 . 1 , we know 
by Lemma 1.1 that M contains a simple closed curve J. And by condition D 
of Chapter VIII, it follows at once that M = J. Thus we have: 

1.2 Theorem. The metric case of the 1-gcm reduces to the 1-sphere. 

Remarks. As a matter of fact, condition D is not needed in the 1 -dimensional 
case if it be assumed that M is connected. For if M 5 *^ let A be an arc of 
M having only one of its end points, x, in common with «7. Given a neighbor- 
hood P of X, let A' be a subarc of A which has x as one end point, has an end 
point y on F(P), and lies entirely in P except for the point y. Let B be an arc 
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of J containing x and lying, except for its end points and 2/'? which are on 
jP(P), entirely in P. Let Q be an arbitrary neighborhood of x lying in P. 

Then B carries a cycle Z\ mod M — P such that Z\ Q mod ilf — Q since 
M is 1-dimensional. Likewise, the arc consisting of the portion of B from x' 
to X, together with A', carries a similar cycle Z\ . The cycles Z\ and Z\ are 
lirh mod S -- Q because of the 1-dimensionality of ikf, and hence p) § 2. 
Hence a 1-dimensional metric continuum M such that ,pi{M, x) = 1 at every 
point X G ilf must he an (cf. Corollary VI 6.12). 

One may go even further than this, as a matter of fact, since, as Alexandroff 
has shown [f, p. 12, Corollary 2], a 1-dimensional metric continuum M such 
that p^(My x) has the same finite value at each x G Af is an >S\ 

2. Case ti = 2. For the orientable case of the 2-gcm the proof that the 
separability condition restricts it to the classical case is very simple, and derives 
immediately from the following lenuna which, being fundamental in our later 
developments, may as well be introduced at this point. The nonorientable case 
requires more extended treatment and will be deferred to a later section. 

2.1 Lemma. An orientable n-gcm is n-extendihle at every point. 

Proof. This is a direct consequence of Theorem VII 5.10. 

2.2 Corollary. Every point of an orientable n-gcm is a locally (n — 1)- 
avoidable point. 

Proof. This is a consequence of Lemma VII 5.3 and the above lemma. 

2.3 Theorem. The metric case of the orientable 2-gcm reduces to the 
classical closed 2-manifold, 

Proof. This is a direct consequence of Theorem VII 4.23 and Corollary 2.2. 

3. Avoidability properties. We saw above that the orientable ?i-gcm is locally 

(n — l)-avoidable at every point. We next show that it is completely r-avoid- 
able at every point for r < — 1. 

3.1 Lemma. Let S be a locally compact space and x G ^ ^uch that (1) S is 
r-lc at X and (2) p^'^^ix) = 0. Then S is completely r-avoidable at x. 

Proof. Let x E: S and P an open set containing x. Then there exist open 
sets Q and B such that x G -B C Q C P and such that (1) r-cycles on Q bound 
on P and (2) p^^\x; Q, B) - 0. 

Let y"' be a cycle of F(Q), Then 7'’ ^ 0 on a compact subset M of P, and 
accordingly by Lemma VII 1.4, there exists a cycle mod F(Q) on M such 
that 

(3.1a) onP(Q). 

By (2) of the preceding paragraph, Z^'*'^ ^ 0 mod /S — P, and therefore by 
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Corollary VII 1.17, there exists a cycle 7’"'^^ mod M \J (S — R) on R such that 
mod /S — i2 on Af. It follows easily that is homologous 
mod ¥{Q) on P to a cycle 7^“^^ mod P(Q) which lies on P — P, and by Jjemma 
VII 1.2, ^ by""^^ on F{Q). Hence, by relation (3.1a), 7’' ^ 0 on P — P, 

and S> is completely r-avoidable at x, 

3.2 Corollary. // S is an n-gm and r < — 1, then S is completely r- 

avoidahle at every point. 

And now to prepare for a complete characterization of the orientable n-gcm 
by means of avoidability properties, we introduce the following lemmas. 

3.3 Lemma. Let S be a locally compact space which is semi-^r-connected arid 
completely (r — lyavoidable at x ^ S. Then Pr(jS, x) = 0. 

I^OOF. Let Uj V, and W be open sets such that x G V C r-cycles 
of TJ bound on S, and {r — l)~cycles of P(V) bound on P — TV. Consider 
any cycle y’' mod S — U. The_portion of 7'' in F is a cycle 7! such that dy{ 
is on ^F). Since dy{ ^ Q on U — TF, th^e exists by Lemma VII 1.6 a cycle 
r"" on U such that T'’ ^ y[ mod S — W on U. But P’' ^ 0 on S, hence 7I ^ 0 
mod 5 — TF and 7'' 0 mod S — TF. 

Note that by virtue of Lemmas 3.1 and 3.3 we have: 

3.4 Lemma. If a locally compact space S is r4c arid semi~(r + lyconnected at 
X ^ S, then complete r-avoidability at x is equivalent to p'‘^^{x) = 0. 

3.5 Lemma. Let S be a compact space such thatp^{S) == m finite^ all recycles 
on proper closed subsets of S being bounding cycles of S. Then for any x ^ Sj 
r-extendibility at x is equivalent to p' (x) = m. 

Proof. That the condition p''(x) — m implies that S is r-extendible has 
already been proved in Theorem VII 5.10. Now suppose, conversely, that S is 
r-extendible at x. By hypothesis there exist cycles P^ , i = 1, • • * , m, that 
form a base for r-cycles relative to homologies on >S, and by Lemma VII 3.7, 
these cycles are lirh mod — P for every nonempty open set P. Let U be 
any open set containing x, and V an open subset of U containing x such that 
if 7** is a cycle mod 5 — C/, then there exists a cycle P’" of S such that 7’’ ^ P’’ 
mod ^ ~ F. Now the cycles Pj are lirh mod >S ^ F, and if p'‘(x; U, F) were 
greater than m, there would exist by Lemma V 18.26 a cycle y"" mod S — U 
such that 7"*, Pi , • • • , P^ are lirh mod a 8 F. But with P*' as above, there 
would then exist a homology V a'Tl y which would hold a fortiori mod 

;S — F, implying 7** ^ ^ a* Pi mod S — V- It follows that p'‘(x) = m. 

As a consequence of the above lemmas and Corollary VI 6.12 we have: 

3.6 Theorem. In order that an n-dimensional compact space S should be an 
orientable n-gcm, the following conditions are necessary and sufficient: 

(1) p”(>S) = 1 and all n<ycles on closed proper subsets of S bound on S. 

(2) S is semi-r-connected for all r n — 1, 
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(3) S is com'pletely r~avoiddble at all 'points for all r ^ n — 2. 

(4) S is n-extendihle at all points, 

4. Characterization by means of local linking. Another of the equivalent 
forms by which the orientable n-gcm may be defined depends on the notion of 
a simple local duality. 

4.1 Definition. A space S will be said to ^^atisfy a simple local duality 
at p G ^ rel. n^^ if for arbitrary open set U containing p there exists an open set 
V such that x ^ V C. U and (1) if M is a closed subset of V and 
Z"* (0 < r < n — 1) is a compact cycle of F — Af which links AT in then there 
exists a cycle on M such that Z** and are linked in TJ] and (2) if 

is a cycle on M that fails to bound on Af, then there exists a compact cycle 
Z** in F — AT such that Z’’ and 7^“'‘“^ are linked in TJ, 

4.2 Theoeem. Every perfectly normal orientable n-gcm S satifies a simple local 
duality atx ^ S rel. n for every point x of S. 

Indication op proof. Given U, an open set containing x E: S, we select 
Fso that cycles in F bound in^ U and cocycles in F of dimension <pco bound in 
U. Let Af C F and let Z"*, 0 < r < — 1, be a compact cycle of F — Af 

that fails to bound in [7 — Af. We may‘ now proceed exactly as in the second 
proof of the Alexander Duality in Chapter VIII to obtain a cycle 7'""’“"^ of 
the type desired. A similar remark applies to the proof of condition (2) of 
Definition 4.1. 

4.3 Lemma. If the compact space M is n-extendihle at every point, semi- 
in — l)-connected, and such that p^{M) > 0 but every n-cycle on a proper closed 
subset of M bounds on M, then M is 0-lc, locally (n — l)-avoidable and completely 
0-avoidable. 

Proof. That M is 0-lc follows from Theorem VII 5.4. As M is n-extendible 
and semi-(?i l)-connected, it is locally (n — l)-avoidable by Lemma VII 5.3. 
Hence, given p E M and open set U containing p, there exist open sets F and 
TF such that a; G IF C F C C7 and such that {n — l)-cycles on F(V) bound 
on Af — IF. Since Af is 0-lc, we may assume U connected. 

Now suppose U — p = A \J B separate. Then A r\ W 9^ 0 9^ B r\ W. 
And if r’' is a nonbounding cycle of Af, the portion of F” on A F is a cycle 
Z’^ mod [F(F) KJ p] whose boundary dZ"" boxmds on (Af — TF) VJ p. Hence 
by Lemma VII 1.6, there exists a cycle 7” on (A TF) U (Af — TF) such that 
7” X” mod (Af — W) yj p. But 7” is on Af — B A TF and consequently 
bounds on Af . But this implies Z” ^ 0 mod (Af — TF) U p which in turn implies 
^ 0 mod Af — A Pi TF; this is impossible by Lemma VII 3.6. Hence by 


^Hereafter, unless otherwise specified, when we speak of a cycle in an open set U we shall 
mean a cycle on a compact subset of U; and by bounding in U will be meant bounding on a 
compact subset of U. 
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Theorems IV 3.1 and VII 6.15, p must be a local non-O-cut point of M, and 
that M is completely 0-avoidable at p will follow from the following lemma. 

Remark. In view of Lemma 4.3, the case r = 0 in (3) of Theorem 3.6 may 
be deleted. 

4.4 Lemma. If a locally compact space S is Ic"' and p is a local non-r-cut 
point [VII 6.11] of Sj then S is completely r-avoidable at p. 

Proof. Let XJ be an open set containing p such that U is compact, and 
V C U QXL open set containing x such that r-cycles on F{V) bound m U — p- 
Let TV C V be another open set containing x. By Corollary VI 3.8, there exists 
a finite set of cycles Z\ = 1, • • • , m, forming a base for r-cycles of FiV) 
rel. homologies in ?7 — IV. Each Z\ bounds on a compact subset of ?7 — p, 
and it follows that there exists an open set R containing x and lying in TV such 
that every r-cycle on F(V) bounds in 17 — i?. 

The following theorem may now be proved: 

4.5 Theorem. In order that a perfectly normal, n-dimensional compact space 
S should be an orientable n-gcm, it is necessary and sufficient that, in addition to 
satisfying conditions (1) and (4) of Theorem 3.6, it be semi-(n -- l)-connected 
and satisfy a simple local duality at all points reh n. 

To prove the sufficiency of the conditions, note that the condition that S 
satisfy a simple local duality rel. n implies that 5 is r-lc as well as that every 
point of is a local non-r-cut point, for r = 1, • • • , 2. By Theorem VII 5.4, 

S is 0-lc, and by Lemma 4.3, S is completely 0-avoidable. By Lemma 4.4, S 
is completely r-avoidable for r = 1, • • • , n — 2. Thus the sufficiency of the 
theorem follows from Theorem 3.6. The necessity follows from Theorem 4.2, 

5. The case n = 2 without the orientability condition. It was remarked 
above in §2 that for the nonoriented case a more extended proof was needed 
to show that in the metric case the 2-gm is locally euclidean. In view of 
the fact that, for the general n, the nonoriented case seems to require (for local 
dualities, etc.) the imposition of local orientability (this term will be defined 
below), it is remarkable that in the case n = 2 this is unnecessary. An incidental 
result is a noteworthy characterization of the classical 2-manifold as well as 
of the euclidean plane in terms of the local numbers p''(M, x). 

5.1 The following example is instructive: In a euclidean space S, let K 
be a 2-cell (in the sense of I 11.16) and let a: be a nonboundary point of K. Let 
Pi , • • • , P« , • • ■ be a sequence of projective planes in S — K having in suc- 
cessive pairs a single common point, but otherwise disjoint, and such that if 
Pn & Pn ) then X is the sequential limit point of the sequence {p^}- Let 
M — ^ K, Then with the integers mod 3 as the field p^(M, x) — 1, 
since no Pn carries a nonbounding 2-cycle. The set M will be seen to lack the 
property which we mentioned above by the name “local orientability' ^ Note, 
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however, that x) 9 ^ 0, since if ax is an arc from some point a of one of 

the sets , to x, lying except for x in u , and bx is an arc of K, then the 
arc ab = ax U bx carries a 1-cycle mod aU b which fails to be homologous 
to zero mod M — Q on ilf for all sufficiently small open sets Q containing x. 

We shall need the following lemma: 

5.2 Lemma. In a metric space S, let M be an irreducible membrane relative 
to the fundamental 1-cycle of a 1 -sphere J. Then M is a continuum and M J 
is connected, 

Pkoop. By Lemma VII 1.4, there exists a cycle Z^ mod J on M such that 
dZ^ ^ Z^ on J; we may as well assume that dZ^ = Z^. Were M A \J B 
separate, then J would lie in one of the sets A, P, say JL, and consequently^ 
denoting by Zl the portion of Z^ on JS, we would have dZl = 0 and hence 
d(Z^ — Zl) = Z^ on A J violating the irreducibility of M, 

Suppose M — J — Ml U M 2 separate. As before, there exists a cycle Z^ 
mod J such that 

(5.2a) dZ^ ^ Z^ on J. 

The portion of Z^ on 1, 2, is a cycle Zl such that dZl is on J, If for 

either value of i, dZl 0 on J, then there exists a homology cdZl ^ Z\ c E: 
on J, and hence ^ 0 on J \J Mi , again contradicting the fact that M is 
an irreducible membrane relative to On the other hand, if dZl 0 on /, 
then there exists a cycle yl on M^ \J J such that 

(5.2b) yl Zl mod J on M,\J J, 

Because of the way in which Zl was chosen, we also have 
(5.2c) Z" -- Z! mod M - Mi on M. 

Relations (5.2b) and (5.2c) give Z^ yl mod M — M^ on M and hence, by 
Lemma VII 1.2, dZ^ ^ dyl on M — Mi . But dyl = 0 and therefore 

(5.2d) dZ^ on M - Mi . 

Relation (5. 2d) together with relation (5.2a) gives Z^ 0 on Af — Mi , contra- 
dicting the fact that M is an irreducible membrane rel. Zh We must conclude, 
then, that M — J is connected. 

5.3 Definition. If M is a locally connected, locally compact metric space, 
and p E M disconnects some domain of M, then p is called a local separating 
point of M, 

A point which is not a local separating point of such a set M is easily seen to 
be a local nonA)-‘Cut point of M, and conversely (cf. Theorems VII 6.15 and IV 3.1). 

5.4 Lemma. If M is a 0-Zc, locally compact^ connected metric space without 
a local separating point, and x, y E M, x 9 ^ y, then there exist three arcs of M 
having x and y as end points, and which are otherwise disjoint. 

(It will be noticed that the method of proof used will show, by induction. 
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that ^'three’^ can be replaced by where n is any positive integer. As a 
matter of fact, Whyburn has shown that may be used, where c is the cardinal 
number of the set of all real numbers. Cf. G. T. Whyburn [i].) 

Proof. As M has no local separating point, it has no cut point. Hence 
by Corollary III 3.32a, there exist two arcs A and B having x and y as end points, 
and otherwise disjoint. 

On the arc A let Xx and yx be points such that in the order from xtoy^x < 
Xx < yx < y- Hereafter we denote subarcs of A by their end points — ^for 
instance, Xxyx denotes the subarc of A having Xx and yx as end points. On 
xxx let a: 2 , ^ 3 , • * * , ? * * • be points such that for each n,x< x^+x < < Xx , 
and having x as sequential limit point. And on yxy let 2/2 , 2/3 , * * * , yn , • * * 
be a sequence of points such that for each n, yx < yn < 2/n+i < y, and having 
y as sequential limit point. 

Let rix be a positive number < 1 and < p{xxyx ,B), If p G Xxyx , let U(p) 
denote a 0-ulc, connected open subset of M of diameter < 971 that contains p 
and whose closure is compact; such a set exists by Theorem III 3.3. Let Ux , 

• • • , Uk he 8b simple chain of_the sets U{p) from Xx to 2/1 (Theorem I 12.3). 
By Theorem III 3.6 the sets U, are 04c, hence their union, which we denote 
by Cl , is a Peano continuum. 

Let r }2 be a positive number < 1/2 and < p(xxX 2 ,B), and if p G XxX 2 let 
V (p) denote a 0-ulc, connected open subset of M of diameter < 972 that contains 
p and has a compact closure. Let C 2 be the closure of a union of a simple 
chain of the sets V(p) from Xx to X 2 . Let K 2 be a similar Peano continuum 
covering yxy 2 • And in general, having obtained a set C„ , n > 1 , covering 
Xn~x^n j let 97 „+i be a positive number < l/(n + 1 ) and < p(a;A+i, B), and 
cover XnXn^x by sets analogous to the sets V{p) above of diameter < 97„+i , and 
from these obtain the continuum C„+i . In similar fashion a continuum K^+x 
is obtained covering 2 /n 2 /n+i • 

The set C = rr U 2 / u w u Kn is a Peano continuum containing x 
and y but no other point of the arc B. Also, since no point of Af is a local 
separating point, it is easy to see that C has no cut point. Consequently C 
contains two arcs having x and y as end points and otherwise disjoint. 

5.5 Theorem. Let M he a 2-dimensional, locally compact metric space such 
that for each x ^ M, Pq(M, x) = Vi(M, a;) = 0 and p 2 (Af, rc) = 1. Then each 
point of M has a neighborhood homeomorphic with the euclidean plane. 

Proof. By Theorem VI 7.9, M is Ic^. __ 

Let X ^ M. There exist open_sets U and V containing x such that U is 
compact, X E: V C. U, 2-cycles of U boimd on M, p^ix; 17, F) = 1, and V lies 
in one component, U, of U. Let L = L'. Throughout we shall suppose that 
all coverings used are 2-dimensional. 

Since p^(x; U, V) ^ 1, there exists a cycle mod ilf — C7 lirh mod Af — F. 
Since L' is open, by Corollary VII 1.16 we may suppose that L is a carrier of 
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The chain dZ^ is a nonzero cycle on L — L'. Let K' be an irreducible 
carrier of the homology dZ^ ~ 0 on L (in the sense of Lemma VII 2.8), and 
continue to use Z^ to denote the chain realizing this homology on K'. The set 
K' is unique. For if dC^ = dZ\ C" on L, then (7" - ~ 0 on ilf, hence 0 

mod M — U, and as M is 2-dimensional this implies that = Z^ mod M — U. 
Let K' r\U = K. 

The set K is 0-lc. For suppose K is not 0-lc at y G X. Let P and Q be open 
sets such that y ^ Q d P ^ P' ; and infinitely many components oi K f~\ P 
meet Q, but otherwise arbitrary except that p^iy; P, Q) = 1- There exists a 
decomposition K P = A d) B separate, where Ar\Q7^0^Br\Q. The 
portions of Z^ on A and B respectively form cycles Zl and Zl mod M — P, 
that cannot be lirh mod M — Q. Hence aZl ~ bZl mod M — Q on M, a, 
6 e SF. As M is 2-dimensional, aZ\ = hZl mod M' - Q, so that either a or b 
must be zero. If a = 0, however, then Zl = 0 and K' is not an irreducible 
carrier of the homology Z^ ~ 0. 

Since K is 0-lc, we may henceforth suppose K is connected. The set K has 
no cut point. For suppose p d. K such that K P = separate. 

Then by considering the portions of Z^ on Ki yj p and K2 L7 p, it can readily 
be shown that p^(M, p) ^ 2, contrary to hypothesis. As a consequence, K is 
cyelicly connected by CoroUary III 3.32a. And by the same type of reasoning 
it may be shown that K has no local separating point. 

No point of if is a limit point oi U — K. For suppose the contrary. Then 
some component, C, of H - K, has at least one boundary point, q, in K. Let 
tq be an arc from a point i of C to the point q, which we may suppose meets 
K only in the latter point. Let sq be an arc of K. Then for a small enough 
neighborhood P' of q, there exists on the continuum st = sq^J tq & 1-cycle 
Z^ mod M - P' lirh on st mod S — Q' for all open sets Q' such that qEQ' <Z P'- 
Now as Px{M, q) = 0 , there exists a Q' such that P', Q') = 0. Hence 
Z’' ~ 0 mod M ~ Q'; i.e., there exists a cycle -y* mod st U F(_Q') such that 
^ Z^ mod FiQ'). We can assert that q is not the only limit point oiU — K 
in Q' r\ K. For suppose it were; then the portion of 7^ in Q' r\ (U — K) would 
be a cycle yl mod st VJ F{Q') whose boundary would consist of a chain Z\ on 
tq and a chain on F{Q ') , where Z\ Z' on tq mod F(Q') . But this is impossible, 
since the portion of Z' on tq is hot a cycle mod F{Q'). The same type of argu- 
ment shows, incidentally, that M itself has no local separating point. 

Now suppose Q' small enough that absolute 1-cycles oi M r\ Q' bound in 
P'. Let R be an open set such that q E R d Q' and such that (1) R lies in 
one component, M' , of Q' , (2) K r\ R lies in one component K." oi K r\ Q'. 
Let s' and t' be points of the components of sq and tq determined by q in R. 
By Corollary III 3.32a, there exist 2 arcs from s' to t' in M' having only s' and 
f in common, and hence there exists an arc ab of M which lies in C Q' except 
for its end points a and 6 which lie on K". And as K" has no local separating 
points, by Lemma 5.4 there exist in K" three arcs H, , i = 1, 2, 3, from a to 
b which meet in pairs only at a and b. Each simple closed curve Ji = ab\J Hi 
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carries a cycle y\ nonbounding on /,• , and by the choice of Q' there exist by 
Theorem VII 2.22 irreducible membranes M, rel. y) in P'. By Lemma 5.2, 
each set ilf , is a continuum, and the set iV, = ilf, — Ji is connected . 

Each continuum Jkf, meets K only in the arc H, . For otherwise there would 
exist a point x' G K, limit point of ilf . — K, such that x') ^ 2. Also, 

the continua iW, have only the arc dh in common. For suppose ilfi r\ C 
for instance. Then Ni r\ N2 ^ 0. And since Hi contains limit points of Ni , 
Ni — Ni r\ Ni 9^ 0. Of the two sets Ni N^ and Ni — Ni N^ , the former 
is closed rel. ATj and hence contains a limit point Xi of the latter. It now easily 
follows that p^(M, Xi) ^ 2, since M is 2-dimensional and each of the membranes 
Ml , Mi contains the point Xi . We conclude, then, that the continua ilf,- meet 
only in db. 

But consider a point Xi & ab — a — i. Let Ui and Vj be open sets such that 
Xi e Vi c Ui , J, n Ui c ab - a - I, i = 1, 2, 3 , p^(x2 ; Ui , Vi) = 1, 
and if ai6i is that subarc of db containing x^ which lies in Ui except that its 
end points lie on FiTh), then Fi A a& C aih . The three cycles y) are homol- 
ogous on O161 , mod aibi — Vi , since aibi is an arc. It can now be shown that 
p^(x2 ; Ui , Fj) ^ 2, contrary to the choice of Ui and Fj . 

The assumption that K contains a limit point oi U — K has thus led to a 
contradiction, and we therefore conclude that K is open. And since M is 1-lc 
and 2-lc, we now know that the same holds for K. 

It can now be shown that K satisfies the three conditions of Theorem III 6.2. 
Let F be a compact subset of K and p' G F. Let U2 and F2 be open sets such 
that p' E. Vi CU2C H, and 1-cycles of V2 bound in 17s . Let J be a simple 
closed curve of F in Fs and the fundamental 1-cycle of J . Let ikfi be an 
irreducible membrane rel. in U2 . Then the sets Mi — J and K — Mi are 
separated; otherwise, there would exist a point m E Mi — J such^ that 
p’^iM, m) S 2 (recall that K' is an irreducible carrier of the homology dZ^ ~ 0 
on L). It follows that there exists a number 6(F), as in the theorem just cited, 
satisfying condition 6.2b of that theorem. As K has no local separating points, 
it contains simple closed curves of diameter <e(F). 

Suppose H is an arc of K such that K — H = Ki'U K2 separate. The 
portions of Z" on Ki and Ki are relative cycles and Zl whose boundaries 
are on HKJ F{U). Consider the portion of dZl on if; it is an absolute cycle 
-y^, and y^ 0 on H. Therefore there exists a cycle y\ mod F{U) onKi^J H 
such that yl Zl mod H U Fill). Let 7* be a similar relative cycle on Ki W H. 
Let r be a non-end point of H, limit point of both Ki and Ki (such a point 
exists since K has no local separating point), and Wi ,Wi open sets containing 
r such that Fi C X and p\r-, Wi , W2) = 1. Then there exists a homology 
ayl -h br® ~ 0 mod M — W2 , a,b E^, where not both a and b are zero. Sup- 
pose a 9^0. Then 7? 0 mod {M - IF2) \J Ki El H, so that Zl ^ 0 mod 

(M — TFa) KJ Ki E) H, implying that Z’^ — 0 mod (M — W2) El K2 El H. 
But thpiTi K is not an irreducible membrane rel. 62®. We can therefore conclude 
that no arc of K separates K. 
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Thus K is ah infinite 2-dimensional manifold in the classical sense, and the 
conclusion of the theorem follows. 

In contrast to the many characterizations of the various types of 2-manifolds 
that either require or directly imply the local connectedness of the space under 
consideration, and which make no use of the dimensionality invariant (use is 
made of the dimensionality condition by Vaughan [a], however, in his charac- 
terizations of various 2-dimensional surfaces), we can now give the following 
theorems. In each case the theorem is either an obvious specialization of 
Theorem 5.5, or follows therefrom by a short argument employing previous 
theorems (such as Corollary VI 6.12) and well known classifications of the classical 
2-manifolds. 

5.6 Theorem. In order that a 2-dimensional metric continuum M should he 

a closed 2-manifold in the classical sense, it is necessary and sufficient that 
Pi(ilf, rc) = 0 and x) = 1 for every x E: M. 

5.7 Theorem. In order that a 2-dimensional metric continuum M should he 
a 2-s'phere, it is necessary and sufficient that p^{M) = 0, p^(M) > 0, and for 
every x E M, Px{M, x) = 0, P 2 {M, z) = 1, 

5.8 Theorem, In order that a 2-dimensional, connected, locally compact 
separable metric space M should be a 2-dimensional infinite manifold in the classical 
sense, it is necessary and sufficient that Pi{M, a;) == 0 and P 2 iM, x) = 1 for every 
z E M. 

5.9 Theorem. In order that a noncompact, 2-dimensional, connected, locally 
compact separable metric space M should be a euclidean plane, it is necessary and 
sufficient that p^{M) = 0 and that for every z EM, p^{M, a;) = 0 and p^{M, rr) = 1. 

5.10 Remark. The analogue of Theorem 5.5 for the case n = 1 states 
that if M is a 1-dimensional, locally compact metric space such that for every 
x EM, poiM, a;) = 0 and Pi{M, x) = 1, then each point of M has a neighborhood 
homeomorphic with the open real number interval (0, 1). If such a set M is com- 
pact, or contains a simple closed curve, then the proof of this statement is 
essentially as in §1 above. If M is acyclic and z E M, then as a consequence 
of Lemma 1.1, there exists an arc pq in M having a; as a non-end point, and it 
is easily shmvn that M — pq does not have a; as a limit point. As a corollary, 
the homeomorph of the unbounded real number continuum may be characterized as 
a noncompact, connected, locally compact 1-dimensional, separable metric space 
M such that for each z E M,pi(M, x) = 1. (Actually, the condition on 
Pi{M, x) may be weakened; cf.the remarks at the close of §1 above.) 

6. The general non-orientable case. In order to extend the results of §§3 
and 4 above to the general nonorientable case, it seems (we have no example to 
offer in order to prove the necessity) to be necessary to augment the conditions 
A, B and C defining an n-gm by the following: 
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6.1 Definition. An n-gm S will be called locally orientable if every point 
of S has a neighborhood which is an orientable n-gm (i.e., a neighborhood P 
which carries a nonbounding infinite cycle V", and such that if F is a proper 
closed, rel. P, subset of P, every infinite n-cycle on F bounds on P). Obviously 
every orientable manifold is locally orientable. 

Remark. As shown in §5, condition 6.1 is unnecessary in the 2-diinensional 
separable metric case, and in view of Theorems 5. 6-5.9, it is trivial that the 
various types of locally orientable 2-gms reduce to the classical types. One 
might investigate, to be sure, whether the general (i.e., not locally separable 
metric) case of the 2--gm is necessarily locally orientable. 

An alternative definition embodies a condition analogous to condition D' of 
Chapter VIII, §5: 

D". If X ^ Sj there exists an open set P containing x, and an infinite n-cycle 
r” mod S — P, such that F" oo 0 mod S U for every open set U C. P, 

One can prove: 

6.2 Theorem. In order that an n-gm should be locally orientable at every 
pointj it is necessary and sufficient that it satisfy condition D" at every point. 

[The necessity is quite obvious, and the sufficiency follows easily by use of 
Lemma VII 2.4.] 

That a locally orientable n-gm which is perfectly normal satisfies a simple local 
duality at every point rel. n. may be shown by the methods of Chapter VIII. 

In order to complete the category of avoidability properties found essential 
above to the characterization of the orientable 7i-gcm, it is necessary to extend 
the notion of local r-avoidability and r-extendability in the following manner: 

6.3 Definition. A space S will be called locally r-avoidable at p ^ S in 

the relative sense if there exists an open set P containing p such that for every 
open set U containing p and lying in P, there exist open sets V and W such that 
p G TV C F C and such that if t** is a cycle on P(F), then y** 0 mod 

S - PonS -W. 

6.4 Definition. A space M will be called r-extendible at p E: M in the 
relative sense if there exists an open set P containing p such that if Z7 is any 
open set containing p and lying in P, then there exists an open set F such that 
p G F C ^7 and such that if y*^ is any cycle mod M — U, then there exists a 
cycle Z** mod M — P such that y’^ niod M — V. 

6.5 As in Chapter VII (Lemmas 5.2 and 5.3) we may show that (1) local 
(r — lyavoidability at p E. S in the relative sense implies r-extendability at 
p S S in the relative sense, and (2) if S is r-extendible at p ^ S in the relative 
sense, r > 0, and there exists a neighborhood of p such that all (r — l)-cycles in 
that neighborhood bound on S, then S is locally (r — lyavoidable at p in the relative 
sense. And as in Lemma 2.1 and Corollary 2.2 above, it may be shown that 
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a locally orientalle n-gm is n-extendihle at every point in the relative sense and hercce 
locally (n — l)-avoiddble at every point in the relative sense, 

6.6 One can now characterize a locally orientable 7i-gm as an n-dimensional, 
locally compact space S such that Pn(Sj x) = 1 at every x E. S and satisfying 
conditions (2) and (3) of Theorem 3.6 as well as condition D". A characterization 
more closely analogous to Theorem 3.4, perhaps, may be obtained by employing, 
instead of the condition on Pn(>S, x)^ the n-extendibility in the relative sense 
together with a strengthening of condition D" which implies the existence of 
a single T"" in the neighborhood of each point — ^the latter condition being the 
local analogue of condition (1) of Theorem 3.6. 

7. Comparison of the case n > 2 with the classical case; regular manifolds 
and generalized n-ceUs. Having shown the relations to the classical types of 
manifolds in the cases n = 1, 2 above, it is natural next to inquire just how 
closely the cases n ^ 3 conform to the classical types of manifolds. Here we 
encounter for the first time the actual magnitude of the generality obtained in 
the introduction of the n-gm concept. 

7.1 The example of van Kampen, of a 3-gcm incapable of subdivision into 



s, (C 3) je. (( ^ g. (( ^ ^ 


L 


3-cells of the classical type, has already been given in §1 of Chapter VIII. 
However, in this example every point has neighborhoods whose boundaries are 

2- spheres, and it is natural to ask whether this is necessarily the case in every 

3- gcm. An example to show that the answer is negative may be constructed 
as follows: First, in ordinary euclidean 3-space E^, consider (see the figure) a 
straight line interval L, which is the limit superior of a sequence of anchor 
rings Ri , Rt , • • • , Rn , " • , interlinked in finite sets as shown in the accom- 
panying figure. Let us delete the interiors, , of the rings R^ from the space 
E^, supplanting each by a space of type M such as was used in Chapter 
VIII, §1, in the construction of a Poincar6 space. This is done in such a way 
that the knotted equatorial curve on the torus boundary of the space of type 
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M goes into a meridional curve on the boundary of , just as in the above- 
mentioned construction of the Poincar^ space. The metric is so adjusted that 
L is still the limit superior of the sets . The resulting space is a 3-gm, but 
points on L do not have arbitrarily small neighborhoods with 2-sphere bound- 
aries — ^nor even boundaries that are closed 2-manifolds. (It would be inter- 
esting to know if all small enough neighborhoods of such points will of necessity 
have boundaries B such that is infinite.) 

7.2 The above example suggests investigation of the properties of a type of 
generalilsed manifold more closely analogous to some of the ''generalized mani- 
folds’^ that have been introduced within the framework of the classical combi- 
natorial topology (as for instance by van Kampen [b], or see Lefschetz [Lg]). 
The chief characteristic of these configurations is their neighborhoods formed 
by the join of a point with a spherelike (in the sense of homology) manifold of 
dimension (n — 1). Such characterizations allow of inductive formulation, and 
may be simulated within the compass of the present investigations by such a 
definition as the following (only compact cycles and homologies on compact 
sets are employed throughout this discussion): 

(1) A regular 0-manifold is a pair of points. A regular closed 0-manifold is 
a pair of points, and the nontrivial 0-cycle carried by it is called its fundamental 
cycle, 

(2) A regular n-manifold, n > 0, is an n-dimensional, locally compact con- 
nected space S which is semi-r-connected, r g n (in the sense of compact cycles), 
and such that if p G and t/ is a neighborhood of p, then there exists a sphere- 
like^ regular closed (n — l)-maniFold K such that S K = A \J i5_separate, 
where p G A C. U and the fundamental cycle of K bounds on A as well 
as on B mod S — U, If bounds on then S is called a regular closed 
n-manifold. 

We shall show that regular n-manifolds are special cases of the locally orient- 
able n-gms, and that the regular closed n-manifolds are special cases of the 
orientable n-gcms. 

7.3 Lemma. If S is a locally compact^ connected spcLce and x is a point of 
S such that for eoery open set U containing x there exist two points p and q such 
that S — {p\J q)— A \J B separate, where x E: A Q XJ, then S is 0-lc at x, 

Pkoof. Let U be an open set containing x such that U is compact. By 
hypothesis, there exist two pomts p and g in 17 such that S^(p\Jq)=A\JB 
separate, where x S A C. Consider any component C of A, ^ce C is 
compact, C has p or g as a limit point by Theorem IV 1.10. Hence A is com- 
posed of at most two components, containing p and g respectively. That 
component which contains x forms, when p and g are deleted, an open set con- 
taining X which lies in one constituant of U. 


®As in the case of the n-gcm, this means that the homology groups are isomorphic with the 
corresponding groups of the n-sphere. 
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7.4 Lemma. In a locally compact j 04c ^ace Sj let K he a 04c continuum 
such that S — K = A \J B separate, where A is compact. Then A is 0-lc. 

Proof. That K ^ A is 0-lc at points of A is trivial. Consider x ^ K and 
an open set P containing x. There exists an open set Q such that x ^ Q C. P 
and such that 0-cycles of if H Q bound in if H P; and there exists an open 
set R such that x ^ R d Q and 0-cycles of R bound in Q. Hence if is a 0- 
cycle in P A (Kdl A), there exists a cycle mod if VJ A in Q such that 

(7.3a) inQn(ifUA), 

and dZ^ is on K r\ Q. By the choice of Q, 

(7.3b) dZ^ r^O in if n P. 

Relations (7.3a) and (7.3b) imply that Z® ^ 0 in P Pi (if VJ A). 

Analogous to Lemma 5.2, and proved in a similar manner, we have: 

7.5 Lemma. In a compact space S, let M be an irreducible membrance relative 
to a cycle Z"", where Z” is the single lirh n-cycle of a compact subset J of M. Then 
M is a continuum and M — J is connected. 

7.6 Theorem. A regular n-manifold is a locally orientable n-gm, and a 
regular closed n-manifold is an orientable n-gcm. 

Proof. The theorem is trivial forn = 0 and we use mathematical induction 
for the proof, assuming the theorem holds for the dimension n — 1. 

Let be a regular n-manifold. Then, n being always > 0, aS is 0-lc. For 
the case n = 1 this follows from Lemma 7.3. In the case n > 1, consider a 
p d S and U an open set that contains p and has compact closure. Then there 
exists a regular closed {n — l)-manifold if such that S — K — AKJ B separate, 
where p d A Q U. As S and if are connected, A\J K i^onnected (Theorem 
1 9.8), and it follows that S is 0-lc. Moreover, if VJ A = A is a 0-lc continuum 
by Lemma 7.4. (To obtain the last-mentioned property in the case n = 1, 
we may use the additional property that the fundamental 0-cycle of if bounds 
on A, together with the fact established in the proof of Lemma 7.3 that all 
components of A have boundary points in if, to establish that if U A is a 
continuum. That it is 0-lc at each of the two points of if is an easy corollary 
of the 0-lc property of S itself — compare the proof of Lemma 7.4.) 

We next show that for every x d S, p”(/S, ^ = 1. Given x d S, let U be 
an open set containing x, such that n-cycles of U bound on S, and let us confine 
ourselves to n-dimensional coverings throughout. There exists in (7 a sphere- 
like (n “ l)-gcm if such that S — K ^ A )J B separate, x d A (Z U, and 
the fundamental cycle of if bounds on A as well as on_P mod S — U. 
Let A' be an irreducible membrane (Theorem III 2.22) on A relative to 
by Lemma 7.5, A' is connected. Let 7” be a cycle mod if on A' such that 
dy- ^ on if (Lenma VII 1.4). 

Since F’*"^ ^ 0 on P mod S — U, tlmre exists by Lemma VII L13 ^cyck 
Z"~' on F(U) such that F""' ^ Z""' on ?7 P P. That is, F""' ^ 0 on C7 P P 
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mod U r\B — U. _By Lemma VII 2.4, with D = U r\B, there exists a i^ximal 
openjubse^P oi U r\ B con^ining^?7 r\ B such that ^ 0 on U r\ B 
mod U r\ B — P. Let F = U jr\ Bj^ P; then P is a minimal closed subset 
of F{V) such that F”^ -- 0 on C/ H P mod F. Let t”"" be a cycle on F such 
thaj^r™"^^ on U r\ B^ and let P be a minimal carrier of this homology 
onU r\B. Then the set A' U P is connected. For suppose A' KJ H = Ai^J A2 
separate. We may assume A' C Ai since A' is connected, and hence P C • 
Then clearly we may write P = Pi VJ Pg separate where P C Pi . And 
since 1 ””*^ ^ 7 ”“^ on P, we may write 7 ”“^ = 71 ”^ + yT^ where yT^ is on Hi , 
i = 1 , 2 . JBut J^en ^ 7 ^"^ on Pi , and consequently ^ 0 mod 
F r\ HiOnU r\B. But as P Pi P 2 0 and P was minimal, this is impossible. 
Hence A' KJ H must be connected. Furthermore, A' U P is a minimal carrier 
of the homo^gy 7 ”“'^ ^ 0. For if y”'~^^ 0 on P, then there exists an absolute 
cycle F” on U such that F"" ^ 7 "^ on A mod P, and as F” 0 on P we would 
have 7 "" ~ 0 mod P, hence ^ 7 ” ^ 0 ^ F”"^ on P. Hence if L is an irreducible 
membrane relative to the homology 7 ""“^ 0 on A' W P, there must exist 

points of L in A' — P, and it easily follows that A' would have to be a subset 
of Lj and consequently j^at F”“^ on a proper subset of P, unless L Z) H. 

Now suppose A' A. As A is connected and 0 -lc, and A' is closed, some 
component C of A — A' has a boundary point, q, in A'. Let P be an open set 
containing q such that C — P 9^ 0 and P Q U, There exists in P an (n -- 1 )- 
gem P' such that aS — P' = A' VJ S' separate and g G A' C U. But since 
A' W P is an irreducible membrane relative to it follows readily that 
d A' yj H. This is impossible, since P' P C 0 and C P (A' KJ H) =■ 

C P (A' U S) c (C P A') \j {C r\B) == 0. 

It follows that p”(aS, x) ^ 1 . Now if p^(S, x) ^ 2, there would exist an 
open set U containing x such that U, V) ^ 2 for aU open sets F C P- 
However, with a V such as A above, and cycles , Zl mod S -- U, the bound- 
aries, on P, of the portions of ^ , ZS in A would be homologous on P since P 
is spherelike. Consequently there would exist an absolute n-cycle F"" on A 
such that F’' ^ aZi + hZl , a, b d mod P on A, implying, since F"" ^ 0 on 
S, that aZi ^ —hZz mod >S — A, Thus p^(S^ x) must be 1. 

That a;) = 0 for r < n is shown as follows: With U small enough so 
that r-cycles of U bound on Sy take P and A as above. Then if Z’' is a cycle 
mod S ^ Uy the portion of Z’* in A is a cycle y"" mod P. As ^ 7 "' is on P and 
is of dimension < n — 1 , and P is spherelike, it follows that dy'^ ^ 0 on P. 
Hence there exists an absolute cycle F"" on A such that F*" ^ y"* mod P on A. 
But F"" ^ 0 on Sj hence y*" ^ 0 mod aS — A, implying that Z^ ^^0 mod aS — A. 

Thus aS is an ?^-gm. That it is locally orientable follows easily from the prop- 
erties of A and P above. 

If aS is a regular closed n-manifold, so that, with P and A as above, F"’”'^ ^ 0 
on By then i;^may be shown, by methods similar to those used in studying A 
above, that B is an irreducible membrane relative to r”~’\ and that no proper 
closed subset of S carries a nonbounding ?^-cycle. In this case, then, aS is an 
orientable n-gem and carries a single nonbounding n-cycle. 
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7.7 Since in the metric separable case the 1“ and 2-dimensional generalized 
manifolds reduce to the classical manifolds, one may state obvious corollaries 
of Theorem 7.6 for this case. However, in the case n = 1, the conditions imposed 
are much stronger than needed, since it is known (see K. Menger [a, Satz XXIV, 
p. 303]) that a compact metric connected space having the property that every 
point can be e-separated by a pair of points is an In the case n = 2 the 
characterizations obtained are closely analogous to those of Miss Gawehn [a], 
whose conditions, however, include the Jordan Curve Theorem locally or in 
the large, in place of the condition placed on P""^ in the definition of regular 
n-manifold above. 

7.8 Of course the problem arises as to how much closer one gets to the 
locally euclidean manifolds by the use of regular manifolds instead of n-gms. 
The van Kampen example of Chapter VIII, §1, is a regular 3-manifold, so that 
apparently the regular manifolds occupy a position between the ri-gms.and 
the classical cases. No attempt will be made in the present work to investigate 
their general properties. Some of these properties will emerge as corollaries 
of properties of the n-gm, however. For example, as a consequence of the 
positional properties of (n — l)-gms in orientable n-gcms which will be estab- 
lished in Chapter X, together with the fact that the set A' — X discussed in 
the proof of Theorem 7.6 is by Lemma 7.5 a domain, it will appear that the 
regular closed n-manifolds have bases of open sets which are r-ulcfor all dimensions 
r (see Definition X 1.6). It will be recalled that we showed in Theorem III 3.3 
that in the metric case, the locally compact, connected, (=0-lc) spaces 
have bases of ^^ulc'^ (=0-ulc) open sets. For the regular closed manifolds, even 
in the nonmetric case, this property still holds, as well as an analogous property 
for higher dimensions. 

As will become evident in Chapter X, however, for the points of a locally 
orientable n-gm to possess arbitrarily small neighborhoods which have the r-ulc 
properties mentioned above is equivalent to the property of each point having 
arbitrarily small neighborhoods bounded by (n l)-gcms. Plainly, for di- 
mensions r > 0, a hierarchy of ^^homology^' local connectedness properties of a 
locally compact space S suggest themselves (cf. VI 8), as for instance: 

(1) The r-lc already defined above in terms of compact cycles. 

(2) Given x E: S and an open set U containing x, there exists a simply r- 
connected open set F such that x E V C. U. [I.e., p^{V) == 0 in terms of com- 
pact cycles.] 

(3) Given x E and an open set U containing x, there exists an r-ulc (in 
the sense of Definition X 1.6) open set V such that x EV dU. 

(4) Given x E S and an open set U containing x^ there exists a simply r- 
connected, r-ulc open set V such that x EV EU. 

(5) ; (6), (7) — ^these are respectively the same as (2), (3), (4) with the addi- 
tional condition in each case that the properties stated hold for all r S some 
fixed integer n. 
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The above list of properties serves to bring out the extent of the difference 
between the n-gm and the regular n-manifold, since the n-gm has in general, 
presumably, only local connectedness of type (1), whereas, as will be proved in 
Chapter X, the regular n-manifolds have local connectedness of type (7). 
Whether, and in what cases, some of these types of local connectedness coalesce, 
we have not investigated. 

Another general observation should be made here, as a result of the investiga- 
tions of this chapter. As the reader will have observed, the types of generalized 
manifolds which we study are what one might call “homology manifolds.” 
Even the strongest type of these, the regular manifolds, do not merge with 
the classical cases when n > 2. A closer approach to the classical case in higher 
dimensions would probably be afforded by “homotopy manifolds.” Such a 
manifold could be obtained from the n-gm, for instance, by the imposition of 
local connectedness in the sense of homotopy. We recall that if ^ is a space, 
K the n-sphere a:? -}- • • • -)- xt+i = 1 in and A the set a:? 4- • • • + xl+x < 1, 
then a continuous mapping f : K S is called homotopic to zero in S if there 
exists a continuous mapping g : K'U A S such that for a; G X, fix) = gQc). 
Then, for example, analogous to type (1) local connectedness we have: 

7.9 Definition. A metric separable space S is r-lc in the sense of homotopy 
atx ^ Sii for arbitrary « > 0 there exists a S > 0 such that every continuous 
mapping of the r-sphere into Six, 5) is homotopic to zero in Six, e). This 
property may be denoted by the S3anbol r-LC. 

Similar modifications are obvious for the other types of local connectedness. 

Whether the investigation of such “homotopy manifolds” would be worth- 
while we are not prepared to say. Apparently the existing state of the literature 
on homotopy might necessitate restriction to the metric separable case. How- 
ever, such a restriction seems not to be inevitable if the generalized concepts 
we have been discussing are employed. For example, homotopy to zero of 
the 0-sphere /S® in a space M could conceivably be considered as an extension 
to S of the mapping of the end points, into iS“, of a compact space S which, 
except for its two end points, satisfies the condition that PxiS, a:) = 1 at every 
X ^ S (see Remark 5.10). More generally, one might replace, in the definition 
of homotopy, the ?^-sphere by a sphereUke n-gcm and the closed n-cell by a 
generalized closed n-cell defined as follows: 

7.10 Definition. A generalized n-cell is a noncompact, orientable n-gm 
which is cell-like in the sense that its compact homology groups of dimension 
r < n reduce to the identity. A generalized closed n-cell is a compact space <S 
consisting of a spherelike in — l)-gcm K and a generalized n-cell A such that 
(1) X n A = 0, (2) if is the fundamental cycle of X, then r”~^ ^ 0 on 
X kJ A, and X U A is an irreducible membrane relative to and (3) 
PriK \J A, x) = 0, r ^ n, for aU a: G X. 

7.11 In the separable metric case the generalized 2-cell is an ordinary 2- 
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cell (Theorem 5.9) and a generalized closed 2~cell is the ordinary closed 2-cell.® 
This may be established in the following manner: Let A be a 2~cell and K an 

constituting a compact metric space such that (1) K r\ A =0, (2) if is the 
fundamental cycle of K, then 0 on K ^ A and K 'U A is an irreducible 

membrane relative to r\ and (3) Pr{K U A, x) =0 for r = 1, 2 at all x ^ K. 
Then A is a closed 2-cell. To prove this, note first that K ^ A is 0-lc by 
Corollary VI 6.12 and Theorem VI 7.9. Then let M be an arc, with end points 
a and 5, spanning K. We shall show that the set {KU A) — ikf is not connected. 

Suppose that (KU A) — M is connected. As d is a 2-cell, the set A — ikf = 
Ai U A 2 septate, where Ai and A 2 are 2-cells. We shall show that the sets 
Ai r\ K and A 2 H JC are connected. As Ai is a 2-cell, it is homeomorphic with 
the domain p < 1 of the (p, 0)-plane under a homeomorphism <j>. Denote the 
simple closed curve in Ai that corresponds VLiidej^4> to the circle p = 1 — 1/n 
by , n = 1, 2, * • • , and let K' = M \J (Ai Pi K). Evidently lim sup 
Kn = K'. Let x,y^ K\ and Xn.VnG. such that x — lim Xn and y = lim 2/n . 
By application of Theorem IV 1.14, it readily follows that some con^onent of 
lim sup Kn meets both x and y. Hence K' is connected. Then if Ai r\ K is 
not connected, it must consist of two (possibly degenerate) arcs of Kj meeting 
Af in a and b respectively. Consequently p^(K') — 0. 

Now there exists on K KJ A Sb 2-cycle mod K such that dZ^ ^ P^ on K, 
The portion of in A 1 is a cycle Zl mod K'j and as p^(K') = 0, dZl ^0 on K\ 
Hence there exists a 2-cycle F^ on Ai such that F^ ^ Zi mod K'. But as 
K KJ A is 2-dimensional, we may restrict ourselves to 2-dimensional coverings 
and therefore assume that F® — Zl mod K'. This also implies that Z® = F® 
mod (jfF W A) — Ai . But d(Z® — F^) = dZ®, since F® is an absolute cycle, 
and Z® — F^ is a chain on (i^ 0 A) — Ai such that d(Z® — F^) ^ F^ on K — 
implying F^ ^ 0 on (iT A) Ai . This contradicts the assumptmn that 
K KJ_A is an irreducible membrane relative to Fh We conclude that Ax r\ K 
and As P AT ^re connected. 

Let Bi = r\ (K — a — 6), i = 1, 2. From (2) it follows that BiKJ B 2 = 
K- a - b. Then (K W A) ~ Af = (Ai U Bx) W (A 2 KJ B 2 ), and since this 
set is supposed to be connected, and Ai and As are separated, the sets Bx , B 2 
must have a common point p. Then Bx and B 2 have an arc in common. For 
if Kx and Kz are the two components of iT — (aKJ b), where Kx contain^p, and 
(Bx P Kx) P (Bz P iFi) = Pj then Kz d Bx r\ Bz since Ai P and As P AT 
both contain aKJ b. 


®The necessity for condition (3) even in this case is shown by the following example: Let A 
be the open region in the (p, ^)-plane consisting of all points for which p < 1, and let K' denote 
the circle p = 1. Let the configuration K' KJ A he deformed as follows: Fold the arc of X' 
between 0 — — x/3 and 0 — 0 over, through an angle of 180°, onto the arc between 0 = 0 
and 0 = 7r/3 — ^in such a way that (1, 0) remains fixed but (1, — tt/S) comes to coincide with 
(1, tt/S) and the deformed K' is still an which we denote by K. However, during the course 
of this deformation, let A also be slightly deformed so that after conclusion of the deformation, 
no pair of the points of A coincide; i.e., A is still a 2-cell with boundary K. Then at the point 
2 ; = (1, 7r/6), pKK \J a, x ) > 0. 
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Let xy be an arc of Bi H B 2 and q ^ xy — x — y. Then with Z\ as above 
and Zl the portion of in A 2 , there exists a homology 

(7.11a) cdZl + ddZl ^ 0 mod {K\J M) - {xy), 

From the homology (7.11a) it easily follows that \J A, q) > 0, and a 
contradiction of (3) results. 

We conclude, then, that K^J A disconnected by every arc that spans K, 
and hence, by Theorem VII A is a closed 2-celL Thus Definition 7.10 

gives a definition of the closed 2-cell principally in terms of compact cycles 
and their homologies (compare H. E. Vaughan [a], Principal Theorem B): 

7.12 Theorem. If M is a 2-dimensional compact metric space containing a 
simple closed curve K such that (1) M is an irreducible membrane relative to the 
fundamental cycle of K, (2) p^{M ~ K) = 0 (in the sense that all compact 1- 
cycles oi M — K bound on compact subsets oi M -- K) and (3) p^{M, x) = 0 
or all X ^ M and p^{M, x) = 0 or 1 according as x ^ K or x ^ M K, then 
M is a closed 2-cell with the boundary K. 

[Note that by Lemma 5.2, M — K is connected and hence is a 2-cell by 
Theorem 5.9.] 

It also follows from the various results of this chapter, particularly Theorem 
7.6, that: 

7.13 Theorem. Every point of a regular n-manifold has arbitrarily small 
generalized n-cell neighborhoods. 

However, returning to the discussion of Definition 7.10, there is evidently a 
weakness due to the fact that for the nonseparable case the corresponding con- 
figuration is evidently not topologically unique, and uniqueness would be 
virtually a sine qua non for a generalization of homotopy. The problem arises: 

Determine, for the nonseparable case, conditions which, when added to the condi- 
tions defining the spherelike n-gm and the generalized n-cell, yield topologically 
unique configurations. 

For = 1, 2, solutions of this problem would probably not be formidable. 
(For example, topological homogenity and equivalent cardinality of bases sug- 
gest themselves as conditions to be considered.) For n > 2, it would seem to 
be of the same order of difficulty as the problem of characterizing the 3-sphere 
among the Peano spaces. However, aside from the question of homotopy, the 
generalized n-cell deserves recognition as a special type of configuration of the 
“homology’’ category to whose study we return in the next chapter. 

Bibliographical comment 

§3. The characterization embodied in Theorem 3.6 was given in Wilder [n], 
except that local n-avoidability was used instead of local n-extendibility. 

§6. It seems probable that the local orientability property of an n-gm is 
equivalent to Axiom 7° of Cech [f; p. 686]. 

§7. Results concerning regular manifolds were abstracted in Wilder [As]. 
Regarding r-LC spaces, see Lefschetz [LJ. 
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SUBMANIFOLDS OF A MANIFOLD; DECOMPOSITION INTO CELLS 

We shall now turn to the study of positional invariants. We have already 
discussed the subject in a general way in I 6. 

1. Positional invariants. Topological invariants are a special case of a more 
general type of invariant which we call positional topological invariant, or simply 
positional invariant. 

1.1 Definition. If a space M is imbedded in a space S, then by a positional 
invariant of M in S we mean a property P(M, S) which remains invariant 
under aU topological transformations of M in S. 

A positional invariant of Af in may be merely a topological invariant of 
M; for a topological invariant of M is always a positional invariant, no matter 
what M and S may be. That a positional invariant of M may be topological 
is frequently suggested by the intrinsic nature of the property. For example, 
if one proved the duality of Poincar4 type for an n-gcm M by the device of 
imbedding it in some (as a matter of fact, this is easily done if M can be 
imbedded in an see Wilder [n]), one would have the duality only as a 
positional invariant of M and but would certainly suspect it to be a topo- 
logical invariant. Properties that are not topological invariants may be posi- 
tional invariants, however, such as, for instance, certain metric properties of 
the complement of an in If a domain complementary to an in 
is subjected to topological transformations, these metric properties (such 
as the ulc property; see Theorem II 5.36) are not preserved. But as is 
subjected to topological transformations, within /S”, these properties remain 
invariant, and are therefore positional invariants of in The Jordan 
Curve Theorem shows that the number of domains of the complement of an 
in is a positional invariant of the in More generally, Theorem 
VIII 6.4 shows that if ikf is any closed subset of /S”, then hl^S “ M) is a positional 
invariant of M and S. 

In the present chapter, M will usually be a closed subset of an n-gm S, And 
since we shall wish to apply the duality theorem of Alexander type, we shall 
assume that all n-gms are perfectly normal and locally orientable. Also, unless 
statement to the contrary is made, if U is an open subset of a compact space, 
then by p'iU) will be understood the dimension of h\U), And if Z"" is a compact 
cycle of an open set U, then hj Z'" 0 in U is meant that Z’' bounds on a com- 

pact subset of U. 
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1.2 We shall find useful the notion of Betti number around a point. Specifi- 
cally, if ikf is a closed subset of a space S, and x G M, then we may define num- 
bers p'{S — M, x), PriS — M, x) iu the same way that we defined the numbers 
p'(x), Pr(x) for a point a: of a space S in VI 6, except that P and Q are replaced 
by P — ikf and Q — M, respectively. And we may likewise prove: 

1.3 Theorem. If x E: M C. S, where M is closed, then p^'iS — M, x) = 
p^S -M,x). 

1.4 Theorem. If Pr(S, x) = Pt+i(S, x) = 0, where x E M C. S and M is 

cToSC^y ih/BTt j 31^ 2^r+l (S - ikf, x). 

Proof. Let be an open set containing x and Jc an integer sucb that 
U r\ M, P r\ M) it for aU P, and let P be such that Prix; U, P) = 0. Let 
Q be an open subset of S such that a: G Q C P* Let Zl , • • • , Z* be cocycles 
of ikf in Q that are lircoh on ikf in J7 (i.e., lircoh mod — ikf in C/)* Then 
i = 1, • • • , is a cocycle in Q - ikf . If the cocycles dZ* are not lircoh 
in P — ikf , there exists a relation aiirti&SZl in P ^ being a 

covering on which the cocycles Zl have coordinates. Then ^rfinaiZr 

Cr is a cocycle in P, and there exists a relation 

k 

(1.4a) SC r-i = rr^^aiZl — irlsaCr in ?7. 

But since ir%^Cr is in P — ikf, (1.4a) implies that the cocycles Zl are not lircoh 
in U. We must conclude, then, that the cocycles 5Zl are lircoh in P M. 
It follows that Pr(ikf, x) g Pr+i(s — M, x). 

For U, k so that Pr*i(x} U - M, P - M) ^ k for sJlP, let P, Q be open sets 
such that X EQ C P C U and Pr+iCx; P, Q) = 0. Let yUi ,i = 1, ,k, 

be cocycles in Q - ikf that are lircoh iaU - M. There exist relations 

(1.4b) SC'ri^) = TfnyUi inP, f = 1, • • • , *. 

If Zt(SS) is the portion of CtifQ) on ikf,' then Zt(^) is a cocycle of ikf in P. If 
the cocycles Zli^S) are not lircoh on ikf in U, there exists a relation 

(1.4c) SCr-i(m = S - L,(SB), 

where (7,-1 (SB) is on ikf in U and L,(aB) inU - M. Then, applying 5 to both 
sides of (1.4c), we get a' SZ'r(S8) = 5L,(®); and, utili 2 ang (1.4b), and 

the fact that dZt(SS) and trUyr+i are cohomologous in' P - ikf, we get a chain 
L;(SB) in 17 - ikf and a relation a'yUi = SU(S&), contradicting_ the 

fact that the cocycles y)+i are lircoh ia U — M. Hence the cocycles .Z,(9S) 
are lircoh on ikf in U, and it follows that Pr(ikf, 3 :) S Pr+i(.S ikf, 3 :). 

Analogous to Theorem 1.4, we may also prove a ‘localization” of the Alex- 
ander Duality Theorem in the following manner: With x, M, S as before, let 
P, Q be open sets such that x E Q E. P, and denote by q {x] P — ikf, Q — ikf) 
the maximum number of compact r-cycles in Q M that are lirh in P ikf. 
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Using these numbers, we may define a number q'iS — M, x) by the usual 
limiting process (Chap. VI, §6). Then we may state: 

1.5 Theorem. Let M he a closed subset of an n-gm S. Then if x E: M, 
x) = qT-~\S - ikf, x) for allr ^n- 1. 

The proof utilizes the same machinery that has been used above and in the 
proofs of the duality theorems in Chapter VIII, and will be left to the reader. 
We call attention to the fact that any neighborhood of x contains open sets F, 
Q such that x E Q C Pj Pr(x; P, Q) = Pr+i(x; P, Q) = 0, Pn{x] P, Q) = 1, and 
P — M and Q — M are orientable n-gms. 

In contrast to the property of r-Culc defined in VI 2.5, but in analogy to 
the r-ulc property defined in II 5.31, we define: 

1.6 Definition. An open subset P of a space S will be called r-ulc if for 
arbitrary covering (5 of /S there exists a covering S) of S such that if 7'’ is a 
compact cycle (augmented) of P of diameter < S), then 7"* ^ 0 on a compact 
subset of P of diameter < (5 (IV 3.5). 

[We shall understand a compact 7'’ to be of diameter < £) if it has a carrier 
in some element of SD.] 

We can then state the following corollary of Theorem 1.5: 

1.7 Theorem. Let M he a closed subset of an n-gcm S. If p\Mj x) == 0 
for allx EMjT S ^ 1, then S — M is (n — r -- l)-ulc. 

Proof. Let @ be any covering of S. For each x EM there exist open sets 
D* , P* such that x E Dx E Px 7 Ex lies in an element of and (1) P* C Af 
if a; C PiM), (2) if x G P(ilf), then (using Theorem 1.5) qT^-^x; P, - M, 
D:, — M) = 0. For X G ^ we let D* C P» be open sets containing x with P* 
lying both in P — ikf and an element of (g and such that (using Corollary 
VI 6.15) g''{x; P^ , Df) = 0. Let S) be a finite number of the sets that cover S. 

1.8 Corollary. If M is a k-gcm which is a subset of an n-gcm then 
S -- M is r-ulc for r = n -- k, n — k + I, • * • , n — 1. 

(Compare Theorem II 5.35.) 

2. Uniform local co-coimectedness; duality of r-ulc and (n — r)-coulc. 
Analogous to Definition 1.6 we have the following (which may be shown equiva- 
lent to Definition VI 6.3 in case D = S): 

2.1 Definition. An open subset D of a space S will be called uniformly 
locally co-connected in dimension r (= r-coulc) if for arbitrary covering (g of 
S there exists a covering ® == 35r(D; @) such that if is a cocycle of D of 
diameter < 3), then Zr ^ 0 in D on a set of diameter < (g. 

For locally compact spaces and D — D compact, Definition 2.1 is readily 
shown to be equivalent to the following: 
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2.2 Definition. An open subset D of a space S will be called r-coulc if 

for arbitrary covering (S of S there exists a covering £) of 5 such that if Zr is 
a compact cocycle of D of diameter < S) (i.e., Zr has a carrier in some element 
of £)), then 2';. 0 in an open set whose closure lies in D and which is of diameter 

< 

For open subsets of an n-gcm a close relationship exists between the ulc and 
coulc properties, which we exhibit below. First, however, if !7 is an open subset 
of a space >S, let us extend the notion of Betti number around a point x S S — U 
so as to include points of ?7; in other words, we do not restrict the position of x in 
the previous definitions, and hence Pr(Uy x) — PriS^ x) if x S U; etc.^ 

2.3 Lemma. If U is an r-ulc open subset of a regular space S, then for every 
X E: q\XJ, x) = 0. 

Proof. Let P be any open set containing x. Let @ be a covering of S 
consisting of P and an open set P' such that x ^ P'. Since U is r-ulc, there 
exists S) > @ such that if Z"* is a compact cycle of f7 H D, D 0 S), then Z"" ^ 9 
in some U r\ E, E E Select E ® such that x E D] evidently D must 
be a subset of P. Let Q = D — P'; then x E Q C P- 

Consider a compact cycle Z*' of 17 H Q. Since Z’' is also in 17 H D, it bounds 
on a compact subset of 17 A P, P G As Z' does not lie in P', evidently 
E = P and Z"* 0 in A P. It follows that g’’(17, x) = 0. 

2.4 Corollary. Let U be an r-ulc open subset of an n-gm S, r ^ n — 1. 
Then if a; G - 17, p^'-^-\S -U,x)^ 0. 

Corollary 2.4 follows from Lemma 2.3 and Theorem 1.5. 

2.5 Theorem. A necessary and sufficient condition that an open subset U of 
a compact space S be r-ulc is that for all x E S, x) = 0. 

(The sufficiency follows from an argument similar to that employed in proving 
Theorem 1.7.) 

2.6 Corollary. A necessary and sufficient condition that an open subset U 

ofann-gcmSber-ulc, r ^n— l^is that for all x E S —Uj — U, x) = 0; 

or, alternatively j that q'‘{U, x) = 0. 

2.7 Lemma. If U is an r-coulc open subset of a regular space S, then for every 
X E Sj PriUj x) = 0. 

The proof of Lemma 2.7 is similar to that of Lemma 2.3. 

2.8 Theorem. A necessary and sufficient condition that an open subset U of 
a compact space S be r-coulc is that for all x E S, Pr(Uj x) = 0. 

^Hencef orth we understand that only augmented cycles are employed unless specific state* 
ment is made to the contrary. We therefore usually delete the subscript 
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Proof. The necessity follows from Lemma 2.7, and the sufficiency follows 
from an argument similar to that used in proving Theorem 1.7. 

2.9 CoROLLART. A uecessavy and sufficient condition that an open subset U 
of an n-^gcm S he r-coulc, r ^ n — Ij is that for all x E: S — ?7, Pr{Uj x) = 0. 

2.10 Corollary. A necessary and sufficient condition that an open subset 
U of an n-gcm S he {r + lycoulcj r < n — 1, is that for all x S S — Uj 
Pr{S — Uj x) == 0. 

2.11 Lemma. If S is an n-gm, and M a closed subset of S, then for every 
X Ei M and 0 < r < n, Pn-r(S — M, x) — q^’iS •“ M, x). 

Proof. Since 0 < r, n — r is less than n and therefore Pn^r--i(S, x) = 
Pn-riS, x) = 0. Hence by Theorem 1.4, p^^r-iiM, x) = Pn-riS — M, x). 

Now Pn^r-i(.My x) = x), and since r < n, x) = 

q\S — M, x) by Theorem 1.5. Hence p„-.r(/S — M,x) — q\S — ilf, x). 

By virtue of Lemma 2.11 and corollaries 2.6, 2.9, we can now state: 

2.12 Main Theorem. For open subsets of an n-gcrrij and 0 < r < n, the 
properties r-ulc and (n — r)-‘Coulc are equivalent 

2.13 Theorem. If S is an orientable n-gcm and M is a closed subset of S 
having only a finite number of components, none of which is degenerate, then 
S — M is both (n — l)-wlc and l-couh. 

Proof. By Theorem VI 6.9, pl(M, x) = 0 for all x £ ikf . Hence by Corollary 
2.6, iS — ilf is (n — l)-ulc and by Theorem 2.12 is 1-coulc. 

3. The Jordan-Brouwer type of separation theorem in an n-gcm, and its 
converse. Suppose M is an orientable (n — l)-gcm in an orientable n-gcm 
S such that == 0. Then by Theorem VIII 6.4, pl(S — ikf) = 1, so that 

by Theorem V 11.10, aS — M has exactly two components A and B. The set 
M is the common boundary of A and B, For suppose x E M and P is an open 
set containing x. Then — P) = 0 by conditions A and D of the defini- 

tion of (n — l)-gcm and, by Theorem VIII 6.4, pl[S — (M — P)] = 0. Conse- 
quently A\J BKJ {M r\ P) isB. connected point set. As A and B are separated 
and ikf n P is closed relative to A VJ B U (ilf P), it follows that both A 
and B have limit points in M r\ P. We have therefore proved: 

3.1 Jordan-Brouwer type of separation theorem for an n-ocM. If 
M is an orientable (n — l)-^cm in an orientable n-gcm S such that = 0, 

then S -- M is the union of two disjoint domains A and B that have M as their 
common boundary. 

Theorem 3,1 contains, of course, the theorem (Brouwer) on the separation 
of the euclidean B” by the or more generally by the orientable closed 
{n — l)-manifold in the classical sense, as a special case. 

Continuing with M as in Theorem 3.1, Pr{M, x) = 0 for r = 0, 1, - - • , n — 2, 
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and by Corollary 2. IQ, S — M is r-coulc for r = 1, 2, • • • , n — 1. It follows 
that A and B are respectively r-coulc for r = 1, 2, • • • , n — 1, and, by Theorem 

2.12, that both A and B are r-ulc for the same range of values of r. We shall 
show that A and B are also 0-ulc. 

Let X ^ M, Then rr) = 1 and tterefore, by Theorem 1.5, 

q^{S — Mf x) = 1. Hence if P is a small enough open set containing Xj there 
exists an open set Q such that x E: Q C P and ql{x; P — M, Q — M) 1, 
This implies that exactly one (augmented) 0-cycle of Q — ikf is lirh in P — ilf , 
which in turn implies (Theorem V 11.10) that exactly two components of P — ilf 
meet Q. Since A and B both meet Q, these components must lie in A and B 
respectively. In particular, exactly one component oi A r\ P meets Q and it 
follows that A is 0-ulc (and B is 0-ulc). 

Remark. Note that the argument just given also shows: If the complement 
of an (n — l)-gcm M in an n-gcm contains two domains A and B having M as 
common boundary, then both A and B are r-ulc for r = 0, 1, — 1. 

3.2 Theorem, The domains A and B of Theorem 3.1 are r-ulc for r = 0 

1, • • • , n - 1. 

(Compare Theorem II 5.35.) 

Now suppose, conversely, that M is an (n — 1) -dimensional^ closed subset 
of an orientable n-gcm S such that p'‘"^(/S) = 0, and such that jS — ilf is the 
union of exactly two r-ulc (r = 0, 1, • • • , n — 2) domains A and B of which 
M is the common boundary. We shall show that M is an orientable (n — l)-gcm. 

In the first place, p”“^(lf) = 1 by Theorem VIII 6.4, and hence if Af is an 
{n — l)-gcm it is orientable. And that condition D of the definition of {n — 1)- 
gcm is satisfied follows from the fact that M is the common boundary of A 
and B. We may henceforth assume n > 1. 

Since A and B are r-ulc for r = 1, - • • , “ 2, and {n — l)-ulc by Theorem 

2.13, it follows that A W B = B — Af has the same property. Hence by 
Theorem 2.12, B — Af is r-coulc for the same range of values of r, and by 
Corollary 2.10, Pr(Af, x) = 0 for all x G AT and r = 0, 1, • • • , n — 2. Thus 
condition B of the definition of (n — l)-gcm is satisfied. 

It remains to prove condition C of the definition of {n — l)-gcm; i.e., that 
Pn^x{M, x) — 1 for every x E M. Since A and B are 0-ulc, there exists for 
arbitrary covering @ of B a covering 3), such that if is a compact cycle of 
A (B) of diameter < S), then bounds on a compact subset of A (B) of diameter 
< Let X G Af and P be any open ^t containing x. Let P' be an open set 
covering B ~ P and such that x ^ P', and denote by (S the covering of B 

^Since the spaces with which we are dealing are perfectly normal, it seems likely that a 
frontier set in an n-gm is of necessity {n — l)-dimensional if it forms a local barrier. However, 
this seems not to have been shown in the literature on dimension theory, and in the lack of such 
a demonstration we place this dimension theoretic restriction in the hypothesis of this theorem. 
It is supphed only in order to give condition A of the definition of an (n — l)-gm. 
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consisting of P and P'. Let 3) be a refinement of @ such as just described 
above, and consider any open set Q such that x ^ Q C. P and such that Q is 
a subset of some set D — P\ where D G That q^{x; P — M, Q — M) ^ 1 
follows from the fact that M is the common boundary of A and B, On the 
other hand, if is a compact cycle of A (B) in Q, then Z^, being also in D, 
bounds in Si, set A r\ E (B r\ E) for some P G Such a set E must lie in P, 
and it follows that A r\ P {B r\ P) has at most one component which meets 
Q. Thus q\x] P - M,Q - M) S I- We conclude that q\S - M,x) =- 1 , 
and, from Theorem 1.6, that x) == 1 . We have then proved: 

3.3 Converse op the Jordan-Brouwer separation theorem for an 
OR iENTABLE Ti-GCM. If M is an (n — lydimensional closed subset of an orientahle 
n-gcm S such that = 0 and S M is the union of exactly two 

r-ulc (r = 0, 1, • * • , n — 2) domains of which M is the common boundary, then 
M is an orientahle (n — 

4. Generalization. It might be expected that Theorems 3. 1-3.3, on the 
positional status of an (n — l)-gcm in an n-gcm, are the (n — l)-dimensional 
cases of theorems on the positional properties of a k-gcm in an n-gcm. It is 
the purpose of this section to show that this is the case. 

4.1 Definition. A compact cycle Z*" of the complement of a closed subset 
M of an orientable n-gcm S is said to link M irreducibly if it links M but does 
not link any proper closed subset of M. 

4.2 Lemma. Let Z"" be a compact cycle of the complement of a closed subset 
M of an orientable n-gcm S, which links M irreducibly. Then if x ^ M and P 
is an open set containing x, there exists in P — M a compact cycle 7 ** such that 
Z^ ^ Y on a compact subset of S — M. 

Proof. Let K denote a carrier of Z"* in ^ — M, and let Q be an open set 
such that X G Q C P — JX- Then Z** bounds on a compact subset L of aS — 
{M — Q), and by Lemma VII 1.4 there is a cycle 7 *"^^ mod K on L such that 
on K. Denote L — Q by K\ Then 7 "'^^ is a cycle mod K' on L, 
and by Corollary VII 1.16 there exists a cycle 7 !'^^ mod P(Q) on L H Q such that 
bYx^ on K\ The cycle ^ 7 ^' is in P - M and bYx^^ ^ Z^ on /C C 

S -M. 

4.3 Definition. If G is a special class of compact cycles, then an open 
subset P of a space S will be called r-wZc relative to G M for arbitrary covering 
(S of >S there exists a covering ® of S such that if t’’ G has a carrier of diameter 
< S), then 7 ’“ ^ 0 on a compact subset of P of diameter < @. 

Regarding the property of being r-ulc relative to a special class G, theorems 
like those proved above for ordinary r-ulc may be proved; in particular, we 
want the following lemma. By q\U, x; G) we shall denote a number determined 
exactly like q'^iU, x), except that only cycles of G are taken into consideration. 
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4.4 Lemma. A necessary and sufficient condition that an open subset U of 
an n-gcm S be r-ulc relative to a class G of compact cycles is that the number 

x; G) = 0/or all x E: S — U. 

The proof of the necessity of Lemma 4.4 is like that of Lemma 2.3, and the 
proof of the sufficiency like that of Theoi'em 1.7. 

Now Theorems 3. 1-3.3 are all derivable from the following general theorem: 

4.5 Theorem. In order that a k~dimensional closed subset M of an orientable 

n-gcm S for which p^{S) = p^^^(S) = 0 ^/ < n — 1, and 0 if k = 

n — Ij should be an orientable k-gcm^ k < Uj it is necessary and sufficient that 
(1) — M) = 1, but that — F) = 0 if F is a proper closed subset 

of M, (2) in case k > 1, S — M be r-ulc for r n -- k, • • • , n — 2, and (3) 
S — M be {n — k — l)-ulc relative to the group G of bounding compact cycles of 
S - M, 


Proof of necessity. Condition ( 1 ) follows from Corollary VIII 3.2 and 
Theorem VIII 6.4. Condition ( 2 ) follows from CoroUary 1 . 8 . 

To prove (3), note that by Theorem VIII 8.4 th^re exists a base for 
(n — k — l)-cycles oi S — M relative to homologies in /S — Af consisting of 
a single compact cycle The cycle links M irreducibly. By 

Theorem 1.5, if x G Af there exist open sets P and Q such that x S Q C. P 
and such that P — Af, Q — Af) = 1 . Then since by Lemma 4.2, Q — Af 

contains a cycle which is in the same homology class of S — Af as 7 ”"^'^ 

and hence nonbounding in P — Af , we may choose as a base for cycles 

of Q — Af relative to homologies in P ~ Af. Let be a bounding cycle 

of >S — Af that lies in Q — AT. Then ^ 0 in P — Af . For otherwise 

there exists a homology ^ in P — Af. But then ^ 

7 ”"^“^ in >8 — Af , and as 0 in a 8 — AT, it would follow that 7 "'"*”^ ^ 0 

in /S — Af. Consequently — MjX]G) = 0 for all x G Af and condition 

(3) follows from Lemma 4.4. (It should be pointed out that /S — Af is obviously 
r-ulc for all r < n — A — 1 also, but this is not needed to give a characterization 
of the orientable A-gcm by positional invariants.) 

Proof of sufficiency. Let Af be given satisfying conditions (l)-(3) of 
the theorem. Condition ( 1 ) wiU yield the orientability as well as condition D 
of the definition of k-gom. And when k > 1, condition ( 2 ) yields condition B 
of the definition of k-gm by Corollary 2.4 and Lemma 2.13. It remains to prove 
condition C, namely that for each a; G Af , p^^CAf, a:) = 1 . 

Let a: G Af, P an open set containing x, and Q an open set such that x G 
Q C P and a bounding compact (n — k — l)-cycle of jS — Af which lies in Q 
must bound in P — Af. Let 7 ""”'*”^ be a base for compact cycles relative to 
homologies in S Af — such a cycle exists by condition ( 1 ). By Lemma 4.2, 
there exists a compact cycle in Q — Af such that 7 ““*"^ ^ >S — Af. 

Consider any compact cycle of Q — Af . If ^ 0 in >8 — Af , then 


w 




0 in P — Af because of the choice of Q, If ^ 


oo 0 in >8 — Af , 
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Proof. Suppose the open subset U of an 7i-gcm S is 0-ulc and that @ is 
any covering of S. Let * (S, and S a covering such that if is an augmented 
compact cycle of U of diameter < 35, then bounds on a compact subset of 
U of diameter < S'. Then suppose that D is an open subset of S of diameter 

< 3) that meets U . Let D' G S5 contain D. Then the xmion of all elements 
of S' that contain D' lies in some G and if p and q are points of U r\ D, 
then a nontrivial 0-cycle on p VJ g bounds ia U E. It follows that U r\ D 
lies in one component of U r\ E. This component is open in S since S is 0-lc, 
and hence by Theorem VII 5.7, XJ r\ D,0]U r\ E, 0) g 1. That Pn(S: 
U r\ Dj 0; U r\ Ej 0) S 1 follows from the fact that D r\ U 9 ^ 0. 

Conversely, suppose Pn{U, x) is uniformly = 1 over U, and let S be any 
covering of S. Select 3) as in Definition 5.1, and suppose D G S) such that 
D U 9 ^ 0, There exists G‘ @ containing D such that Pn(S: U r\ Dj 0; 
U r\ Ej 0) = 1 , and, the union of the components of U r\ E that meet D being 
open, it follows from Theorem VII 5.7 and its proof that the number of these 
components is 1. 

5.3 Lemima. If U is an r-coulc open subset of a compact space S, P 3 Q 
are arbitrary open sets in S and @ a covering of S, then there exists a covering 
3)J = 3)^(?7: (5; P, Q) > (g such that if ZriVi) is a compact cocycle in Q r\ U of 
diameter < 3)^ , then Zr(U) ^0 in an open subset of P r\ U of diameter < (g. 

Proof. Select a covering (g' > (g such that St(Q, (g') C P, and let 3^! > S' 
be a covering such that a compact r-cocycle of U of diameter < 3^ cobounds 
in an open subset of U of diameter < S'. 

Similarly, we have: 

5.4 Lemma. If U is an open subset of a compact space S such that Pr{U, x) 

is uniformly = 1 over ?7, P 3 Q are arbitrary open subsets of S, and S is a covering 
of Sj then there exists a covering 3^' = S; P, Q) > S such that if ZrOX) 

and 7r(U) are compact cocycles in Q r\ U which lie together in a set of diameter 

< 3^', then aZr{U) &7r(U), a, b G in P r\ U in a set of diameter < S. 

Proof. Select a covering S' > S such that St(Q, S') C P, and let 3^' > S' 
be a covering such that if D is an open set of diameter < 3^' that meets ?7, 
then there exists P' G S' containing D such that C7 H D, 0; 17 H P', 0) = 1. 

5.5 Definition. Hereafter, if a set is r-ulc for r = m, m + 1, • • ' , k, we 
denote this fact by the symbol ulc^ , with the exception that the symbol ulcS 
will be abbreviated to ulc*. Similar symbols may be introduced for the coulc 
properties. 

5.6 Lemma. If U is a ulc^ open subset of an orientable n-gcm Sj P Q are 
arbitrary open sets in S and S a covering of S, then there exists a covering 3* = 

S; P, Q) > S such that if r*' is a partial co-^realization of an at most 
(k + l)-‘dimensional complex K in Q r\ U of norm < 3? on some covering U, 
then there exists a co-realization r* of Kin P r\ U of norm < S on a 33 > U sitch 
that == wherever the latter is defined for chains of K. 
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from Ui . And as in the latter i^oof, we may make a partial realization r' of 
K on Ui of norm < U* on Ui A Q 2 , which can be extended to a realization of 
if on (Ui U Uo) A Qi . The proof now concludes as in the corresponding part 
of the proof of Theorem VIII 5.4. 

5.8 Theorem. If U is a ulc^ open subset of an orientable n-gcm aS, then 

U is lc\ 

Proof. Consider x E: F(U) and P any open set containing x. Since by 
Lemma 2.3, q\U,x) == 0, r ^ k, there exists an open se^Q such that x 
and q\x] P U, Q r\ U) = 0 ^ Let 7 ** be a cycle of U in Q, and let U be any 
covering of S. Denote Q P\ ?7 by A. Then by Lemma V 8.7, there exists a 
covering SS > U and an open set R containing A such that a cell of 2? that 
meets R also meets A. By Lemma 5.7 there is a compact cycle Z"" in R r\ 
Q r\ U such that Y Z"" in R r\ Q, In particular, 7 ’' (23) ~ Z'’(2S) on R and 
there exists a chain C’'’*'\23) on R such that 

(5.8a) = 7^(25) - ^'(25). 

Now the relation (5.8a) being on R, must also be on A, so that d 7 ruj 8 C'’‘^^( 25 ) = 
7 rui 87 '^( 23 ) — tusbZ\^) holds on A. Since 7 ** and Z'' are on A, this implies that 
7 ’'(U) ^ Z’’(U) on A. By_^e choice of Q, Z"" 0 in P U. It follows that 

7 ’‘(U) ^ 0 in P A ?7, and U is r-lc at x. 

We can now prove a theorem which strengthens the result of Lemma 5.7 for 
r S k: 

5.9 Theorem. If U is __a ulc^ open subset of an orientable n-gcm S, Y is a 
cycle on a closed subset L of U , r S k, and P any open set contaming L, then there 
exists in P r\ U a compact cycle Z** such that Y Z"" on P r\ U, 

Proof. Let R be an open set such that P R L, Since U is Ic* by 
Theorem 5.8, there exists by Corolla^ry VI 3.7 a covering Uo of S such_that_if 
y'' and Z'* are two cycles on R r\ U whicji are homologous on Uo A P A P 
then v’’ and Z** are homologous on P A 17. Let 23 > Uo be a covering and 
Q an open set such that R ZZ) Q Z) L and such that if a cell of 23 meets Q, then 
it meets L. 

By Lemma 5.7 there exists a compact cycle Z’* in Q A XJ such that 7 ’' ^ Z’* 
in Q. Hence there exists a chain (7’’”^^(23) such that dC7'"^^(25) = 7 '' (23) Z'(23) 

on Q, heMe on L. Consequently 7ruoss7'^(23) 7ruoi8Z'’(23) on L and ajortiori 

on Q A {7, so that 7 ’’(Uo) '^^’^(Uo) on Q A C7 and a fortiori on Uo A P A [7. 
Therefore 7 ’’ ^ Z"* on P A C7. 

By the same methods used in proving Lemma 5.7 and Theorem 5.9 we may 
prove the following lemmas: 

5.10 Lemma. If U is _a uh^ open subset of an orientable n-gcm Sj K and M 
closed sets lying in U arid U respectively, y"" a cycle mod K on M, r S k + 1, and 
P any open set containing M, then there exists in P r\ U a compact set ikf ' carrying 
a cycle Z" mod K such that 7 "“ ~ Z"* mod K in P. 
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to the dimension n — 1. (I.e., B satisfies the same duality relative to the num- 
bers p^(B) as an orientable (n —■ l)-gcm.) 

Pkoof. By Theorem 5.13, the following relations hold: 

(5.15a) p\U) = ~ U), p\S -U) ^ 

Adding the relations (5.15a) gives p^{S — S) = — jB), and both of 

these numbers are finite since the numbers involved in relations (5.15a) are 
finite by Theorem 5.13, Hence by the Alexander duality p^(B) = p’'"^“'^(jB). 

5.16 Lemma, IfJU is an open subset of an orientable n-gcm Sj K and M 
are dosed subsets of U, K Cl M, P and P' open subsets of 8 containing M and 
Kj respectively, and y'' a cycle mod K onM,r S k + 1, then there exists a compact 
set M' in P r\ U cari^ing a cycle mod P' such that y"' ^ mod P' in P, and 
dY ^ dZ^ on P' n U. 

Lemma 5.16 follows easily from Lemmas 5.9 and 5.10: We may suppose 
P' C P- By Lemma 5.9 there exists a (^^cle Z""^^ on a compact subset of 
P' r\ U such th^ dy'' ^ on P' r\ U. Let L C) K U K' he a compact 
subset oi P' r\ U carrying this homology. Then there exists a cycle C*" mod 
if ' on 1/ U Af such that O’* ^ y"" mod P' on L U Af. By Lemma 5.10 there 
exists in P P\ a compact set Af' carrying a cycle Z^ mod K' such that C’’ Z*" 

mod if' in P. Then y^ ^ Z** mod P' in P and ^7'’ dZ^ on P' r\ U. 

Similarly we have, analogous to Lemma 5.11: 

5.17 Lemma. Under the same hypothesis as in Lemma_pAh, but with r ^ k, 

there exists Z** as before, but with 7** Z*" mod P' on P r\ U. 

5.18 Lemma. If U is a ulc^ open subset of an orientable n-gcm S, then U is 
completely r-avoidable at every x ^U,t ^ h, r < n 1. 

pROOF._The lemma is trivial for x^U, since 8 is an n-gcm (Corollary IX 3.2). 
Let X EiU — UjjiXxA P, Q, R open sets s^h that x E: R ^ Q ^ P, and such 
that r-cycles of ?7 H Q bound on P r\ U. By Theorem 5.8 and_CoroUary 
VI 3.8 there exists a finit^base y\ , i ^1, • • • , m, oi r-cycles ot U r\ F(Q) 
relative to homologies in U r\ (P — R). Each of the cycles 7^bounds on 
P r\ U, and hence there exists a cycle mod F{Q) on P r\ U such that 
^ yi on U r\ P(Q). By Lemma 5.16, there exists a compact sejb ATJ in 
P r\U carrying a cycle ZY^ i^dP — R such that ^ dZY^ in (P — i2}_n U 

and Cr' -- ZY^ mod P - P in P. Then 7^ ^ OZ^' in (P - P) H ?7, and 
hence 7< ^ 0 on a closed subset Li of P such that Lir\R <Z U, We may now 
select an ojpen set P' such that x E R' CZ R — KJ Li , Then if 7’' is an arbitrary 
cycle of U r\ F(Q), there exi^ a set of elements G £F such that 
7 aiYi '^OiniP - R') nU. 

5.19 Theoreiv^ If U is a ulc^ open subset of an orientable n-gcm S, k ^ 
n — 1, then /S — U is ulclZl^i . 
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Proof. Let r be an integer such that 0 ^ r S__k- To prove that ;S jj- U 
is (n — r — l)“Ulc, it is^fl&cient to show that p\U,x) ~ 0 for all x E: U,hy 
Theorem 1.7. Let x ^ U and P an arbitrary open set containing x. Then by 
Lemmas 5.8 and ^8, there exist open sets Q and R such timt x E: R C Q G Pj 
r-cycl^ of U bound on U, and Jr — l)“Cycles of U r\ F(Q) bound in 

(P — P) n U. Consider a cycle 7’’ of U mod (/S — P). Then 7** is also a cycle 
mod ^ — Q, and by Lemma VII 1.16 there exists a cycle Z"" mod /S — Q on 
Q r\ U such that 

(5.19a) ~ Y mod S - Q on U. 

Since dZ"' ^ 0 on (P — P) H U, ^ere exists a cycle C mod Kj where if is a 
carrier of dZ"' on F(Q), on (P — R) r\ U, such ;^at dC ^ dZ'‘ on K, By 
Lemma VII 1.6, there exists a cycle F** on P H U such that r** ^ 2*' — C 
modjST. By the choice of P, F'' ~ 0 on 27. Hence Z"* — C"* ^ 0 mod S — R 
on Z7. Ccmbining this homology with (5.19a), we have that 7'’ ^ 0 mod 
S - Ron U. 

6. The boundary of a domain in a manifold. Before continuing with 
the general open subset of an n-gcm and its ulc properties, we consider the 
case of a single domain. Here we may obtain a remarkable generalization of 
Theorem 3.3, in that we show that not only is it sufficient to impose the ulc””^ 
condition on only one of the domains in question, but it is unnecessary to make 
any assumption regarding the number of domains complementary to the given 
closed set. 

6.1 Lemma. If U is a 0-ulc open subset of a space Sj and C is a component 
of the boundary of 27, then C is on the boundary of one and only one component of 27. 

Proof. Let x G C. Since 27 is 0-ulc, there exists an open set P containing 
X such that every 0-cycle of P Pi 27 bounds in 27. Hence x is on the boundary 
of only one component of 27. 

Let X and y be arbitrary points of C, and let @ be any covering of S, Let 
5D > @ such that a compact 0-cycle of 27 of diameter < bounds on a compact 
subset of 27 of diameter < @, and let U >* S). As C is connected, there exists 
a simple chain 27i , * • • , 27^, • • - , 27^ of elements of U from x to y, each 27*- 
containing points of C. Let Xi ^ V r\ XJi . Then a nontrivial 0-cycle on 
x^ U Xi+i , i = 1, • • * , m — 1, bounds on a compact subset of 27, and it follows 
from Corollary V 11.11 that Xi and x^ lie in the same component of 27. The 
conclusion of the lemma now follows easily. 

6.2 Lemma. If x is a point of an orientable n-gcm S and P an open set con- 
taining Xy then there exists an open subset_Q of P containing x and a cycle 7""“^ on 
F{Q) such that if Y G Q and y G S — P, then nu Q in S — x' — y. 

Proof. Let Q G P be an open set containing x such that every (n — 1)- 
cycle on F(Q) bounds in p. Then if F'" is the fundamental n-cycle of Sj F’" 
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is a _cycle mod S — Q, and by Lemma VII 1.16 there exists a cycle mod F{Q) 
on Q such that F" ^ mod ^ — Q and dZ"" ^ dT^ on S — Q. 

Suppose ^ Qj y ^ S — Pj and that dZ' 0 on S — x — Let Ri 

iZg be open sets containing x' and y respectively, such that Ri G Q, R2 Q S — P, 
and dZ" 0 on aS — 22, where R ^ Ri^J R^ , Then Z”" is a cycle mod aS — 22 
on aS — 222 such that aZ” 0 on aS — 22, and by Lemma VII 1.6 there exists 
a cycle 7"* on aS — R 2 such that y" ^ Z^ mod aS — 22. 

Now 7” must bound on aS, since it lies on a closed proper subset of S, and 
hence Z" ^ 0 mod aS — 22. Then a fortiori Z” ^ 0 mod /S — 22i , and as F” ^ Z"" 
mod aS — Q, it follows that Z^ 0 mod aS 22i . But this is impossible 
by Lemma VII 3.6. 

6.3 Lemma. If U is a ulc^~^ open subset of an^rientable n-gcm aS, then every 
point of the boundary of U is a limit point of S — U. 

Pkoof. Suppose a; is a boundary point of U that is not a limit pomt of 
aS — CL Then there exists an open set P containing x such that P C. U and 
S — P 9^ 0 . Let Q be an open subset of P contaming x such that 
q^--\x; P n C/, Q n C7) - 0 (Theorem 2.5). Lety G S - P, By Lemma 6.2, 
there exists an open subset P of Q containing x and a cycle ^ on F (R) which 
is not homologous to zero in aS — rr ~ 2/* By Lemma 5.7, there exists a compact 
cycle Z^'^ in (Q - x) r\U such that 7"'" ^ in Q - a;. But by the choice 
of P, Z"'^ ^OinP r\ U C S - X - y, axid therefore 7''"'' ^OinS - x - y. 

6.4 Lemma. Let S be a space that is normal^ connected and Ic, and such that 
all its compact l-^cycles bound, ^hen if a compact set B is the boundary of a domain 
D in aS, no component of S — D has boundary points in more than one component 
ofB. 

Proof. Suppose P is a component of aS — P that has limit points in two 
components, Ci and C2 , of P. There exists a decomposition P == Pi VJ P2 
separate, where P^ D Cj, , i = 1, 2, by Theorem IV 1.1. Since p^(S) = 0, P 
has property V of Chapter II (see Corollary VII 9.3 and the remark following), 
^nd there exists a closed, connected set K G S — B which separates Ci and C2 m 
S. As E has limit points in both Ci and €% y E r\ K 9^ 0, and it follows that K 
G E. But for the same reason K G D- This is impossible since D r\ E ^ 0. 

6.5 Lemma. IfDis a ulc''~^ domain of an orientable n-gcm S, and p^iS) = 0, 
then each component C of the boundary of D is the common boundary of two ulc 
domains Ex and E^ such that P = C W Pi VJ P2 - 

Proof. By Lemma 6.3, PJs the boundary of the nonempty open set P — P, 
and by Theorem 5.19, P — P is ulc””^. If C is a_component of P, then C is 
on the boundary of only one component. Pi , of P — P, by Lemma 6.1. Further- 
more, C is the complete boundary of Pi by Lemma 6.4. The set Pi is 
For if X G C, there exists an open set P containing ^such that P r\ (S — D) G 
P n Pi , and consequently q\Ei , x) = q'^iS — P, a:) = 0, r ^ n — 1. By 
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Theorem 5.19, S — Ei is ulc” ^ and consequently is connected by Lemmas 6.1 
and 6.3. 

Remark. The necessity of the condition p^(S) = 0 in Lemmas 6.4 and 6.5 
may be seen from the example of the torus. In the case of Lemma 6.4, if S is 
a torus and Bi , B 2 are two disjoint equatorial circles on T, then R = Ri VJ Rg 
is the boundary of a domain D of S such that /S — is a domain with boundary 
points in both Bi and Bg * And for the case of Lemma 6.5, the component Bi 
of B is not a common boundary of two domains of S, 

By the same kind of argument as was used to prove Lemma 6.2 we may also 
prove: 

6.6 Lemma. If S is an orientable U'-gcm^ M a closed subset of S, and A and 
B are different components of S — My then M carries an {n — l)-cycle which 
is not homologous to zero in S -- x — y no matter what the choice of points x ^ A, 
y E: B may he, 

6.7 Lemma. Let S be an orientable n-gcm, sicch that p^(S) = 0, and D a 
domain in 8 such that ^”*“^(1)) = 0. Then the boundary^ By of D is connected. 

Proof. Suppose B = Bi'U B 2 separate. Then by Corollary VII 9.3 there 
would exist a continuum K in 8 — B separating points x and y of B m 8, By 
Lemma 6.6, K would carry an (n — l)-cycle nonbounding in 8 — x -- y. But 
evidently K d D, and the existence of such a cycle would contradict the 
hypothesis that = 0. 

6.8 Theorem. Let 8 be an orientable n-gcm such that p^{8) = 0 , and D a 

ulc*'~^ domain in 8 such that == 0. Then the boundary of B, if nondegenerate 

and not n-dimensionaly is an orientable {n — l)'-gcm. 

Proof. The boundary, B, of D is connected by Lemma 6.7. 

By Theorem 2.13, B — B is (n — l)-ulc. Consequently B is (n — l)-ulc 
and by Lemma 6.5, B is the common boundary of two ulc”~^ domains B and 
B' such that B = B W B U B'. Since == 0 by Theorem VIII 4.2, 

Theorem VII 5.9 may be applied to show that p”~^(B) = 1 and p”"\B') = 0 
for every closed proper subset B' of B. 

The remainder of the proof is exactly like the latter part of the proof of 
Theorem 3.3 above. 

As a coroUaiy of Theorem 6.7 we can state much stronger theorems than the 
converse of the Jordan-Brouwer separation theorem: 

6.9 Theorem. If 8 is an orientable n~gcm such that p^(B) == 0, and M is 
an (n — l)-dimensional set which is the common boundary of (at least) two distinct 
domains A and B of 8 -- M, one of which, say A, is uh^^^, then the set M is an 
orientable (n — l)-gm. 

Proof. Since by Corollary VII 9.3, 8 has Property IV of Chapter II, M is 
coimected. Hence by Theorem VIII 6.4, — ilf ) = 0, and it follows that 

= 0 and Theorem 6.8 applies. 
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6.10 Theokem. If S is an orientable n-gcm such that p^(S) = 0, and U a 
open subset of S, then each component of the boundary of U [if not n-dimen- 

sional]^ is an orientable (n — l)-gcm. 

Proof. Suppose first that U is connected. Let C be a [not ^^-dimensional] 
component of the boundary of U, By Lemma 6.5, C is the common boundary 
of two ulc”“^ domains, and Theorem 6.9 applies. 

In the general case, since is a 0-ulc open subset of a compact space /S, it 
has only a finite number of components , i = 1, • • • , m. By Lemma 6.1 
each component of the bounda^, B, of U is on the boundary of one and only 
one Ui . Hence the continua Ui are disjoint, and the sets Ui themselves are 
ulc””\ Then each component of the boundary of U is also a component of the 
boundary of a ulc”"^ component of U and is consequently, as just shown above, 
an orientable (n — l)-gcm. 

6.11 Theorem. If S is an orientable n-gcm such that p^(S) == 0, and D is 
a ulc^'^^ domain of S whose boundary, B, is a [not n-dimensional\ continuum, then 
B is an orientable {n — l)-gcm. 

Proof. It follows from Theorem 2.13 that D is (n — l)-ulc, and hence 
Theorem 6.10 applies. 

The following special cases have an intrinsic interest which justify separate 
statement: 

6.12 Theorem (R. L. Moore). If D is a Q-ulc, simply l-connected domain 
in the sphere S^, then the boundary of D, if nondegenerate, is an 

6.13 Theorem. If D is a ulc^, simply 2-connected domain in the sphere S^, 
then the boundary {nondegenerate), B, of D is an orientable closed 2-dimensional 
manifold in the classical sense. In particular, if p^{D) = 0, then B is a 2-sphere. 

From the standpoint of existence, the following theorem is of interest: 

6.14 Theorem. If a metric space S is an orientable Z-gcm such that 
p^{S) = 0, and S contains a ulc^ domain [with 2-dimensional boundary], then S 
contains at least one orientable closed 2-dimensional manifold in the classical sense. 

Remark. Instead of the hypothesis of Theorem 6.13, one may of course 
suppose that S contains a ulc^ domain which is simply 2-connected and has a 
nonempty 2-dimensional boundary (cf. Theorem 6.8). 

7. Additional converses of the Jordan-Brouwer separation theorem. In 
Theorems 6.8 and 6.11, the conditions on the complement of the {n — l)-gcm 

®Here, and in a number of later theorems, we place a dimensionality restriction in brackets. 
The reason for this is that while it is well known to be unnecessary in the case of the n-sphere or 
classical w-manifold, we do not know whether it is necessary in the case of an n-gcm. Since 
> 0 implies M at least (n — l)-dimensional, we need not specify exactly ~ 1)- 
dimensionar^, so that the question reduces to whether a common boundary of two domains 
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were placed entirely on one domain. In Theorem 6.9, although the principal 
(ulc) conditions were placed on one domain, use was made of the fact that the 
manifold is a common boundary of (at least) two domains. In the present 
section, stronger use is made of the latter fact, and the ulc conditions are dis- 
tributed over the two domains — somewhat in the manner in which this was 
done in Theorem 3.3 except that in the latter case the ulc conditions imposed 
were much stronger than necessary, as we have already observed above. In the 
first place, we may state the following theorem: 

7.1 Theoeem. Let M he a [not n-dimensional] common boundary of (at least) 

two domains Di and D2 in an orientable n-gcm S such that p^(S) = 0, Also, 
suppose that Dk is ul(f^, A = 1, 2; ni + Wg = 2. Then M is an orientable 

(n — l)-grm. 

Peoof. By Theorem 5.19, — 1)2 is ulc”li,_i , and as ni + 1 = ^ ^^^2 — 1, 

jDi is therefore ulc''“\ Theorem 6.9 then applies. 

7.2 Theorem. Let M be a [not n-dimensional] common boundary of (at least) 

two domains Di and D2 in an orientable n-gcm S such that p^(S) == = 

^nx+i(^ = 0, and Dk is ulc""^, A = 1, 2, where ni + ^2 = n — 3. Then if there 
exists a covering (E of S such that the (ng + l)-cycles of D 2 of diameter < (S bound 
in D 2 , the set M is an orientable (n — l)--gcm. 

Proof. By Theorem 5.19, ;S — Di is ulCnIn,-i , hence D 2 is likewise. And 
as we already know that D2 is ulc”’ and na == n — ni — 3, we need only show 
that D2 is (^2 + l)“‘Ulc; the theorem then follows from Theorem 6.9, for instance. 

Denote ?^2 + 1 by r. To show that D 2 is r~ulc, it is sufficient to show that 
^"■(1)2 , re) = 0 ^r all re G — D2 by Corollary 2.6. As this is obvious for the 
case rr G ;S — Da , let re G -M". It follows from the hypothesis that there exists 
an open set P containing^ rc such that all compact cycles of Dg in P bound in 
D 2 . By Lemma 5.18, Di is completely ^i-avoid^le. Let Q and R be _open 
sets su^ that r?; G -K C Q C P and ?2i-cycles of Di on F(Q) bound in Di H 
(P — P). Let V be an open set such that a; G P C P and such that cycles 
of in P bound in R. Let 7** be a cycle on a closed subset if of P Pi D2 • Then 
v"* bounds on a compact subset Ki of D 2 as well as on a compact subset K 2 
of P. If we denote Af P Q by Ai and (M — Q) U F(Q) by A 2 , then the 
hypothesis of Theorem VII 9.1 is satisfied, and will bound in S — [M\J F(Q)] 
if it can be shown that every (r + l)-cycle ofP^i U iTa bounds in S — Ai H A 2 . 
Now Ax P As C Af P F(Q), and therefore an (r + l)-cycle of K^ U K 2 that 
is nonbounding in — Ai P A^is linked, by Corollary VIII 8.6, with an ni- 
cy cle of Jkf P P(Q). BiA M C Di ,_and from the way in which Q was chosen, 
such a cycle bounds on Di r\ (P — R) CZ S -- Ki U K 2 , 

7.3 Theorem. With S and M as in Theorem 7.2, and again Dk ulc^^, ni + 

n2 == n — 3, suppose that is finite. Then M is an orientable (n — l)“grcm. 

Proof. Let i = 1, ••• , constitute a base for compact 
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(^2 + of ^2 relative to homologies in Ds . The cycles are lirh 

in S “ Di , and consequently there exists by Theorem VIII 8.10 a collection of 
cycles of ^>1 such that every linear combination of the cycles ZT^^ is 

^ked with at least one cycle 7?^^ There exists an open set V containing 
Di such that the cycles are lirh in V proofs of Theorem VIII 6.3), 
and such that the cycles ZT^"^ all lie in S — V. By Lemma 5.7, there exist 
compact cycles in Di such that in V. 

Let if be a closed subset of Dx carrying all -^e cycles Let x ^ M 

and P an open set containing x such that Z Pi P = 0. Let Q be an open set 
such that X ^ Q (Z P and such that compact (ng + l)-cycles of Q bound in P. 
We assert that D 2 , Q r\ = 0. For let Z be a compact (n 2 + 1)- 

cycle of Q P P 2 , and suppose that Z oo 0 in P 2 • Then Z (where 

a* G and not all = 0) on_a compact subset L of P 2 * Also, Z ^ 0 in P. 
Hence Y ^0 on LKJPQS — K. But this contradicts the fact that 

every linear combination of the cycles 2^“*" Ms linked with a cycle ZT'^^ Hence 

Z ^ 0 in jD 2 • 

The theorem is now easily obtained from Theorem 7.2. 

7.4 Corollary. If S is a spherelike n~gcm and M is a [not n-dimensional] 

common boundary of {at least) two domains Dk such that Dk ^s uW^ k = 1, 2, 
ni + ^2 = ^ ~ 3, and one of the numbers is finite. Then M is. an 

orientable {n — 

7.5 Corollary. If M is a common boundary of {at least) two 0-ulc domains 
in S^j and the number {D) is finite for at least one of these domains P, then M 
is a closed 2-dimensional manifold. 

8. The general ulc”"^ open subset of an n-gcm. The general ulc""'^ open 
subset of an ?^-gcm presents many interesting properties that are worth mention, 
although we shall not go into exhaustive detail here, and will leave to the reader 
the task of supplying some of the proofs. Information regarding the positional 
properties of such sets has already been obtained above, particularly in Theorem 
5.15, which states that if B is the boundary of such a set C7 in a spherelike ?^-gcm, 
then the numbers p^{B), k = 1, ^ ,n — 2, are all finite and satisfy the Poincar6 

duality relative ton — 1; and Lemma 6.1, which states that if C is a component 
of Bj then C is on the boundary of just one domain of U. Also, the argument 
used in the second paragraph of the proof of Theorem 6.10 shows that U is 
the union of a finite set of domains whose closures are disjoint, so that the study 
of such a set U can be reduced to the study of a single ulc”“^ domain. 

Suppose, then, that P is a ulc"”^ domain of an orientable n-gcm and that 
C is a component of the boundary B of P. It is possible that C is a point — as 
in the case where >8 is a 2-^here and P is a single point. However, suppose 
P' is a component of P — P. If we assume that p^{S) == 0, then F{D') is in 
one component of B by Lemma 6.4. H^ce we can augment each component 
C of P by those components P' of P — P that have boundary points in C, to 
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form a connected set C*, and every point of S — D will lie in such a C*. Let 
us select a fixed C, say C'j and denote by D* the domain D augmented by all 
sets C* different from C'*. The set jD* is connected, and we assert it is open. 
Obviously points of D and points of the sets of type D' in D* are interior to 
Consider an a; G C C Let P and Q be open sets such that x G Q C -P C 
S ■— C', and such that all points of Q lie in one component of P. Then no point 
of a such that F(D') C C' can lie in Q, since if it did, then there would exist 
in P a boundary point of the corresponding D' — ^i.e., a point of in P, Thus 
jD* is a domain whose boundary is the continuum C'. We shall show that 
is ulc”-^, and hence by Theorem 6.11 that C' is an orientable {n ~ l)“gcm [if 
C' is not n-dimensional]. 

Let r be an integer such that 0 ^r<n— 1. To show 2)* r-ulc, it will be 
sufficient by Corollary 2.6 to show that if a? G C', then gTP*? = 0. Let 
P, Q and R be open sets such that a: G P C Q C P, compact r-cycles in R 
bound in Q, and compact r-cycles of P Pi Q bound in P P P. Let be a 
compact cycle carried by a compact subset if of P P P*. Then 7’’ ^ 0 on a 
compact subset M of Q, and by Lemma VII 1.4 there exists a cycle mod 
K on M such that ^ y'^ on K. Now by application of Theorem IV 1.3, 
iS; W [(P U C'*) P P] = Ai U ^2 separate, where Ai D C'* P P and A 2 D K. 
Let U and V be disjoint open subsets of S containing At and ^2 respectively 
(Lemma IV 1.9). The portion of on the set Afi == ilf — P is a cycle mod 
K U FiU) whose boundary is + Z% where Z^ is on M P P(P). 

Now Z"' is a compact cycle of P in Q, since M lies in Q and no point of C'* 
lies on F(U). Consequently, by the choice of Q, Z"* 0 on a compact subset 

L of P P P. Then 7’' ^ 0 on Mi \J L Q and we conclude that 

x) = 0, P* isulc"“^, and C' [if not n-dimensional] is an orientable (n — 1)- 
gcm. In particular, then, it follows from Theorem 2.13 and Lemma 6.5 that 
each nondegenerate component (7 of P is the boundary of a domain of type P* 
and of a ulc”"^ domain in P' such that P == (7 V-2 P* VJ P' — ^the set C* — (7 
being the domain P'. 

Now if @ is an arbitrary covering of P, then at most a finite number of sets 
of type C* fail to be of diameter < Suppose the contrary. Then there 
exists a covering @ and an infinite sequence of sets Cf such that no Cf is of 
diameter < (S. Let p G lim sup C* and E an element of (S that contains p. 
Let E\ P and Q be open s^s such that pGQ(ZPGE^(ZE and ^uch that 
(1) every (n — ^-cycle on P bounds in E\ (2) every (n — 2)-cycle of P P P(P) 
bounds in P' — Q (Lemma 5.18), and (3) P — P lies in one component of P — E\ 
Since infinitely many of the sets Cf meet both Q and P — P, it follows from 
Theorem IV 1.14 that lim sup Cf contains a continuum M' that meets both Q 
and P — P and contains P. Then M' C B) and Mj the component of B con- 
taining [if not n-dimensional] is an orientable (n — l)"gcm which is the 
common boundary of two domains Pi and P2 such that P = ilf U Pi U P2 . 
Without loss of generality we may assume all Cf in P2 . For the remainder of 
the argument we need the following lemma and corollary. 
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8.1 Lemma. Let S be an orientable n-gcm and M an (n — l)~gcm in S which 
bounds two disjoint domains and D 2 such that S = M Di^J 

M is orientable and its fundamental {n — lycycle bounds on each of the sets Di , D 2 • 

Proof. If r” is the fundamental n-cycle of S, the^P” is a cycle mod S — Di 
and accordingly, by Lemma VII 1.16, there exists on Di a cycle Z” mod M such 
that r Z" mod S - . Let t""' == dZ\ Then 0 on M, since if 

it were there would exist by Lemma VII 1.6 a cycle 7” on Di such that y”' ^ 
mod Af, and from this would follow P"* ^ 0 mod aS — Di ; this is impossible 
by Lemma Vn_3.6. It follows easily that the fundamental {n — 1) -cycle of 
M bounds on Dx and Da . 

8.2 Corollary. Under the hypothesis of Lemma 8.1, there exists on Dx a 
cycle mod M. such that dZ”' is homologous on M to the fundamental {n — 1)- 
cycle P"”' of M, 

Continuing with the argument preceding the lemma, and using the notation 
of the corollary, the portion of Z"" in P has as boundary a cycle Z"""^ such that 
Zn-i ^ pn-1 ^ portion of Z”'~^ in P has as boun^ry a cycle 

on ilf n P(P) such that Z"'~^ ^ 0 on a_closed subs^ Lx of Dx r\ F(Q), 
By the choice of P and Q, ^ 0 also in D H (P' — Q) on a compact set 
La • It niay now be shown that Lx KJ Da separates p from aS — P (by methods 
similar to those used in Chapter VII in like situations). 

Contradiction now results from the fact that Lx \J Da must meet (infinitely 
many of) the domains complementary to t^ setsjCi distinct from M, althouglx 
this is not possible since Lx^ L 2 <Z M \J D ^ Dx . 

8.3 Theorem. Let U be a ulc^~^ open subset of an orientable n-gcm S such 

that p^(S) =_0. Thsn (1) U consists of a finite number of domains Di , • • • , 
Dm such that Di D,- = 0 if i ^ j] (2) each component of Bi , the boundary of 
Di y i = 1, • • • , m, is either a point or a continuum which [if not n-dimensional] 
is an orientable (n — l)-^cm whose complement consists of two disjoint domains 
having the component as common boundary] moreovery Bi == ^ P^l W • • • U 

Bik \J {Pia}, where Bio is the set of point components of Bi and B^i yj = 1, • • * , 
k or ay is a component of B which, in case S is spherelike, for j = a is spherelike] 
and (3) if S is an arbitrary covering of S, then at most a finite number of the sets 
B^j fail to be of diameter < (From this follows that the sets P,*,- form a count- 
able collection, S being perfectly normal. Cf. Theorem XI 2,15.) 

8.4 Corollary. Under the hypothesis of Theorem 8.3, if S is metric, then 
the nondegenerate components P»,- , j ^ 1, * • * , k or a, form a countable collection 
such that, for arbitrary €> 0, at most a finite number of the sets Bn are of diameter 
> €. 

9. Decomposition of the spherelike n-gcm into two generalized closed n-ceUs. 
One of the disappointing aspects of the topology of euclidean spaces is the 
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failure of the analogue of the Schoenflies extension theorem in the 3-sphere. 
According to this theorem, if M is an in and A is one of the domains com- 
plementary to M, then A is a closed 2-cell and A is a 2-cell. However, as was 
shown by a well-known example of Alexander [c] in 1924^if M is an in 
and A is one of the domains complementary to M, then A is not necessarily a 
closed 3-cell nor A a 3-celL However, in terms of our generalized concepts we 
can prove: 

9.1 Theorem. If S is a spherelike n-gcm and M is a spherelike (n — 1)- 
gcm in Sj then jS — M the union of two disjoint generalized n-cells ^ — 
1, 2; moreover j A^ = A* VJ M fs a generalized dosed n-celL 

Proof. By Theorem 3.1, S — M is the union of two disjoint domains Ai , 
A 2 that have M as common boundary. That the compact homology groups of 
these domains of dimension < n reduce to the identity follows from Theorem 
Vin^6.4. By Lemma 8.1, if is the fundamental cycle of M, then ^ 0 
on A, , i = 1, 2, and it follows from Theory VII 2.22 and Corollary VII 2.21 
that oo 0 on a proper closed subset of A,- ; thus A » is an orientable n-gm. 
Consequently A, is a generalized n-cell. ___ 

Henceforth denote either of the sets A* by A. We shall show that A is a 
generalized closed n-cell. It is necessary only to show that pXA, x) = 0 for 
r S n and x ^ M, since the other properties of Definition IX 7.10 have already 
teen established above. By Theorem 3.2, A is ulc'‘“\ and by Theorem 5.8, 
A is lc”~^ Hence by Lemma 5.18, A is completely r-avoidable at all points 
for r < n — 1. It follows immediately from Lemma IX 3.3 that Pr{A, x) ^ 0 
for r g n •— 1. _ 

Suppose X E: M such that Pn(A^ x) > ^ Then there exists an open set P 
containing x such that p^'ix; P r\ A, R r\ A) > 0 for all open sets R such that 
X E: R G P» Let Q, R be open sets such that x G R C Q C P and such that 
all (n — l)-cycles of F{Q) bound in S — R (Corollary IX 2.2). Using only n- 
dimensional coverings, let y" be a cycle mod ^ — P on A. The portion of y"" 
in Q has boundary dy"" on F{Q) and dy"" ^ 0 in S — R, so that by Lemma VII 1.6 
there exists a cycle Z” on S such that 7” ^ Z"" mod /S — P. But on n-dimen- 
sional coverings becomes identity, so that 7” = Z"" mod S — R^ However, 
Z"" is on a closed proper subset of /S, since there are points of /S — A in P, and 
consequent Z"" 0 on S. It follows thatjy” = 0 mod S — R, and a fortiori 

7" ^ 0 on A mod S — R. Thus p^(x; P r\ A, R r\ A) = 0m contradiction of 
the manner in which P was chosen. 

As a sort of converse theorem, we can state the following: 

9.2 Theorem. Let S be a space which is the union of two generalized closed 
n-cells C, = KGI A^ ji = 1, 2, where K and A i satisfy the conditions stated relative 
to K and A in Definition IX 7.10, and such that Ai H A2 = 0. Then S is a 
spherelike n-gcm. 


Proof. Condition A of the definition of n-gm is satisfied, since dim S n. 
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(See, for instance, E. Cech [c].) So we first prove condition B of the definition 
of n-gax. Evidently this needs to be done only for x E: K. Let U be an open 
set containing x, and let r be an integer such that 0 < r < n (the case r = 0 
is handled by use of Corollary VI 6.12). Since , a;) = 0 and Pr-.i(K, x) — 0 
there exist open sets P, Q, R and W such that XEWC.RC.QC.PC.U, 
such that Pr-i(x; K r\ P, K r\ Q) = 0, Prix; Ci r\ Q, Ci r\ R) = 0, and 
Pr(x; C 2 r\ R, C 2 W) = 0. Consider any cycle mod S — P on S. If 
Z' is on either set C. , then it is homologous to zero mod ;S — IE. Otherwise, 
let Z[ denote the portion of in H P; then Z\ is a cycle mod {S — P)\J C 2 
whose boundary is a cycle on K \J F{P). And since is a cycle mod 
8 — P, there exists, by the choice of Q, a cycle y' mod 8 — Q on K such that 
dy' ~ 7’'“* mod 8 — Q on K. Since = -y’’”' mod 8 — Q, we therefore have 

(9.2a) d{Zl -y') ^0 mod 8 - Q on K. 

Hence there exists a cycle r( mod 8 — Q on Ci r\ Q such that r( ~ ZJ — y' 
on Cl mod (8 — Q)'U L, where L is the carrier of the homology (9.2a) on Kr\Q. 
Now r( ~ 0 mod 8 — R on Cl , because of the way in which R was selected, 
and therefore we have 

(9.2b) Zl - y' ~ 0 mod (8 - R) \J L onCi. 

Since y’' is on K and L Q K, relation (9.2b) implies that Z( ~ 0 mod 
(8 — R) yj C 2 , and it follows that Z'' ~ 0 mod (8 — R) KJ C 2 - Hence by 
Lemma VII 1.9, there exists a cycle T’' mod (;S — R) on (8 ~ R) \J C 2 such 
that Z' r' mod 8 — R. By the choice of IE, T’’ ~ 0 mod 8 — W on C 2 , 
and therefore Z' ^ 0 mod 8 — W. We can therefore conclude that Pt{8, x) — 0 
for r < n. 

Turning to the case r = n, let x again be a point of K and U an arbitrary 
open set containing x. On C. there exists by Lemma VII 1.4 a cycle Zt mod 
K such that dZ"i ^ T”"’ on K, i = 1, 2. Hence by Lemma VII 1.6, there exists 
a cycle T" on 8 such that T" ~ Z" + ZJ mod K. If for some open set V such 
that X E V C U, r” ~ 0 mod S — E, then, since dim 8 = n, we may assume 
r” = 0 mod /S — E. But this implies that Zi = 0 mod (8 — V) C 2 , which 
in turn implies that r""* 0 on Ci — E, contradicting the fact that Ci is an 

irreducible membrane relative to r””'. Thus we conclude that p„(8, a;) ^ 1. 

Now since p„(Ci , x) = 0 and p„^i(K, x) = 1, there exist in U open sets 
P, Q, R and IE such that xEWEREQEPEU and such that 
p„.i{x-, K P, K r\ Q) = p^{x; Cl n Q, Ci r\ R) = 0, p„(a;; C 2 r\ R, 

C 2 r\ W) = 0. Suppose that rj and TJ are cycles of 8 mod 8 — P. The 
portions of these cycles in A.i Pi P, which we shall denote by yj and yl , re- 
spectively, have cycles yi~^ and yT^ mod 8 — P on K, respectively, as bound- 
aries mod 8 ~ P. Because of the choice of Q, there exists a homology ayj”^ + 
byT^ ~ 0 mod 8 — Q on_K. But then there exists by Lemma VII 1.7 a cycle 
Z” mo^)S — Q on Cl r\ Q such that Z" ~ aT” + ferj mod (8 — Q) VJ C 2 on 
Cl r\ Q. And because of the choice of P, Z” ~ 0 mod 8 — R on Ci . This 
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implies that aTi + = 0 mod (/S — i2) VJ on Ci . However, this in turn 

implies that aTi + 6r2 is a cycle mod S — J? on C2 ; and hence == 0 on (72 mod 
S — W, A fortiori, aVt + ferj 0 mod /S — IF. We conclude that pn(S^ x) = 1 . 

Now suppose that S has a proper closed subset F that carries an n-cycle 
7” oc/ 0 on S. By Lemma VII 2.6 we may assume F to be the unique minimal 
carrier of 7’". Evidently F Kj since dim K = n — 1. Suppose F r\ Ai 9^ 0, 
but E 3) . Then the portion of 7" in A i is a cycle 7? mod K. If ^7^ 00 0 

on Kj then ^ cdji on c 9^ 0, where is the fundamental cycle of 
iT, and consequently 0 on the closed proper subset F r\ Ci oi Ci , This 

is impossible since (7i is an irreducible membrane relative to F^'^h Hence 
dyi ^ 0 on if. Then by Lemma VII 1.6, there exists a cycle Z"" on Ci such 
that ji ^ mod if. As S is n-dimensional, we may assume yl ^ 2 r mod 
if, so that Z"" is a cycle on (F A Ai) U if. Let x ^ F r\ Ai ^ and P and Q 
open sets such that a; G Q C P C Ai , and Pn(x; Q) = 1. Then with Z^ 
such that dZ^ = as above, there must exist a homology aZl + bZ"" ^ 0 
mod S — Q, Neither a nor b can be zero, since 6 = 0 would imply Ci not an 
irreducible membrane relative to F'^^^ and a = 0 would imply F not an irre- 
ducible carrier of 7”. Then Zl = cZ*' mod S — Qj and the boundary of the 
portion of 2^; in Q is a cycle on F(Q) equal to cdZl , where Zl is the portion of 
Z”’ in Q. But as cdZl ^ 0 on P A (7i , this implies that F""”^ 0 on (7i — Q, 

contradicting the fact that (7i is an irreducible membrane relative to F’^'h 

If P A A2 7^ 0, and P 3) A2 , a contradiction again results as above. This 
leaves the case where P D Ai and P A A2 == 0, say. But if a; G if ; there 
exist open sets P and Q such that pn{x; Ci A P, (7i A Q) =0 since PniCi , :r) = 0 
by definition, and 7” 0 on Ci mod Ci — Q, implying that P is not an irre- 

ducible carrier of 7"". In any case, then, the assumption that a closed proper 
subset of S carries a nonbounding n-cycle leads to contradiction, and condition 
D of the definition of n-gcm in Chapter VIII is satisfied. Tliat p^{S) > 0 
was proved above, and that p^(S) = 1 follows from Theorem VIH 3.1. Hence 
>S is an orientable n-gcm. 

To conclude the proof that is a spherelike n-gcm, it remains to show that 
p*’(/S) = 0 if r < n. From the fact that if is spherelike, it follows that any 
cycle 7’’ of S is homologous to the sum of two cycles 7I and yl carried by Ci 
and C2 , respectively. The sets Ai and A^ are ulc''"’^ (see ^e Remark preceding 
Theorem 3.2). Hence by Theorem 5.12, K{A,) == Hl{A,) for r < n — 1, 
i =_1, 2. Since each A*- is a generalized n-cell, K(A^) = 0 for r g n — 1. Hence 
Hl{Ai) = 0 and each cycle 7^ bounds on (7,* , f = 1, 2. This concludes the proof. 

9.3 CoROLLAEY. IfKKJAisa generalized closed n-cell, where K and A are 
as in Definition 7.10, then the generalized n-cell A is a subset of K\J A, 

Proof. It is only necessary to notice that if U A can be imbedded in a 
compact space S which is the union of two generalized closed n-cells C» = 
K U Ai , i = 1, 2, satisfying the conditions of Theorem 9.2 and where each 
set A. is homeomorphic with the A of the hypothesis of the theorem. 
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9.4 CoROLLAEY. With K \J A as above, the augmented homology groups of 
K\J A all reduce to the identity. 

Remark. The reader will note here that since, by Theorem IX 2.3, the 
separable case of the orientable 2-gcm reduces to the classical 2-manifold, it 
follows from Theorem 9.2 that the separable case of the generalized closed 
2-cell reduces to the ordinary closed 2-cell — ^a fact already proved independently 
in Chapter IX, §7. 

9.5 We cited "above the example of Alexander [c] of an S^, M, in such 
that one of the domains, A, complementary to M is imt a 3-cell. (The domain 
A has an infinite fundamental group.) _EvMently A is a generali^d 3-ceU. 
Suppose S is a space formed of two sets Ax , A^ homeomorphic with A, having 
in common the sets corresponding M, Moreover, suppose that there is a 
homeomorphism h between Ax and A 2 such that if Mx C Ax , M 2 G are 
the sets corresponding to M and x G Mx , then h{x) = x. By Theorem 9.2, 

is a spherelike 3-gcm. It would be interesting to know whether S is an 
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CHAPTER XI 


LC" SUBSETS OF AN n~GM 

In the last chapter we studied the positional properties of a A-gcm imbedded 
in an n-gcm, k < n. The A-gcm is a very special type of Ic^ set. In the present 
chapter we consider the general Ic* subsets of a generalized manifold. We 
make connection here with the work of Schoenflies on locally connected subsets 
of the plane, as well as with later investigations of the set-theoretic properties 
of the plane (R. L. Moore, G. T, Whyburn, C. Kuratowski, etc.). We recall 
that Schoenflies characterized the Peano continua in by means of the diameters 
and accessibility properties of the complementary domains; similar work was 
done by Whyburn (see Theorems IV 7.7, IV 7.8). Moore used the S property 
to accomplish similar results (see Corollary IV 6.4, Theorem IV 6.12). It is 
our intention to fit these and like results into their proper places in the topology 
of generalized manifolds. 

As in the last chapter, we shall generally use the orientable n-gcm as the 
scene of operations. However, as before, it is evident that in many cases the 
orientable ^-gm could be used if suitable hypotheses are made regarding com- 
pactness or local compactness of the set under consideration. Here again the 
situation is like that regarding and W — ^the former has the advantage of 
symmetry, whereas use of the latter frequently necessitates boundedness as- 
sumptions. This is not to gainsay the fact that we leave certain problems open 
regarding the type of imbedding space which may be employed. But as we 
have stated in the Preface, our purpose is only to lay the groundwork as to 
materials and methods, rather than to write a complete theory. 

Frequently we wish to impose simple connectedness in certain dimensions, as 
we did in the theorems of the last chapter. The symbol defined below is very 
convenient for this purpose: 

Definition. By the symbol ilC., we shall denote an orientable n-gcm S 
such that pX^) = 0 for all i such that r g g (Thus ATI.n-i means sphere- 
like n-gcm.) 

1. Duality of the S properties. We shall commence with an important duality 
relation between the S properties of a set and those of its complement. 

1.1 Theokem. 1/ M is a closed subset of an Mr,r +2 > S, where r < n — 1, 
then a necessary and sufficient condition that M have pro'perty Sr reh hounding 
cycles is that S — M have property Sn-r -2 re?, hounding cycles. 

(The sufficiency holds in an Mr.r+i and the necessity in an Afr+i,r +2 ; how- 
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ever, if r = n — 2, the necessity requires only . These requirements 

are due solely to the use of Theorem VIII 6.4 in the proof.) 

Pkoof of sufficiency. By Theorems VII 8.2 and VII 8.6 it is sufficient to 
prove the closed subsets of M almost locally r-avoidable rel. bounding cycles. 
Suppose that M has a closed subset, if, and open subset, ?7, containing if, 
such that no matter what the open subsets V and TV of Af, if C TV C V C 
there exist infinitely many r-cycles of M on F(V) that bound in M and _are 
lirh onM — W. Let Pi , Pa and P3 be open subsets of S such that ?7 D ilf Pi , 
andPiSP^SPsDif. Let MH Pi = F, ilf n Pa = F', and M H P3 = TF. 
Then on P(F) there exist infinitely many r-cycles of M that bound in M and 
are lirh on ilf — TF. By Corollary VI 3^, these cycles can be grouped in finite 
linear combinations that bound in /S — Pa , and such linear^ combinations form 
an infinite set of r-cycles that bound in M and in >S — P3 , and are lirh on 
ilf — TF. Let G denote the group of all r-cycles of M that lie on P(F), bound 
in M, and bound in >8 — Pa . Then, as just shown, there exist infinitely many 
cycles of G that are lirh on Af — TF. 

By Theorem VIII 8.8, there exists a fundamental system of cycles y\ , i — 1, 
2, • • • , of (r rel. homologies on M — TF, and a system of compact cycles 
pn-r-i Qf ^ _ 0^ __ every finite linear combination of cycles of 

is linked with a cycle of the system {7^}, etc. The portion of each 
cycle PF^’^ in >S — P3 is a cycle PF’^”^ niod f(Pz). Denote ^PF’’"^ by 
then is a cycle on PCPs). By Theorem VII 7.10, there exists an integer 

m such that every m of the (n — r — 2)-cycles of S — M that lie on compact 
subsets of PCPs) and bound in S — M are lirh in Pa H (>S “ ilf). Hence there 
exists a homology 

(1.1a) X ^0 in Pa - Af. 

x-l 

Let P be a compact subset of Pa ~ Af carrying the homology (Lla), and let 
P be a closed subset of P — (AT — TF) carrying the cycle c^PF'^^^ Let 
A denote the union of E and the closure of the set P H (S — P3), and B denote 
the union of E and the set P H P3 . Then by Lemma VII 1.14, there exist 
cycles and 2^”’*”^ on A and P, respectively, such that ^ 

£r«i cTF"^"^ on A W P. It is to be noted that A C P — Af and P C P — 
(Af -- TF). 

Without loss of generality we may assume P 7^ 0. Then 
is linked with yl . However, let Zt+i , j = 1 , 2, denote a cocycle derived from 
a corealization such that Zl+i is a compact cocycle of P — Af and 

Zl^i a compact cocycle of P — Af — TF in P2 . Let Cl be a chain (on some 
fcos of P) whose coboundary is Zl+i . Since Zl+i is in the same cohomology 
class of P — (Af “ TF) as the cocycle associated with c^PF'^”^ in the 
establishing of the dual systems yl , pF"^”^ (see VIII 7.6), the number 
Cl-yl == 1. However, Cl-yl = 0 since Cl is a cocycle mod P — Af and 71 0 

on Af, and C^7^ — 0 since Cl is a cocycle mod P2 and 7^ ^ 0 on P — P2 . 
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Thus the assumption that the closed subsets of M are not almost locally r- 
avoidable rel. bounding cycles leads to contradiction. 

Pkoof of necessity. Let P and Q be open sets such that P S Q. We 
shall show that at most a finite number of the bounding (n — r ~ 2)-cycles 
of jS — ikf in Q are lirh in P Pi (>S — M)j from which it will follow, by Theorem 
VII 7.9, that S — M has property Sn^r -2 rel. bounding cycles. Suppose this 
not to be the case. Let Pi and P2 be open sets such that P 3 Pi 3 P2 3 Q. 
Since S is only finitely many of the (n r -- 2)-cycles of S that lie 

in Q are lirh in P^ . Consequently, if H denotes the group of all compact 
(n — r -- 2)-cycles oi Q r\ (S — M) each of which bounds in S — ilf as well 
as in P2 , then infinitely many cycles of H are lirh in P P (>8 — M). 

By Theorem VIII 8.^, there exists a set of cycles of H lirh rel. 

homologies in P P — M) and a system {7^^ of cycles oi S — P r\ {S — M) 
such that the linking properties asserted by that theorem hold. The portion 
of each cycle 7^^ in Pi is a cycle 7^^^ mod P(Pi) on ikT, whose boundary is 
a cycle of Af P P(Pi). Since the closed subsets of M are almost locally r- 
avoidable rel. bounding cycles of M, there exists by Theorem VII 7.10 a homology 

(1.1b) 1; c'a7:r ^0 on M ~ P2 . 

Let C be a closed subset of M — P2 carrying the homology (1.1b), and F a 
closed subset of >8 — P P (S — M) carrying the cycle Lot A 

denote the union of C and the closure of the set P P Pi , and B the union of 
C and the set P P (/8 — Pi). Then by Lemma VII 1.14, there exist cycles 
Zl’^^ and Zl^^ on A and P, respectively, such that + Zl'^^ ^ 
on A VJ P. Note that A Q M and P C — P2 . 

Suppose c\ for instance, 5*^ 0 . Then + Z\^^ is linked with ZT^'^> But 
as a cycle of the group PT, ^OinP — ikfC/S^A, and ^ 0 

in P2 C P — P; and it follows by an argument similar to that used above that 
a contradiction results. This completes the proof. 

1.2 CoEOLLARY. In order that a subcontinuum M of an Ml, 2 (if n = 2, 
then an is sufficient), should be 0-Zc, it is necessary and sufficient that its 
complement have property S„.-2 rel. bounding cycles. 

Proof of Sufficiency. Since M is a continuum, all its 0-cycles bound. 
Consequently by Theorem 1.1, il4f has property So , and by Theorem VII 7.13 
is 0-lc. 

For the necessity, we may use Theorem VII 7.17 (with n = 0) and Theorem 

1 . 1 . 

For our present purposes, we need the following relation between property 
Sr rel. bounding cycles, and property Sr : 


1.3 Theorem. In order that a set M in a compact space should have property 
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Sr , it is necessary and sufficient that p'iM) be finite^ and M have 'property Sr rel. 
hounding cycles. 

Proof. The necessity is obvious. 

For the sufficiency, let F be any closed set and P any open set containing F. 
Let p^{M) = m — 1, where m is a positive integer. Since M has property 
Sr rel. bounding cycles, there exists by Theorem VII 7.10 a positive integer k 
such that every k compact r-cycles oiM r\F that bound in M satisfy a homology 
mM r\ P. 

We assert that every mk r-cycles oi M r\ F satisfy a homology in ilf H P. 
For let , i — 1, • • , mk, be cycles oi M r\ F. Since p'iM) = m — 1, there 
exist homologies 

mt 

(1.3a) y: = Y, -r 0 on ilf ; t = 1, ■ ■ ■ , k. 

a»mC< — 1) +1 

Since each of the cycles yl is a bounding cycle of M on F, there exists a homology 

k 

(1.3b) iniIfnP. 

Combination of the homologies (1.3a) and (1.3b) gives the desired homology 
relating the cycles Z'-inM r\ P, Hence M has property Sr by Theorem VII 7. 10. 

Now with regard to a closed subset of a manifold and its complement, we 
can state the following duality: 

1.4 Theorem. If M is a closed subset of an il^r.r +2 , S, where r < n — 1, 

then a necessary and sufficient condition that M have property Sr is that S -- M 
have property S„-r -2 ^eL hounding cycles and finite — ilf). 

Proof. As for the necessity, if M has property Sr , then by Theorem 1.3, 
M has property Sr rel. bounding cycles and finite p'iM). Hence by Theorem 
VIII 6.4, ^''“’'“^(5 — M) is finite, and by Theorem 1,1, S -- M has property 
S„-,r -2 rel. bounding cycles. The proof of the sufficiency is an obvious converse 
argument. 

Another form of the duality between the S-properties is embodied in the 
following theorem: 

1.5 Theorem. In order that a closed subset M of an lfr.r +2 , should have 

property Sr and finite p^'*'^(ilf), it is necessary and sufficient that S -- M have 
property Sn-r -2 and finite -- M). 

Proof. By Theorem 1.4, for M to have property Sr is equivalent io S — M 
having property S»-r -2 rel. bounding cycles and finite — ilf). If in 

addition M has finite p'“^^(Af), then by Theorem VIII 6.4, the number 
^n-r- 2 (^ — M) is finite and by Theorem 1.3, S -- M has property Sn-r -2 . 

^Unless otherwise stated, p'^iM) hereafter denotes the dimension of h^(M) ; or what amounts 
to the same thing, the maximum number of cycles on compact subsets of M that are lirh on 
compact subsets of ikf. 
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One may also state: 

L6 Theorem. With M and S as in 1.5, but such that p\M) and 
are finite, then a necessary and sufficient condition that M have property Sr is that 
S — M have property S„_r -2 • 

In connection with the number g(K; G") defined in VII 8.7, we may also state, 
in view of Theorem VII 8.9 and the theorems above: 

1.7 Theorem. If M is a closed subset of an ilfr,r+2 , S, then for g(K; 5’’) 
to be ^ 02 for all closed subsets K of M {where J5’' denotes the group of all bounding 
r-cycles of M), it is necessary and sufficient that S — M have property S„-r -2 'f'sl. 
bounding cycles. And if p^'iM) is finite, then for S — M to have property S„-r -2 
rel. bounding cycles is equivalent to g{K; ZO ^ 02 {where Z'" is the group of r-cycles 
ofM). 

2. Duality between Ic and S properties. In Corollary 1.2 above, we have 
already established a duality between the 0-lc property for a subcontinuum 
of an n-gem. and property S „-2 bounding cycles of its complement. We 
shall now give further dualities between local connectedness properties of a 
closed subset of a manifold and the S properties of its complement. 

2.1 Theorem. In order that a closed subset M of an Mi,r +2 , S, should be 
lc\ where r is a fixed integer such that 0 ^ r ^ n -- 2, it is necessary and sufficient 
that S — M should have property Snl ?^2 bounding cycles and that p\S — M) 
be finite for s = n — r — 1, 

Proof. By Theorem VII 7.17, the Ic*' property of M is equivalent to the 
So property of M. And by Theorem 1.4, property SJ of M is equivalent to 
property S”I ^_2 oi S -- M rel. bounding cycles and finite p\S — M) for s = 
n — r — 1, • • ' ,n — 1. 

Another form of this duality may be obtained by means of the following lemma: 

2.2 Lemma. If U is an open subset of an Mi,i , S, than a necessary and 

sufficient condition that U have property S„_i is that be finite; or, what is 

equivalent, thatp^{S U) be finite. 

Proof. The necessity is obvious. To prove the sufficiency, it suffices, by 
Theorem 1.3, to show that U has property Sn-i rel. bounding cycles. Let 
P 3 Q be open subsets of S and let G denote the group of all compact {n — I)-* 
cycles of S that lie in U Q and bound in U. As S is lc''“\ there exists an 
integer m such that every m cycles of G satisfy a homology in P. But consider 
a cycle Z”“^ on a compact subset M of U C) Q which is homologous to zero on 
a compact subset A of !7 and on a compact subset B of P. We may assume 
A and B to be minimal relative to containing M and carrying such a homology 
(Lemma VII 2.8). If A = B, then Z””^ 0 in 17 Pi P. If A 9 ^ B, then it follows 

from Theorem VII 2.19 that A KJ B 8 and hence A D 8 — P. But then 
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U Z) S P and hence S — U (Z P- Ifjthis case occurs, then, let V be an 
open set such that P □) 7 D (/S — C/) VJ Q. Then every cycle bounding 
in U that fails to bound in C7 Pi P is homologous on F to a cycle 7"""^ on P(F), 
and as F(V) is a closed subset of the open set P — (S — U), only a finite number 
of such cycles 7"""^ are lirh in P — (S — ?7) = C7 P P (Corollary VI 3.8). Then 
only a finite number of the corresponding cycles are lirh in t/ P P. 

2.3 Theorem. In order that a closed subset M of an Mi^r +2 , S, should he 
IcZ 0 ^ r ^ n — 2, it is necessary and sufficient that its complement have property 
S^Ir-i , as well as property S„-.r-2 Tel hounding cycles. 

Remark. The restriction r ^ n — 2 may be removed by the following 
considerations: Suppose that a closed subset M of an n-gcm has finite 
Then by Corollary V 19.5, M is semi-(?z — l)-connected. If a: G M, let P be 
an open subset of S containing x such that (S — Af) P (S — P) 5^ 0 and 
such that every cycle of Af P P bounds on M, Let Q be an open set such 
that X Ei Q C. P and (n — l)-cycles of Q bound in P. Then using Theorem 
VII 2.19 it may be shown that every such Z""^^ of Af P Q bounds in Af P P. 
Thus we have: 

2.4 Lemma. If M is a closed subset of an n-gcm such that p^~^{M) is finite j 
then M is (n — 1)-Zc. 

Now with Af as above, suppose S — M has property Sr^ Then we can 
state that >S — Af has property and property So rel. bounding cycles, 
which, by Theorem 2.3, is equivalent to the lc”~^ property of Af. But in addi- 
tion p^(S — Af) is finite, so that p'‘“^(Af) is finite, and hence by the above 
lemma, Af is (n — l)-lc. Conversely, we need only recall that if AT is lc”“\ 
then p”''^(Af) is finite and hence p^(S — Af) is finite. Consequently we can 
state: 

2.5 Theorem. In order that a closed subset M of a spherelike n-gcm S should 
he it is necessary and sufficient that its complement have property 

In case Af is a continuum, one can state: 

2.6 Theorem. If M is a subcontinuum of an Mx^r +2 , S, then a necessary 
and sufficient condition that Af he lc% 0 S t ^ n — 2, is that >S — Af have property 
Snir-i cmd property S„-r-.2 Tel, bounding cycles. 

(We make the convention that property B\ for i > j imposes no condition on 
the set in question; thus for r = 0, property Snir-i may be ignored.) 

And of importance are the special cases embodied in the following corollaries: 

2.7 Corollary. If Af is a subcontinuum of a spherelike n-gcm S, then a 
necessary and sufficient condition that AT be ld^~^ is that S — M have property 

and property So rel, bounding cycles. 
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2.8 ConoLiiARY. In order that a subcontinuum of an M \,2 ? Sj should be 
Q-hj it is necessary and sufficient that its complement have property Sn -2 bounding 
cycles. 

The case n = 2 of Corollary 2.7 implies: 

2.9 Corollary. In order that a subcontinuum M of the 2-sphere should be 
peanian, it is necessary and sufficient that S — M have property So rel, bounding 
cycles. 

Let us investigate the nature of an open set that has property So rel. bounding 
cycles. First we show: 

2.10 Lemma. If S is an Ic space (hence, in the case of a locally compact 
space, 0-lc), U an open subset of S, and C a union of components of U, and y'‘ a 
compact cycle of C which bounds in U, then Y bounds in C. 

Prooe. Let F be a compact subset of U carrying the homology y*" ^ 0. 
Then F F^\J where F, = F r\ C, F^ = F r\ (U - C). By Corollary 
II 3.2, C and U -- C are open sets. Hence neither Fi nor F 2 contains a limit 
point of the other, and as F is closed, Fi and Fa are disjoint closed sets. 

Let ® be a covering of Sy of which no element meets both Fi and Fa , and 
let S' denote the complete family consisting of refinements of (S, If U G 2', 
then there exists on F such that - rCU), Now = 

+ Cr'(U), where Cr'(U) is on F, , i == 1, 2. And dC^-^Wi) - 
dCr^U) + dCr'(U) - t'(U). Since 7 '(U) is on F^ , and dCl^\U) is on Fa , 
dCYWi) - 0. It follows that dCl^\V0 = rXU) where Cl^\]X) is on Fi . 
Hence y"" ^ 0 in C. 

2.11 Lemma. If S is an lo spaccy U an open subset of S, and C a component 
of Uy and U has property Sr rel. a group G'y then C has property Sr rel, G\ 

Proof. Let P ^ Q he open subsets of S. Then by Theorem VII 7.9, at 
most a finite number of cycles of in !7 H Q are lirh in U r\ P. A fortiori, 
at most a finite number of cycles of G** in (7 H Q are lirh in U r\ P. Let Zl , 
* • • yZlhe a base of cycles of G"" in G O Q rel. homologies in G Pi P, and consider 
any Z’’ G G"" in C Pi Q, Then there exists a homology 

(2.11a) Z^ eZ\ inUnP, 

t-i 

Now C P P is a union of components of G P P; for if a; G G P P, the com- 
ponent of G P P determined by x, as a connected subset of G, is a subset of 
a single component of G, hence a subset of G. It follows from Lemma 2.10 
that the homology (2.11a) also holds in G P P. Hence some subset of the 
set of cycles Z\ forms a base for cycles of G P Q rel. homologies in G P P. It 
follows that G has property Sr rel. G\ 

2.12 Lemma. In order that an open subset U of an Ic compact space S should 
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have property So rel. hounding cycles, it is necessary and sufficient that the com- 
ponents of U have property So , and that for arbitrary covering ® of S, at most a 
finite number of components of U are of diameter > ®. 

Proof of necessity. The components of XJ have property So rel. bounding 
cycles by Lemma 2.11, and as every 0-cycle of a component boimds in that 
component, each component must have property So . Consider a finite covering 
@ of S, and suppose Ci , Co , ■ • • , , • • • an infinite sequence of components 

of U all of diameter > @. Let U and ® be fcos of S such that U » 25 >* (S. 
Then each (7„ meets two elements of U that have disjoint closures, and since 
U is finite, we may assume the situation where every C„ meets both Px , G U 
such that Pi r\ Qi = 0. Let P, Q be open subsets of S such that Pj C P, 
6 i C Q, P Q = 0. Since Pi W C P U Q, and U has property So rel. 
bounding cycles, at most a finite number of bounding 0-cycles of 17 in Pi W Qi 
are lirh in P H (P W Q). But if G Cn H Pi , and y, G C„ H Qi , and 
is a nontrivial 0-cycle on x„\J y„ , then 2^ is a bounding cycle of U. However, 
the cycles Zl are lirh in U r\ (P (j Q). 

Proof of sufficiency. Let P 3 Q be open subsets of S. Since S is com- 
pact, there exists an open set R such that S — Q’ 2 >RDS — P. Let @ denote 
the covering of S consisting of the sets P and R. By hypothesis, at most a 
finite number of components of U are of diameter > @. Let U' be the union 
of those components of U that meet Q. Then U' — (\Ji-i Uf) U 17,), 
where the k sets C/,- are those components of U that fail to lie in P — ^finite in 
number because of the condition placed on the diameters of the components 
of U. 

Consider a cycle 7“ in 17 H Q with compact carrier F, such that 7® 0 in 17. 

Then F = (Oy-i P.(,-)) (W”-! Pko), where F„ = F r\ Uy. , these sets 

being finite in number by Corollary IV 3.4. Since 7® ~ 0 in 17, 7® ~ 0 in 
(SJU ^ (Ur-i ^vu)) by Lemma 2,10. Moreover, if the portioa of 
7® in Uf, is denoted by 7^ , then7?(,) ^ 0 in and 7®(,) 0 in • Thus, 

every compact 0-cycle in U r\ Q that bounds in U is the sum of a finite set of 
compact cycles that bound in the components of U', Of these, the cycles in 
u Uy bound in n P. Now each Ui has property So , hence at most a finite 
number, nii , of 0-cycles of Ui r\ Q are lirh in U 4 H P. Hence at most 
of the 0-cycles of U r\ Q that bound in U are lirh in (7 H P, and we conclude 
that U has property So reL bounding cycles, 

2.13 Remark. It is interesting to note that the combination of Theorem 
2.6 (for r = 0) and Lemma 2.12 gives the exact form of the Schoenflies-Moore 
theorem (Theorem IV 7.7) without assuming any metric: In order that a sub-- 
continuum M of a spherelike 2 -gcm S should be 0-Zc, it is necessary and sufficient 
that each domain of S — M have property So and that for arbitrary fcos (S of S, 
not more than a finite number of such domains are of diameter > 

Now in a compact metric space every collection of disjoint open sets is 
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countable. The question arises, does this hold in the general compact spaces 
with which we are dealing?^ This question is answered by the next theorem: 

2.14 Theorem. Let Shea perfectly normal, compact space, and ‘p a collection 
of disjoint open subsets Py of S, Then "ip is countable. 

Proof. The set P — Up. is open, hence S — P is closed. If S — P is 
empty, then, since S is compact, a finite number of the sets Py covers S and 
^ is a finite collection. Hence we assume that — P 5 ^ 0. Since S is per- 
fectly normal, there exists a sequence of open sets Ui , ••• , Uj, , ••• such that 
for each k, Uk D Uk+i and n = -s - p. 

The collection consisting of Uk and the elements of ^ covers S, hence 
there exists a unique finite subcollection of consisting of Uk and a finite 
number of the sets Py which we denote by P^d) , • • • , Py(k) , covering S, where 
each P„(i) , i == 1, • • • , k, contains a point not in Uk . Nowfor each Py there 
exists a k such that Py G • Hence the sequence P^c^ , ^ — 1, 2, 3, * • • , 
contains all elements of 

For the noncompact spaces the following theorem holds: 

2.15 Theorem. If S is a perfectly normal space, and ^ is a collection of 
disjoiift open sets Py of S such that if @ is an arbitrary covering of S, then at most a 
finite number of elements of ^ are of diameter > (B, then the collection ^ is countable. 

Proof. Let U = Up. and F = S — U. Then U is open and F is closed, 
and since S is perfectly normal, there exists a sequence of open sets Ui , • * • , 
Un y * * • such that F -r\u„. 

_ For each p and let = Py -- Un ._Then is a closed set, because 
Py — Py <Z F C. Un and hence Py -- U^ Py — U^ . Since S is normal, there 
exists an open set Qyn such that Py 3 Qy,, D Fyr , . 

For each n, the set Un , together with all sets Qy^ , constitutes a covering 
(in of S by open sets. By hypothesis, at most a finite number of the sets P, 
are of diameter >(S„ — denote these by P^^cd , • • • , P„(„) . But no Py is covered 
by a Qyn ; hence Pyu) , • • • , P^n) are the only elements of ^ not contained in Z7„ . 

However, for each Py , there exists an integer n such that Un fails to contain 
Py . Thus enumeration of the collections Pvn) , • * * j Py[n) will also enumerate 
all elements Py , and ^ is therefore countable. 

As a corollary of the above theorems we now have: 

2.16 Corollary, If an open subset U of a perfectly normal, Ic, compact 
space S has property So reL bounding cycles, then the components of U have property 
So and are countable in number. 

Remark, Since the components of an open subset of an Ic space are them- 

®That it fails to hold in a space that is not perfectly normal is shown by the collection of all 
second class ordinal numbers, together with the first ordinal of the third class, which is a 
compact space when topologized by means of its open intervals, and contains an uncountable 
set of disjoint open sets. It fails to be perfectly normal only at the third class ordinal. 
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selves open, and the n-gms are Ic spaces, Theorems 2.14 and 2.15 apply thereto.* 
In particular, every open subset of an ?i-gcm consists of a countable set of 
components (a fact already known for the from the Alexander duality). 

More generally, however, it follows from Theorem 2.14 that 

2.17 Theorem. If U is an open subset of a perfectly normal, Ic, compact 
space S, then the components of U are countable in number. 

As a consequence of Corollary 2.7, Lemma 2.12, and Theorem 2.15 and 
Corollary VI 3.2, we have: 

2.18 Theorem. If a subcontinuum M of a spherelike n-gcm S is lc^~^, then 
(1) the domains complementary to M are countable in number, and (2) for every 
fcos ^ of S at most a finite number of these domains are of diameter > and (3) all 
except a finite number of these domains are simply reconnected (see V 19.4) for 
all dimensions r. 

Corollary IV 6.5 (the ^Torhorst theorem^O a special case of the following 
theorem for manifolds: 

2.19 Theorem. If M is an l(f’~^ closed subset of a spherelike n^gcm S, and 
D is a component of 8 -- M, then the boundary of D is 04c, 

Proof. As M is 0-lc, 8 — M has property S„_2 rel. bounding cycles by 
Theorem 2.3; and hence D has_property S„>2 rel. bounding cycles by Lemma 
2.11. Consequently, if 8 — D also had property S«_2 rel. bounding cycles, 
then 8 — F{D) would also. Since M is 0-lc and compact, it has only a finite 
number of components, and by Theorem II 4.13, F{D) has only a finite number 
of components; thus p^''^{8 — F(D)) is finite by Theorem VIII 6.4. It would 
then follow from Theorem 2,1 that F(D) is 0-lc. By the same th^rem, for 
8 — D to have property Sn-2 rel. bounding cycles, it is sufficient that D be 0-lc. 
Hence all w need do is show that D ^0-lc. 

Suppose D is not 0-lc. Then, since jD is a continuum, there exist by Theorem 
IV 2.1 open sefo P and R such that P ^ R, and infinitely many components 
My of D (P — R) that contain points of both F{P) and F{R). Let Pi , 
Pg , Q, Ri and Pa be opei^sets such that P 2) Pi □) Pa 3 Q S Pa S Pi 3 P- 
Since D is jiense in D, there must ex^t infinitely many 0-cycles in 
D n (Pa “ P2) that are lirh in P H (P ~ P). As is 0-lc, at most a finite 
number of such 0-cycles are lirh in_Pi — Pi . Let denote the group of all 
compa^ 0-cycles of D H (Pa P2) that bound in Pi — Pi . Denote D r\ 
(P ~ P) by K, Then by Theorem VIII 8.9, there exists a base {7$} for 
rel. to homologies in K, and a fundamental system cycles of 8 -- K 

such that if ^ in 8 — K, c* ^ 0, then 7”"^ is linked with 

each 7?(,*) , etc. _ _ 

The portion of each 7^^ in P — P is a cycle 7”r^ mod P(P — P), whose 
boundary is in ^ — P. Now >8 — ikf has property rel. bounding cycles, 
and p"{8 — M) is finite for s == 1, - • • , n — 2, by Theorem 2.1. The same 
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holds fqr D (Lemma 2.11). Hence /S — £> is and therefore at most a 
finite nimaber of (ra — 2)-cycles oi 8 — D on FiP — R) are lirh on 8 — D — 
(Pi — Pi). Hence there exists a homology 

(2.19a) f) ~ 0 in 5 - P - (Pi - Pi)/ 

where not all a* are zero. Without loss of generality we may assume 0. 
Then if 7”“^ = ^ the cycles 7? are linked. 

But let be a carrier of 7^^ in /S — iff , and C a carrier of the homology 
(2,19a) in S - D - (P, -Jti). Let A denote C \J [F r\ {P - R)] and B 
denote C U (F A [>S — (P — P)]). Then by Lemma VII 1.14 there exist 
cycles and ZT^ on A and B respectively such that ZT^ + ZT^ ^ 7”"^ on 
AU B C S - K. Thus Zr" + Zr" is linked with 7? . However, 7? 0 

in Px - Pi C B. Alsoyl r^OmD C S - A, [For P C aS ~ P = 

S - Dr\{P -R) implies F n (P - R) C S - D; md C C S - D.] Thus, 
by an argument similar to that used above in the proof of Theorem 1.1, a 
contradiction may be obtained, and we conclude that D is 04c, completing the 
proof of the theorem. 

As interesting corollaries we may state: 

2.20 CoROLLAEY. If M is an continuum in a spherelike n-gcm, and D 
is a domain complementary to ilP, then the boundary of D is a 04c continuum. 

[We recall that in a spherelike n-gcm the Phragmen-Brouwer properties hold.] 

2.21 Corollary. If M is an continuum in the n-sphere then the 
domains complementary to M are bounded by Peano continua. 

2.22 Theorem. Let U be an open subset of a spherelike n-gcm S, such that 
is finite. Then if U has property the boundary of every component 

of U is 0-lc. 

Proof. Let C be a component of U. By Lemma 2.11, C has property 
Sr^ a,nd it follows from Lemma 2.10 that is finite. Then by Theorems 

1.3 and 2.1, >S — C is Ic’*"'^. Consequently, by virtue of Theorem 2.19, the 
boundary of C is 04c. 

2.23 Corollary. If a simply {n — Vj-connected domain D of a spherelike 
n-gcm S has property then the boundary of D is 04c. 

2.24 Corollary. If D is a simply (n — l)-connected domain in the n-sphere 
and D has property Sr^? then the boundary of D is peanian. 

In particular, then, 

2.25 Corollary. If D is a bounded simply 1-connected domain in the euclid- 
ean planCj and D has property S, then the boundary of D is peanian. 

[It will be noted that Corollary 2.25 and Theorem IV 6.3 are identical.] 

®Note that this set lies in /S — P. 
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3. Duality with S properties in terms of cohomology. Up to now, in the 
present chapter, no use has been made, except for purposes of proofs, of the co- 
cycles and their dual relationship to the cycles in the study of properties/’ 
In the present section we shall show how this may be done, and derive certain 
new results. 

We recall that in Chapter VI a property which we called Q)n” was 
introduced (VI 7.1). Since we shall be dealing with locally compact spaces, 
we may replace the H^iS: Q, 0; P, 0) of Definition VI 7.1 by K(S: Q; P), the 
vector space of compact cocycles in Q mod cohomologies in P. We have 
seen (Theorem VII 7.9) that Property Sr is equivalent to what we called ^Prop- 
erty (P, QY” (Definition VII 7.12) in analogy with property (P, . Defini- 

tions of the same concepts relative to some group of cycles should be obvious. 
The notations defined below will be found useful, however. 

3.1 Definition. A subset M of a space S will be said to have property 
(P, Q, if for arbitrary open subsets P and Q of S such that P 3 Q, at most 
a finite number of the bounding compact recycles of M in Q are lirh in M r\ P. 

3.2 Definition. A subset Af of a space S will be said to have property 
(P, Q, '-^)r if for arbitrary open subsets P and Q oi S such that P 3 Q, at most 
a finite number of the cobounding cocycles of Af in Q are lircoh on M in P. 

Remark. In the new terminology. Theorem 1.1 may be restated as follows: 
If M is a closed subset of an Afr,r +2 ? Sj then a necessary and sufficient condition 
that M have property (P, Q, '^Y is that /S — Af have property (P, Q, 

Our next step will be to establish more dualities between Q-properties.” 

3.3 Theorem. In order that a compact space S have property (P, Q, 
it is necessary and sufficient that S have property (P, Q, ^)r . 

Proof. Let P 3 Q be arbitrary open sets._ Let us_select open sets Pi , Qi 
such that P 3 Pi 3 Qi 3 Q, and denote P — Q, Pi — Qi by U, V respectively. 

To prove the necessity, suppose Zl , i ^ 1, 2, 3, • • • , an infinite sequence 
of cocycles in Q that are lircoh in P, but which cobound in S. Since S has 
property (P, Q, ^Y'^y there exists an integer m such that every m bounding 
(r — l)-cycles of S that are on P(Pi) satisfy a homology relation in U. Now 
by Theorem V 18.31 there exist cycles Z] mod S -- P, j = 1, • • • , m, such that 
Zr'Z] == d\ , i, j ^ m. The portion of each Zl in Pi is a cycle 7 i mod P(Pi) 
whose boundary is a cycle on P(Pi) that obviously bounds in S, Hence there 
exists a homology relation 

m 

(3.3a) 23 0 inU, 

*«1 

where not all c* are zero. Because of relation (3.3a), there exists, by Lemma 
VII 1.6, a cycle T’’ of S such that 

r' ~ Z cVi ~ E mod S~Q. 


(3.3b) 
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But suppose 9 ^ 0, for instance. Then Zi • T’* = 5 ^ 0. On the other hand, 

Z\ is a cobounding cocycle of S, and by Theorem V 18.24^ = 0. 

The proof of the sufficiency is similar to the above: The Zl are replaced 
by cycles ZT^ that bound in S but are lirh on P, and the ZJ replaced by co- 
cycles Z^-i mod — P. And we use the portion of each Z'„i on Qi , whose 
coboundary is in V. Relation (3.3a) is replaced by a cohomology in U. 

3.4 Theoeem. Let S be a compact space which has properties (P, Q )_r 
and (P, Q, , md let M he a closed subset of S. Then a necessary and sufficient 
condition for M to have property (P, Q, ^)r is that S — M have property 
(P, Q, . 

(It is interesting to compare the statement of this theorem with that of 
Theorem X 1.4. It is to be noted that by virtue of Theorem VIII 1.1, Theorem 
3.4 applies to an n-gcm.) 

Pkoof of sufficiency. Let P 2) P 3 Q be open subsets of S. Now if Zr 
is a cocycle on M which cobounds on M, then bZr cobounds in S — Af. For 
Zr 0 on Af implies the existence of a chain C^-i on some covering such that 

(3.4a) SCr-i Zr - Ur, 

where Ur is a chain in ~ Af, and applying the operator 5 to relation (3.4a), 
we get bZr = BUr * 

Since S — M has property (P, Q, '-^)r+i , there exists an integer m such 
that every m{r + l)-cocycles of >S — Af that lie in Q H (S — Af) and cobound 
in >S — Af satisfy a cohomology in P H (5^ — Af). Suppose there exist Zl , 

• - • , Z’ , • • - , an infinite sequence of cocycles of M in Q, that cobound on Af. 
Then the cocycles dZl cobound in S — Af , and consequently there exist relations 
6Ci = o.5Zi inP r\(S - M). The chain cX - Ct is 

a cocycle of S in P. Now since S itself has property (P, Q, ^)r , there exists 
an integer k such that every k r-cocycles m P cobound in R, Hence there 
exists a relation 

fc mi 

(3.4b) SLr.t='Ea’ E [cX-Ci] mR. 

is=tn( j — 1) +1 

Since Or is in — iif, relation (3.4b) implies that the cocycles Zt , i = 1, ■ • • , 
mk, satisfy a cohomology on M in R, and we conclude that ilf has property 

:P, Q, -)r . 

Proof of necessity. With R, P and Q as before, suppose Zl+i , i = 1, 2, 3, 

• • , a sequence of codycles in Q H (5 — ilf) that cobound in S — M. Since 
? has property (P, Q, '^),+i , there exist relations 

mi 

3.4c) SCi = D cX^x inP. 

inCi-D+l 

ly hypothesis there exist chains Li in S — M such that 5Li = Zi+i , and hence 
ocycles Cl — c.U = yt . 
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Now the fact that S has property (P, Q, implies that Pr(S) is a finite 
number h — 1, where A is a positive integer. Hence there exist chains Nr-i 
on S such that 

hk 

(3.4d) = E 7^. 

ACJfe-D+l 

The chains Cl are cocycles mod S — M, and relations (3.4d) imply that the 
chains 

hk 

(3.4e) Dl= 'Z a 

hik-^D+l 

constitute cobounding cocycles of M. As these cocycles all lie in P, and M 
has property (P, Q, , there exist relations 

(3.4f) = Z Dl-Hl inP, 

where Hi is in P Pi (S - M). 

Relations (3.4c), (3.4e) and (3.4f) imply that SHl = = 

E ot \"'^hk V"^ s t 'S^^hk rjx 

s(i-l)+l C»-^r + l • 

3.5 Theorem. // TJ is an open subset of an , S, and 1 < r g n, 

then a necessary and sufficient condition that U have property (P, Q, is that 
U have property (P, Q, r>sy'' 

Proof. Let ikf = S — C7. By Theorem 1.1, for U to have property 
(P, Qj implies that M has property (P, Q, This in turn implies, 

by Theorem 3.3, that M has property (P, Q, ; which in turn implies, by 

Theorem 3.4, that U has property (P, Q, '^)r . To summarize, for U to have 
property (P, Q, implies that U has property (P, Q, ^)r • To complete 

the proof we need only show the converse. 

Let P 3 Q be open subsets of S, and suppose that U has property (P, Q, '-^)r • 
Then there exists an integer m such that every m cobounding r-cocycles of U 
that lie in Q satisfy a cohomology in TJ r\ P, Consider cycles 2jT% i = 1, 

• • • , m, in ?7 n Q that bound in U, By Lemma VIII 5.4, there exist cocycles 
ZlinU r\ Q such that Zl ^ ZT"" in TJ r\ Q and Zr 0 in TJ, V being 
the fundamental cycle of S, There exists a relation 8Cr-i = c'^Zl in 

TJ r\ Pj which in turn implies d(Cr^i ^ T”) = (— l)”“’'^^5Cr~i L". Thus 

Er-i c'zT^ ^ c'z: ^ r -- o in n p. 

Now by an argument parallel to that used in the case of Theorem 1.3, we 
may prove: 

3.6 Theorem. A necessary and suffixyient condition that a subset M of a 
compact space S have property (P, Q)r is that p^{M) be finite and M have property 

(P, Q, . 

3.7 Theorem. A necessary and suffikient condition that a compact space S 
have property {PjQ)r ,r ^ 1, is that S have property (P, Q, and finite p^'iS). 
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Proof. For /S to liave property (P, Q)r is equivalent, by Theorem 3.6, to 
S having property (P, Q, and finite By Theorem 3.3, this is equiva- 

lent to S having property (P, Q, and finite p\S), 

3.8 Corollary. If a compact space S is Ic^, then S has property (P, Q)r • 

Proof. By Corollary VI 3.2, p'iS) is finite, and by Corollary VI 3.7, S has 
property (P, Hence by Theorem 3.7, S has property (P, Q)r . 

3.9 Corollary. If a compact space S is Ic" and is finite^ then S 

has property (P, Q)r+i . 

From Theorems 3.7, 1.3 and V 18.18 we have: 

3.10 Theorem. In order that a compact space S should have property {Pj Q)r 

and finite r ^ 1, it is necessary and sufficient that S have property (P, 

and finite p'‘{S). 

It seems advisable at this point to summarize some of the incidental intrinsic 
equivalences that have been established in Chapter VII and in this chapter: 

3.11 Theorem. For a compact space S, the following sets of properties are 
equivalent: 

I. S is Ic^, and p^'^^(S) is finite. 

11. S has property SS , and p^^^{S) is finite. 

III. S has property (P, QY for r = 0, 1, • • • , n and is finite. 

IV. ;S has property (P, Q)r for r = 1, 2, • • • , + 1 and Po{S) is finite. 

V. For all closed subsets K of S, g(K; Z"") ^ co {where Z"* is the group of r- 
cycles of S), r = 0, Ij • • • , ti, and p^'^^(S) is finite. 

Proof. The equivalence of I and II was shown in Theorem VII 7.17; that 
of II and III in Theorem VII 7.9; that of II and V in Theorem VII 8.9; and that 
of III and IV follows from the results just established above. 

3.12 Theorem. In order that a closed subset M of an , aS, should 

have property (P, Q)r , 1 ^ r g ti — 1, is necessary and sufficient that S -- M 
have property (P, 

Proof. By Theorem 3.7, for M to have property (P, Q)r is equivalent to 
M having property (P, Qy '^Y^^ and finite p^^CM). By Theorems 1.1 and 
VIII 6.4, this is equivalent to S r- M having property (P, Q, and finite 

which in turn is equivalent, by Theorem 1.3, to >8 — If having 
property (P, 

3.13 Theorem. If the open subset U of an MZ-r-z,n-T , S, has property (P, QY i 

) ^ r ^ — 3, and q^^^{U, a:) ^ o) for all x G F{U)j then U has property 

[Py (Compare Theorem VI 7.2.) 

Proof. By Theorem 3.12, for U to have property (P, QY is equivalent to 
? - C/ having property (P, Q)n-r^i . By Theorem X 1.5, q""‘^{U, x) S os for 
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all X G F(U) is equivalent to Pn~r^ 2 (S — U,x) for all a; G ^ U. Applying 
Theorem VI 7.2, we see that S — 17 has property (P, Q)n-r -2 , and hence, by 
Theorem 3.12, that U has property (P, 

3.14 CoROLLAEY. If M IS a suhcontinuum of an , S, such that S — M 

has property cind q^'iS — x) ^ ca for all x G F(S — M) and r = 

n — k — Ij ••• j n -- 2, then M is Ic^. 

[Cf. Theorem 2.6.] 

3.15 Corollary. If the open subset U of a spherelike n~gcm S has property 
So , finite p"^''^iJJ)i and q'‘(Uj x) ^ o) for r = 1, • • • , n — 2 and all x G F{U), 
then U has property and, consequently^ the boundary of every component of 
U is 0~lc, 

[Cf. Theorem 2.22.] 

4. Relation of avoidability properties at a point to S-properties of the comple- 
ment of a closed set, 

4.1 Definition (see X 4.3) . If ilf is a closed subset of a space SjX QM, and 
U an open subset oi S — Mj then by x; GO we denote a number defined 
exactly like the number x) except that only the cycles of a certain subgroup 
G** of the group of aU r-cycles of U are used. In particular, q\U, x, will 
denote the number obtained in the case where O' is the group of all compact 
r-cycles of U that boimd in J7. 

By an argument analogous to that used in the ^'necessity’’ part of the proof 
of Theorem 1.1, we can prove: 

4.2 Theorem. If M is a closed subset of an Mr+i,r +2 , S, U a union of 

components of S — Mj and x ^ M such that M is almost locally r-avoidable rel. 
bounding cycles at x, r S n — 2, then x, ^ w. 

4.3 Corollary. Under the same hypothesis, except that there exists an open 

set P containing x stcch that only finitely many {n — r — 2ycycles of U r\ P 
are lirh in U, then x) g w. 

4.4 Corollary. With r ^ n — 2, if M is a closed subset of an , 

S, such that is finite, and x a point of M at which M is almost locally r- 

avoidable rel. bounding cycles, then q'"'~''~^{S — M,x) S w. 

Remark. Corollary 4.4 is also a corollary of Theorem X 1.5 and the following 
lemma: 

4.5 Lemma. If M is a locally compact space which is almost locally r-^avoidable 
rel. bounding cycles atxE:M, and p'‘^^{M) is finite, then p''^^{M, x) S oj. 

Proof. II U Z) V D W axe open sets containing x such that only finitely 
many r-cycles of P(F), which bound on M, are lirh in M — FF 



332 


LC* SUBSETS OF AN n-GM 


[XI] 


^r+i(j|^: _ U; M, M — W) is finite. Otherwise, there exist infinitely 

many cycles mod M — U that are lirh mod M — W. The portion of each 
in y is a cycle mod F(V) whose boundary, 7!^ , is a cycle of F{V) that 
obviously bounds on M. In finite linear combinations the 7^ bound on M — TT, 
and consequently the corresponding linear combinations of the yl^^ are portions 
of absolute cycles of M that cannot be lirh on M since is finite. It 

follows that the 7!^^ and hence the are not lirh mod M — W. 

4.6 Corollary. For an n-dimensional continuum M to he Ic^, it is necessary 
and sufficient that for r = 1, 2, • • • , n, p\M) he finite and M he almost locally 
(r — 1) -avoidable rel. hounding cycles of M at all points. 

[The necessity follows from Corollaries VI 3.2, VI 3.8; the sufficiency from 
Corollary VI 6.12, Theorem VI 7.9 and the above lemma.] 

4.7 Remark. It will be noted that from Theorems VII 7.17, VII 8.2, VII 8.3, 
and the above, it follows that if M is an n-dimensional continuum such that 
for r = 1, • • • , n, p\M) is finite and M is almost locally (r — l)-avoidahle at 
all points rel. hounding cycles of M, then the closed subsets of M are almost com- 
pletely r-avoidable as well as almost locally r-avoidable. 

Now resuming with the line of thought in Theorem 4.2: If in addition we 
utilize a proof analogous to the sufficiency proof of Theorem 1.1, we may prove: 

4.8 Theorem. If M is a closed subset of an Mr,r +2 > S, and x ^ M, then 

a necessary and sufficient condition that M be almost locally r-avoidable rel. hounding 
cycles at Xf r ^ n — is that — M, Xj ^ co. 

As a consequence of the above theorems we may derive certain relations 
between the avoidability properties at a point and the S-properties of the 
complement of a closed set: 

4.9 Theorem. Let M he a closed subset of an , >S, such that M is 

almost locally {n — 2) -avoidable rel. hounding cycles. Then each domain com- 
plementary to M has property So . 

Proof. Consider any domain D complementary to M and any covering U 
of S. Let X G F{D). By Theorem 4.2, if U is an element of U that contains 
X, there exists an open set V containing x and lying in U, such that V r\ D is 
contained in a finite number of connected subsets of U H D. It follows that 
D has property So . 

4.10 Theorem. Let M he a closed subset of a spherelike n-gcm S such that 
is finite and M is almost locally r-avoidable rel. hounding cycles for r = 0, 

1, • • • , n — 2. Then every complementary domain of M has property So~^ and^ 
consequently j the boundary of every such domain is 0-lc. 

Proof. Let D be a domain complementary to M. By Theorem 4.9, D has 
property (P, Q)\ 
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Since M is almost locally (n — 3)-avoidable rel. bounding cycles and 
is finite, it follows from Corollary 4.4 that q^{S — M, x) ^ ca for all x G M. 
Hence by Theorem 3.13, D has property (P, 

Continuing in this manner, we finally arrive at the case where D has property 
(P, Qy^. Then since M is almost locally 0-avoidable rel. bounding cycles 
and p\M) is finite, x) ^ ca and hence by Theorem 3.13, D has property 

(P, 

Thus D has property SS and since p^iM) is finite, it follows (Theorem 2.6) 
that /S — D is Ic""'^. That F{P) is 0-lc now follows from Theorem 2.19. 

If instead of Corollary 4.4, as employed in the above proof, use is made of 
Corollary 4.3, we may prove: 

4.11 Theorem. // M is a subcontinuum of a spherelike n-gcm S which is 
almost locally r-avoidable reL hounding cycles for r = 0, 1, • • * , n — 2, and D 
is a domain complementary to M such that for some fcos (E of S at most a finite 
number of r-cycles of D of diameter < @ are lirh in P, then D has property So”^ 
and its boundary is 0-Zc. 

4.12 Remark. In connection with Theorems 4.9 and 4.10 (Theorem 4.10, 
incidentally, is a generalization of Theorem 2.19, inasmuch as every compact 
Ic""”^ satisfies the conditions of its hypothesis), it is interesting to note the re- 
lations to what Whyburn terms ‘ 'semi-local-connectedness. (See Whyburn 
[Wh; p. 19]; also VII 6.27 above.) According to definition (Whyburn’s definition 
is slightly rephrased here so as to apply to the nonmetric, nonconnected case), 
a space M is semi-locally-connected at a; G M if for arbitrary open set U containing 
X there exists a neighborhood V oi x in U such that M — V has only a finite 
number of components. In the case of continua, this property is identical with 
the property of being almost 0-avoidable at x, Whyburn develops (loc. cit. 
Chap. IV) the cyclic element theory of semi-locally-connected metric continua, 
of which the cyclic element theory of Peano spaces is a special case. However, of 
special interest from the standpoint of positional properties is the following 
theorem proved by Whyburn [a; Theorem 14]: In the euclidean 2-sphere, every 
complementary domain of a semi-locally connected continuum has property S, 
and consequently the boundaries of such domains are Peano continua (cf. 
Corollary 2.25 above). This is obviously a generalization of the Torhorst 
theorem (Corollary IV 6.5). 

Now in the case of a continuixm, semi-local-connectedness, almost 0-avoid- 
ability rel. bounding cycles and almost local 0-avoidability rel. bounding cycles 
are all equivalent (compare Corollary VII 4. 12^) . (In nonconnected spaces, semi- 
local-connectedness is generally a stronger property. For example, in the space 
of real numbers, let M == {x | (a: = 1/n) V (a; = 1 — 1/n)}, together with 
0 and 1.) However, for r > 0, the almost local r-avoidability property is weaker 
than the nonlocal type. (A condition intermediate between the two types of 
avoidability mentioned here may be obtained by requiring that for "small 
enough” neighborhood U of the point x under consideration, there exist a 
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neighborhood F of a; contained in XJ such that only a finite number of the r« 
cycles oiF {XT) are lirh oil S V, For example, in the 3-dimensional coordinate 
space (p, 6, <p)j let Kn — {(p, <p) \ p — 1/'^}? and on let be a set con- 

sisting of the points on an infinite number of disjoint circles. Between the 
spheres of radius l/n and l/(n + 1) let Rn be the set of all points such that 
p, B and <p are rational. Let M = p'U yj Rn , where p = (0, 0, 0). 

Then M is almost locally 1-avoidable at p, but is not avoidable in the sense 
just defined, nor is it almost 1-avoidable at p. This example is easily modified 
so as to make of M a compact space.) In a simply r-connected space, almost 
r-avoidability and almost local r-avoidability are equivalent, but in a semi-r- 
connected space the latter is again weaker. (For instance, in the example just 
given above, let Mi be a disjoint, denumerable set of circles all of diameter > 1/4 
on Ki . Inside the sphere of radius 1 let R be the set of all ^^rational points^^, 
and S = pyj Ml W iJ. With C/ == { (p, I P < 1 } , a F does not exist satisfy- 
ing the almost 1-avoidability condition.) 

In view of the above facts, it appears to be desirable to utilize the almost 
local r-avoidability property wherever possible in extensions to the case r > 0, 
And in Theorem 4.9 we have an interesting obvious generalization of the 
theorem of Whyburn cited above. 

4.13 The following example is instructive: In the {x, 2 /)-plane, for each posi- 
tive integers, let An = I0c,y) \x = l/n,0 < 2 / < 1}, Ao = {( 0 , 2 /) | 0 g 2 / S 1}, 
A = An , 5 = {(x, 0) I 0 g a; ^ 1}, C = {(rr, 1) I 0 g a; ^ 1}; and finally 
M = A yj B ^ C. The set M is both locally 0- and 1-avoidable rel. bounding 
cycles, yet considered as a subset of 3-space, it constitutes the boundary of its 
single complementary domain and is not peanian. The hypothesis of Theorem 
4.10 does not apply, inasmuch as p^{M) is not finite. 

If in the hypothesis of Theorem 4.10 we had also assumed p"'~^{M) finite, 
then since each complementary domain has property So and p^{S — M) is 
finite, ^ — Jf has property So by Theorem 1.3. We then have: 

4.14 Theorem. If M is a closed subset of a spherelike n-gcm S such that 

p^(M) is finite for r = 0, 1, — 1, and M is almost locally r-avoidable rel. 

hounding cycles for r == 0, 1, • • • , n — 2, then M is 

[Cf. Lemma 2.4.] 

4.15 Theorem. A necessary and sufficient condition that a closed subset M 
of a spherelike n-gcm S should be is that it satisfy , in addition to the hypothesis 
of Theorem 4.10, the condition that for arbitrary covering (5 of S, there exist at 
most a finite number of domains complementary to M of diameter > 

Prooe. To prove the sufficiency, by Theorem 4.9 and Lemma 2.12, S — M 
has property So rel. bounding cycles; the proof then proceeds as in the case 
of Theorem 4.10. The necessity follows from Theorem 2.3, Lemma 2.12 and 
Corollaries VI 3.2 and VI 3.8. 

(For the case where S is the 2-dimensional euclidean sphere, see Whybum 
[a, Corollaries 2, 3].) 
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4.16 The following example is of interest in connection with Theorems 4.10, 

4.14 and 4.15: In cartesian 3-space, let A denote the surface of the unit cube 
{{x^ y, z) \ 0 ^ a; ^ 1, 0 ^ 2/ = 1> 0 ^ ^ 1}, and for each positive integer 

n, let Ar, = { (1/n, y, O^^^l}. Let M = [J An A. The 

point set M is almost locally 0- and 1-avoidable, but considered as a configuration 
in the 3-sphere, it is readily seen that S M does not have property Sj , although 
its individual complementary domains do, in conformity with Theorem 4.10. 
The set M is not 0-lc; it fails to satisfy the hypothesis of Theorem 4.14, in that 
p^{M) is not finite, and also fails to satisfy the condition concerning the size 
of the domains in the hypothesis of Theorem 4.15. 

4.17 Another interesting example in aS” is afforded by a sequence of suc- 
cessively tangent 2-spheres, whose diameters form a null sequence and which 
converge to a point p. Both Theorems 4.10 and 4.15 apply, the set so formed 
being Ic^ and the boundaries of the complementary domains being 0-lc. How- 
ever, the hypothesis of Theorem 4.14 does not apply. 

By use of Corollary 4.3 we may prove: 

4.18 Theorem. In order that a suhcontinuum M of a spherelike n-gcm S 
should be it is necessary and sufficient that (1) M be almost locally r-avoidable 
rel. bounding cycles for r = 0, 1, • • • , n — 2; (2) there exists a fcos (i of S such 
that at most a finite number of compact r-cycles of S — M of diameter < @ are 
lirh in S —■ M, r = 1, • • • , n ■— 2; and (3) if U is an arbitrary covering of S, at 
most a finite number of the domains complementary to M are of diameter > U. 

The following three theorems may be proved by use of the same methods 
employed above: 

4.19 Theorem. If M is a closed subset of a spherelike n-gcm S such that (1) 

for arbitrary covering (5 of S, at most a finite number of the complementary domains 
of M are of diameter > @, (2) M is almost locally r-‘avoidable rel. bounding cycles 
for r = n — A — 2, • • • , — 2, (3) there exists a covering XI of S such that at 

most a finite number of the cycles of S -- M of diameter < U are lirh in S — M; 
then S — M has property Sl , and property So rel. bounding cycles. 

4.20 Theorem. If M is a closed subset of a spherelike n-gcm Sj then a neces- 

sary and sufficient condition that S — M have property SS is that p^{M) be finite 
for r = n — A — 1, — 1, and that M be almost locally r-avoidable rel. 

bounding cycles for — A — 2, ,n — 2. 

4.21 Theorem. If the closed subset M of a spherelike n-gcm S is almost 
locally r-avoidable rel. bounding cycles for r — n — -/b-“2, •••,n-"2, and D 
is a domain complementary to M such that for some covering (g of S, at most a 
finite number of the r-cycles of D of diameter < ($ are lirh in D, r = 0, • • * , fc, 
then D has property Sj . 

Although the numbers <f{S — M, x, play a leading role above, due to 
their relation to avoidability in ilf, the numbers q^'iS — ilf, x) may be utilized 
to advantage in certain cases: 
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4.22 Lemma. J/ M is an g n — 1, dosed subset of an n-gm, then 

q^'iS — M, x) S 03 for all x ^ M and r = n-'fc — 1, — — 1. 

This lemma is a consequence of Theorem VII 2.26 and Theorem X 1.5. 

4.23 Theorem. In order that a k-dimensional dosed subset of an n-gm should 
be idj k S I, it is necessary and sufficient that q^'iS — M, x) ^ co for r = 
n — k — 1, n — kj'-*,n— 1 and all x G M, 

The necessity follows from the above lemma, and the sufficiency follows 
from Theorem X 1.6 and Theorem VII 2.25. 

4.24 Corollary. If M is a closed subset of an n-gm S such that 
q''{S — ikf, x) ^ 03 for all x ^ M and r = 0, 1, * • • , n — 1, then M is 

(It is easy to show that if ilf is a closed subset of an 7i-gm and x G M, then 
x) ^ 1, Hence if M is n-dimensional, it is Ic”!) 



5. Weak S-properties; recognition of Ic* boundaries from properties of the 
domain. We have shown above how the dualities between the S-properties 
of a closed set and its complement in a gem lead to relations between the local 
connectedness properties of the closed set and the S-properties of its comple- 
ment. (As in Theorem 2.1, for instance.) We have found properties of the 
complement of a closed point set which are equivalent to local connectedness 
properties of the set. We have not yet determined, however, what properties 
of a single domain are equivalent to the local connectedness of its boundary. 
The analogous problem, for the case of a domain bounded by an {n — l)-gcm, 
was solved in Chapter X (Theorem X 6.8, for instance). In the present section 
we shall find conditions which characterize those domains whose boundaries 
are 0-lc, those whose boundaries are Ic*', etc. 

For the case of the euclidean 2-sphere, the problem was solved by R. L. 
Moore [d] in 1922; he showed that a necessary and sufficient condition that a 
simply 1-connected domain in the 2-sphere should have a Peano continuum as 
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boundary is that it have property S. In Corollary 2.23 above, we found that 
if a simply (n — l)-connected domain in a spherelike n-gcm S has property 
then its boundary is 04c; but this condition is not, in case n > 2, a necessary 
condition in order that the boundary of a domain should be 04c. Even in the 
case of ordinary euclidean 3-space we have the following example: 

5.1 The figure on p. 336 is composed of the surface. A, of a wedge, with plane 
rectangles i2i , jBa , • * • and their interiors inserted so as to extend downward 
from the top into the interior of the wedge, in such a manner as to converge to 
the sharp edge E of the wedge. Similar rectangles Si are inserted extending 
from the bottom up into the interior of the wedge, occurring alternately be- 
tween the rectangles Ri , R 2 , • • • , and not meeting the latter. Let M = 
A\jKJ R„\J\J Si , and let D denote the domain interior to M in 3-space. 
Then M is 0-lc, but D does not have property So . 

Now what we should like to find is a set of properties which, for n = 2, 
give Moore's result exactly, as well as give an analogous result for the case 
of the general n. Suppose we contrast example 5.1 with the following example: 



5.2 See figure above; this consists of the surface, ilf', of a hollow tube 
with one closed end, converging on a line segment E, It may be considered as 
obtained from a portion of the sin 1/x curve by the device of replacing the 
curve by a tube whose thickness approaches zero as x approaches zero. The 
set ilf' is not 0-lc, and if D' is the domain interior to M', D' does not have 
property So . 

What is the essential difference between Z)' and the domain D of example 5.1? 
In each case, the domain oscillates as it converges to E along with the boundary. 
But in the second figure, it is noteworthy that the successive curved portions 
of the domain D' are well separated, whereas in the case of D they are separated 
only by pieces of 2-dimensional surfaces (the rectangular pieces R^ and Si). 

In order to get at the heart of the matter, we recall an old definition of con- 
nectedness due to Cantor: 

Definition. A point set ilf in a metric space is called connected in the sense 
of Cantor if for every pair x,yE:M and e > 0, there exists an e-chain of points 
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of M from x io y; i.e., a finite sequence Xi , • • • , Xk E: M such that x = Xi , 
y = Xk , and p(x^ , < € for i = 1, • • - , — 1. 

In case M is imbedded in a compact metric spaee 8j then for M to be con- 
nected in the sense of Cantor is equivalent to p\M) = 0, as we show below: 

5.3 Lemma. In order that a subset M of a compact metric space S should be 
connected in the sense of Cantor ^ it is necessary and sufficient that M be connected. 

To prove the necessity, we note that if ikf = A W J5 separate, and a E M r\ A, 
b E: M r\ B, € = p(A, jB), then there exists no e-chain of points of M from 
a to b. And to prove the sufficiency, given a,b EM and e > 0, let U be a cover- 
ing of 8 consisting_of open sets of diameter < e/2 and (Corollary I 12.5) Ui , 

• • * , Uk E r\ M constitute a simple chain from a%ob, li Xi E Ui r\ M, 
then the points x^ ^ , Xk form an e-chain from a to b, 

5.4 Corollary. In order that a subset M of a compact metric space should 
be connected in the sense of Cantor ^ it is necessary and sufficient that p^(M) = 0. 

[Theorem V 11.2.] 

5.5 Theorem. In order that a subset M of a compact metric space 8 should be 
connected in the sense of Cantor , it is necessary and sufficient that every Cech 0-cycle 
on M bound on M, 

Proof. If is a Cech 0-cycle on ikf, and M is coimected in the ^se of 
Cantor, then for every fees U of aS, there exists a chain (7^(1^ on U A ikf such 
that dC^(U) = Z^{Vi) by Corollary 5.4. But if (7^(11) is on ikf, it must also be 
on And conversely, ^every 0-cycle on ikf bounds on ilf , then every 0-cycle 
on M bounds on ikf C ikf , so that p^{M) ~ 0, whence ikf is connected in the 
sense of Cantor by Corollary 6.4. 

Example. Those elements of the interval 0 ^ x ^ 1 which are rational form 
a totally disconnected subset of the space of real numbers that is connected in the 
sense of Cantor. 

The above considerations regarding metric spaces lead to the following 
definitions: 

5.6 Definition. A subset ikf of a compact space 8 wiU be called Cantor- 
connected, or simply C-connected, if every Cech 0-cycle of a? on ikf bounds on ikf. 

And we have: 

5.7 Lemma. A necessary and sufficient condition that a subset M of a compact 
space 8 be C-connected is that M be a continuum. 

Proof of necessity. If ikf = A ^ jB separate, let U be a f cos of 8 consisting 
oi 8 — A\J B and of two disjoint open sets U, V containing A, B respectively 
[III 1.27]. Let aEAr\M,bEBr\M, and a nontrivial 0-cycle on a W 5. 
Then oo 0 on U A itf and ikf is not (7-connected. 
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Peoof of suimciENCY. Let M be a^eontinuum. Then every 0-cycle of S 
on M is also on M and must bound on M. A fortiori, it bounds on M. 

5.8 Definition. A subset AT of a compact space S will be said to have 
weak property S if for every fcos @ of /S, Af is the union of a finite number of 
C-connected sets of diameter < 

One easily proves: 

5.9 Theorem. In, order that a subset M of a compact space S should have 
weak property S, it is necessary and sufficient that M have property S. 

Note, in connection with the sufficiency proof, that by Theorem IV 4.5, if 
(S isa fcos of S, then Af = 1 Mi , where each ikf , is a connected open subset 

of M, and that then r\ M is C-connected. 

5.10 CoKOLLARY. In order that a subset M of a compact space S should have 
weak property S, it is necessary and sufficient that M he 0-ic. 

[Cf. Corollary IV 3.9.] 

5.11 Corollary. If M is a 0-lc closed subset of a compact space S, then 
every subset dense in M has weak property S. 

Before proceeding to the general r-dimensional case, we prove the following 
theorem: 

5.12 Theorem. In order that the boundary ^ ikf, of a simply {n — l)-con- 
nected domain D in an Mi ,2 , S, should he 04c, it is necessary and sufficient that 
D have weak property S as well as property Sn -2 '^4, hounding cycles. 

Proof of necessity. If M is 0-lc, then D = D \J M is 0-lc, and D has 
weak property S by Corollary 5.11. By Corollary 2.8, S — M has property 
S „-2 rel. bounding cycles and hence by Lemma 2.11, D has th^same property. 

Proof of sufficiency. If D hasjweak property S, then D = D \J M is 
0-lc by Corollary 5.10. Then S -- D has property Sn -2 rel. bounding cycles 
by Corollary 2.8, and hence S — M = {S — D) \J D has the same property. 
That M is 0-lc follows from Corollary 2.8. 

Remark. Example 5.1 is a good illustration of a case where Theorem 5.12 
holds, forn == 3. The domain D' of Example 5.2 does not have weak property 
S; it does have property Si rel. bounding cycles, since its complement is 0-lc. 
In the case n = 2, for D to have property Sn -2 rel. bounding cycles obviously 
implies that D has weak property S. That the converse fails to hold is shown 
by the following example: In the (x, 2 /)"Plane, let R denote the interior of the 
rectangle bounded by the coordinate axes and the lines x = 2, y = 2. For each 
positive integer n, let An == {(a:, y) \ (x == l/n)&(0 < y g 1)}. Let D = 
Then D has weak property S but not property So . However, 
since property So for a domain implies weak property S, we have: 
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5.13 COEOLLAEY. In order that the boundary, M, of a simply 1-connected 
domain D in a spherelike 2rgc'in S should he 0-lc, it is necessary and sufficient 
that D have property So . 

Also, one notes that the role of the simple {n — l)-connectedness of D in 
Theorem 5.12 is only to make the boundary of JD a continuum. However, one 
may assume, instead, that p”'~^(P) is finite: 

6.14 Lemma. Let D he a domain in an Mo.i , S, and let M be the boundary 
oJD. Then p”-\S - M) = p’^~\D). 

Peoop. Since D is connected, DU ilL = D is connected. Hence by Theorem 
VIII 6.4, ajl (ra - l)-cycles mS - D bound in S ~ D. Hence - M) = 

p^-\S - D) + p-\D) = p'-\D). 

As a consequence we may prove, using Theorem 2.1 instead of Corollary 2.8 
as in the proof of Theorem 5.12: 



5.15 Theoebm. In order that the boundary of a domain D in an Mi ,2 , S, 
should be 0-lc, it is necessary and sufficient that p"~^(D) be finite and that D have 
weak property S as well as property S „_2 rel. hounding cycles. 

A nice application of Theorem 5.15 may be made to give the following theorem: 

5.16 Theorem. If M is a 0-lc subcontinuum of an , S, and M is 
almost locally (n — 2)-avoidable rel. bounding cycles, then the boundaries of the 
domains complementary to M are all O-h. 

Proof. If D is a domain complementary to M, then D has property So by 
Theorem 4.9, and a fortiori D has property S (Theorem VII 7.7) and hence 
weak property S. Also, since M is 0-lc, S — Af has property S „_2 rel. bounding 
cycles by Theorem 2.1, and hence D has the same property by Lemma 2.11. 
Since S has the Phragmen-Brouwer property, F{D) is a continuum and there- 
fore p’'~^{D) — 0. The theorem now follows from Theorem 5.15. 

Remark. When & is the ordinary 2-sphere, Theorem 5.16 gives the Torhorst 
theorem (Corollary IV 6.5), since every Peano continuum is almost locally 0- 
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avoidable. Thus Theorem 5.16 may be considered as another generalization 
of this theorem. 

Of greater importance, however, is the fact that Theorem 5.16 is another 
generalization of the theorem (Theorem 2.19) that the domains complementary 
to an Ic””^ continuum in a spherelike n-gcm S have boundaries that are 0-lc. 

5.17 Example. The figure on p. 340 may be called ^^the infinite Greek pipes/^ 
The conical ^ ^pipes’ with closed ends, converge to the line segment pg, each 
two successive cones having in common a line element of each. The surfaces 
of the cones, together with pq, form a continuum M which is 0-lc and almost 
locally 1-avoidable. Hence, with M considered as a subset of Theorem 5.16 
applies. However, M is not almost completely 1-avoidable and is therefore 
not 1-lc, and consequently Theorem 2.19 fails to apply. 

Consider also the following example: 



5.18 Example. This is a modification of Example 5.17 (see figure above), 
where the cones have been separated along their original lines of contact, except 
at the extreme ends of these. Here Theorem 5.16 does not apply, since the 
continuum is not 0-lc, but inasmuch as the continuum is almost locally 0- and 
1-avoidable, Theorem 4.11 applies to show that the domains interior to the 
cones must have Peano boundaries. (Note why the hypothesis of Theorem 4.11 
fails to be fulfilled for the exterior domain!) 

5.19 Example. This consists of a denumerable set of circles Cn in the 



3-sphere such that for each Uj is tangent to Cn+i , and the circles Cn converge 
to a point p. Here Theorem 5.16 applies, but Theorem 4.11 does not. 

Now in order to define a weak property Sr for r > 0, we may go back to the 
original form of the definition of property Sr in terms of ^^pairs” (U, E), or 
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use the equivalent formulation. It will be more direct to use the 

latter form of the definition, 

5.20 Definition. A subset Af of a compact space S will be said to have 
weak 'property Sr — ^in symbols, WSr — ^if for arbitrary open sets P and Q such 
that P S Q, at most a finite number of r-cycles (not necessarily compact) on 
M r\Q are lirh onM r\P. The definition of 'WSr rel. where (S’" is a special 
group of cycles, should be obvious. If a set has property WSr for r = 0, 1, 
• • • , fc, we say it has property WSS . 

5.21 Theorem. In order that a subset M of a coi^act space S should have 
property WSr reL 0'"^ it is necessary and sufficient that M have property Sr rel. G\ 

Proof of necessity. Given open sets P Qj let R be an open set such 
that P ^ R Since M has property WSr rel. G% there exists an integer m 

such that every m cycles of (?’’ on M r\ Q satisfy a homology onM r\ R. Then 
a set of m compact r-cycles of G"' on M in_Q, being also on M r\ Q, satisfy a 
homology on M P\ P which is a fortiori on M in P. 

Proof of sufficiency. With P, Q and R as before, if M has property Sr 
rel. (r"", there oxiste an integer m such that every m cycles of (?’’ on ilf in P satisfy 
a homology on Af in P. Then any set of m cycles of G"" on M r\ Q lie on M 
in R, hence satisfy a homology onM in P which is also a homology onM r\ P. 

5.22 Corollary. If a closed subset M of a compact space S has property 
Sr , then every set dense in M has property WSr . 

5.23 Corollary. A necessary and sufficient condition that a closed subset 
M of a compact space 3 be Ic^ is that every set dense in M have property WSj . 

[We recall that by Theorem VII 7.17, for M to be Ic^ is equivalent to M having 
property SS .] 

5.24 Corollary. For subsets of a compact space, weak property S and 
property WSo are equivalent 

Proof. By Theorem 5.9, for a set Af to have weak property S is equivalent 
to M having property S, which by Theorems VII 7.7 and VII 7.8 is equivalent 
to M having property So ; the latter is by Theorem 5.21 equivalent to M having 
property WSo • 

5.25 Theorem. Property So. is stronger than property WSo * For r > 0, 
properties Sr and WSr ore generally independent] for example, a euclidean domain 
may have either one of these properties and not the other. Indeed a domain in 
8^ may have property Sj {and consequently WSo) ond yet not have property WSj . 

Proof. By Theorem VII 7.7, if a point set M has property So , then it has 
property S; hence it has weak property S and, by Corollary 5.24, has property 
WSo . That the converse fails is shown by the following example: In the {x, yY 
plane, for each positive integer n let = {{x, y) \ {x == l/n)&(0 < y g 1)}; 
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A = {fe 2/)l(x = 0)&(0 < 2/ ^ 1)}; B = {(a:, ^)l(0 ^ X ^ 1)&(^ - 0)}. 
Let M=^AUBU[^An. As a configuration in the complement of M 
has property WSo but not property So . 

Turning to the case r > 0, consider the point set M just defined above as a 
configuration in . Then >S® — If does not have property Si (since M is not 
0-lc), but does have WSi by Theorem 5.21 (the closure of — ilf is /S®). Thus 
a euclidean domain may have property WSi and not Si . On the other hand, 
consider the following example (see figure below) : In let ilf be a continuum 



consisting of a denumerable set of finite circular cylinders, closed at both ends 
and successively tangent along a common line element, converging to a line 
segment B. Here M is 0-lc and p^(S^ — ilf) ~ 0, so that — M has property 
Si . But the domain whose boundary is the complete set ilf does not have 
property WSi ; this follows from a theorem presently to be proved, but can also 
be seen from the presence of 1-cycles on circles which approximate the circles 
indicated in the figure half-way up the cylinders and which lie in the domain 
in question, except that they intersect ilf where the circles cut the tangent lines 
of the cylinders. This domain also has property So . 

5.26 Theorem. In order that the boundary of a domain D in an ilfj.ifc+s , S, 
should he it is necessary and sufficient that (1) D have property WSS and (2) 
D have property S”Ifc_i as well as property hounding cycles. 

Proof ot sufficiency. By Corollary 5.23, D is Ic*. Hence by Theorem 
2.3, S — D has property S^lLi as well as property rel. bounding cycles. 

Since by (2) D has the same properties, it follows that 8 — F{D) has these 
properties, and hence by Theorem 2.3 that F{U) is Ic*. 

Remark. In view of Lemma 2.2, we may replace the condition that D have 
property SnIfc -2 in Theorem 5.26 by the condition that p”“^(D) be finite and 
D have property S^lf-i . 
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5.27 Corollary. In order that a common boundary of (at least) two domains 

in an ? S, should be Ic^, it is necessary and sufficient that these domains have 

'property WSS . 

Proof of sufficiency. If D is om of the domains mentioned, then D is 
Ic^ by Corollary 5.23 and hence S — D has property as well as property 

rel. bounding cycles by Theorem 2.3. By Lemma 2.11, if E is the other 
domain mentioned in the theorem, then E also has these S-properties, and since 
by hypothesis E also has property WSS , its boundary is Ic^ by Theorem 5.26. 

From Corollaries 5.23 and 5.27 we also have: 

5.28 Corollary. In order that a common boundary of (at least) two domains 

A and B in an ^ should be Ic^, it is necessary and sufficient that A and 

B should both he Ic^. 

5.29 Corollary. If M is a closed, Ic^ subset of an Mi^k+ 2 , and D a domain 
complementary to M, then a necessary and sufficient condition that F(D) be Ic^ is 
that D have property WSo . 

[The necessity is obvious and the sufficiency follows from Theorems 2.3 and 
5.26.] 

Analogous to Theorem 1.3, and proved similarly, we have: 

5.30 Theorem. In order that a set M should have property WSr , it is neces- 
sary and sufficient that p'(M) be finite and that M have property WSr rel, bounding 
cycles. 

5.31 Corollary (of Theorems 5.26 and 5.30). In order that the boundary of 

a domain D in an j S, should be Ic^ it is necessary and sufficient that (1) D 

have property WSS rel. bounding cycles and property S”lL 2 hounding cycles, 
and that (2) the numbers p\D), r = 0, 1, • • • , A and p\D), s == n — A: — 1, • • • , 

— 1 5^ finite. 

6. Weak uniform local connectedness. In a manner similar to that in which 
we introduced in §5 a “weak^^ type of property Sr , we may introduce a “weak^^ 
type of uniform local connectedness: 

6.1 Definition. A subset Af of a space S will be called weakly r-ulc, in 

symbols r-wulc, if for arbitrary fcos @ of there exists a fees ® ® such that 

every r-cycle (not necessarily compact) on M of diameter < S) bounds on a 
subset of M of diameter < By wulcj we denote property r-wulc for r = 0, 
1, ... ,fc. 

6.2 Theorem. In order that a subset M of a compact space S should be r- 
wulc, it is necessary and sufficient that M he r-lc. 

6.3 Corollary. In order that a closed subset M of a compact space S should 
be r-lc, it is necessary and sufficient that every set dense in M he r-wulc. 
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6.4 CoBOLLARY. For subsets of a compact space S, properties WSj and 
wulcl are equivalent. 

In view of Corollary 6.4, wherever WSj occurs in theorems concerning compact 
spaces above, we may replace it by wulcj . For example, from Corollary 5.27 
we have: 

6.5 Theorem. In order that a common boundary of {at least) two domains in 
Mr,j +2 , S, should be Id", it is necessary and sufficient that these domains have 
property wulcl . 

Remark. It was shown by R. L. Moore [g; Theorem 1] that in a common 
boundary of (exactly) two 0-ulc domains must be 0-lc, and later the present 
author showed [n; Theorem 2] that a common boundary of (at least) two ulc* 
domains in must be Ic’’. These theorems are corollaries of the sufficiency 
part of Theorem 6.5 which, even in the euclidean case, is a stronger theorem. 
For consider the following theorem: 

6.6 Theorem. If U is a uld open subset of an orientable n-gcm S, then U 
is wulcl . The converse does not in general hold. 

Proof. If 17 is a ulc*" open subset of an orientable n-gcm, then U is Ic* by 
Theorem X 5.8. Hence by Theorem 6.2, U is wulco . 

To see that the converse does not generally hold, we may easily construct in 
a domain that is not 0-ulc but that is 0-wulc; for instance, the example given 
in the proof of Theorem 5.25. 

However, it is not difficult to give, in S^, an example of a continuum M whose 
complement is exactly two 0-wulc domains, neither of which is 0-ulc. This may 
be done by a modification of the continuum in the figure accompanying the 
proof of Theorem 5.25; all that is necessary is to introduce a cone-shaped funnel 
half-way up the cyclinders with apex half-way up B, connecting the domains 
inside the cylinders; small pieces of the cylinders inside the cone have to be 
deleted from M in order to accomplish this. 

Although, in view of Theorem 6.2 and its corollaries, it seems as though 
little is gained from introducing the “wulc” notion, it is of interest to note 
that for isolated values of r > 0 the r-wulc property is definitely weaker than 
property WS, : 

6.7 Theorem. For siibsets of a compact space S, property r-wulc is weaker 
than property WS, , even in the case of the euclidean domains, with the exception 
that for subsets of a compact space, 0-umlc and WSo are equivalent. 

Proof. The exception has already been taken care of in Corollary 6.4. 
For r > 0, we first prove that property W^ implies property r-wulc. By 
Theorem 5.2j^if M has property WS, j_then M has property S, ; by Theorem 
VII 7.13, if If has property S, , then M is r-lc; and by Theorem 6.2 above, if 
M is r-lc, then M is r-wulc. Hence if M has property WS, , then M is r-wulc. 
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To see that, even in the case of a euclidean domain, property r-wulc does 



not imply property WS^ , consider the following example (see figure above) : 
In S^j let M consist of a sequence of square plates Pn of thickness tn , such that 
lim tn = 0, and which converge to a set P consisting of a square plus its interior. 
The domain D complementary to M is not WSi , but is l~wulc. 

Theorem 6.8. If U is a ulc^ open subset of an orientahle n-gcm S, then XJ has 
property So ; the converse does not generally hold. 

Proof. By Theorem X 5.8, U is Ic*". Let P 3 Qhe open subsets of S, and 
r an integer S k. T]^n by Corollary VI 3.8, at most a finite number of r-cycles 
of Ur\Q are lirh onU r\P. Let Zl , • • • , ZL be a finite set of cycles of U r\ Q 
such that if is an arbitrary cycle of U r\ there exists a homology 

(6.8a) E on Ur\P. 

1-1 

Suppose Z"' fixed and relation (6.8a) determined. Let X be a compact subset 
r\ Q carrying the cycle 7^ = Z** ~ > 9-nd M a closed subset of 

U r\ P containing K and carrying the homology (6.8a). By Lemma VII 1.4, 
there exists a cycle 7*“^^ mod K onM such that ^7""^^ ^ 7'’ on iT, and by Lemma 
X 5.10, there exists in (7 Pi P a compact set Af' carrying a cycle mod K 
such that ^ 7’'^^ mod K in P. The latter homology implies (Lemma 
VII 1.2) that dZ^^^ on K and hence dZ^^^ 7" on K. Hence 7' 0 

onKKJ M' C. U r\ P. That is, relation (6.8a) holds in ?7 P P. 

7. Lc sets whose complementary domains are bounded by manifolds. Since 
a generalized manifold is merely a space having especially strong local con- 
nectedness properties, it is logical to inquire next into the conditions under 
which the boundaries of the complementary domains of a continuum are not 
merely locally connected, but are actually manifolds. In the study of plane 
point sets, this was a question of under what conditions a continuum, usually 
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peanian, had complementary domains whose boundaries were all simple closed 
curves. 

We first prove another duality theorem of a type similar to those which were 
stated above for ^fin the large’^ situations (for example, 1.1, 1.7, 3.12), but more 
strictly analogous to Theorem 4.8. 

7.1 Theorem. In order that a closed subset M of an iI4?,r+2 ? S, should be 

locally r~avoidable rel bounding cycles atx^M^O Sr Sn — 2, it is necessary 
and sufficient that — Mj x, = 0. 

Proof op necessity. Given x ^ M and an open set P containing x, there 
exist open sets Q and R such that G ^ C Q C -P and such that every r-cycle 
of M r\ F{Q) bounding on M bounds on Af — P. Let U be an open set such that 
X E U C R and cycles of Sin U bound in P. Suppose a cycle of ?7 ~ if 
that bounds inS — M but fails to bound in P — M. Then by Theorem VIII 6.4, 
there exists a cycle 7""' on M U {S - P) that is linked with The 

portion of 7""^^ in Q is a cycle mod F{Q) on M Pi Q, whose boundary, 
dZ'"^^j bounds on a closed subset F of M — R. Let A be a closed subset of 
S — R carrying 7*“^^ — and containing P, and B a closed subset of M 
carrying and containing P. By Lemma VII 1.14, there exist cycles Zl"^^ 
and Zl'^^ on A and B respectively, such that + Z^^ ^ 7’“’^^ on A U P, 
But bounds in P — AT, hence in P — P; and also bounds in R, 

hence in P — A. 

Proof of sufficiency. Let P be an open set containing Xj and let Q and 
R be open sets such that x E R G Q C P and such that (1) r-cycles of S on 
F(Q) bound on P — P and (2) (n — r 2)-cycles of (P — M) P P that bound 
in P — Af also bound in Q — Af. Then if y** is a bounding cycle of M that lies 
on P(Q), and fails to bound on AT — P, there exists a cycle in P — 

(Af — P) that is linked with 7^ The portion of in P is a cycle 

mod P(P) whose boundary bounds in P — Af. We leave the remainder of the 
proof to the reader. 

7.2 Theorem. In order that a continuum M in a spherelike n-gcm S should 
have only complementary domains (1) whose boundaries are orientable (n — 1)- 
gcms all but a finite number of which are simply r-connected for r = 1, * * • , n — 2, 
and (2) such that if @ is an arbitrary fcos of P, then at most a finite number of 
these domains are of diameter > @, it is necessary and sufficient that M be 

and locally (n — 2yavoidable rel. bounding cycles , and that Pr(Af, x) — 0 for 
r == 1, • • • , n — 2, and no boundary of a domain complementary to M be nr 
dimensional. 

Proof of necessity. By Theorem 6.8 and Theorem X 3.2, each domain 
complementary to Af has property If P 3 Q are open sets, then P and 
P — Q form a fcos of P and by (2) only a finite number of domains comple- 
mentary to Af that meet Q fail to lie in P. It follows easily that P — Af has 
property rel. bounding cycles. By condition (2) of the hypothesis and 
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Lemma 2.12^ S — ikf has property So reL bounding cycles. By condition (1) 
of the hypothesis, p^(S — ilf) is finite for r = 1, • • • , n 2, and hence by 
Theorem 1,3, S — M has property 8?“^. It now follows from Corollary 2.7 
that M is Ic””". 

To show that Pr(M, x) = 0 for r = 1, • * • , n — 2, a; G let P be an open 
set containing x. Let Q and R be open sets such that x ^ R Q Q P, and 
let (S denote the covering of S consisting of the two open sets P, S — Q. By 
condition (2) of the hypothesis, only a finite number of domains complementary 
to M meet both R and S — P; denote these by !>» , i == 1, • * • , w. Since 
each P* is (n r — l)~ulc by Theorem X 3.2, there exists an open set Ri such 
that X E. Ri G R and such that every {n -- r — l)“cycle of Pi H P.- , f = 1, 
* • • , m, bounds in P H P*- . As a consequence of condition (1), there also 
exists an open set Pg such that a; G P 2 C Pi and such that P 2 contains no 
nonbounding (n — r — 1) -cycles of S — M, Then any {n — r — l)-cycle of 
R 2 M bounds in P — M, Hence we conclude that — • Af, a;) = 0 

and therefore by Theorem X 1.5, Pr{M, x) = 0. 

To show that M is locally (n — 2)-avoidable rel. bounding cycles, we show 
that (f{S — M, X, =0 and apply Theorem 7.1. We select Q and P as 
before, and select Pi so that every 0-cycle of Pi H P^ , i = 1, * • • , m, bounds 
in P P\ P, . Then if is a bounding cycle of Pi — ikf, Z^ is the sum of cycles 
each of which either lies in an open set of type Pi H P,- , or in a domain P 
which lies wholly in P; in either case Z^ ^ 0 in P — M, 

Proof of sufficiency. Since PrCM, x) = 0 for r = 1, • • • , n — 2, it follows 
that -- M, x) = 0 by Theorem X 1.5. Hence by Corollary X 2.6, 

each domain complementary to M is (n — r — l)-ulc. By Theorem 7.1, 
q^(S — M, Xj = 0 for all a; G Af, hence if P is a domain complementary 
to M, g^(P, cr) = 0 for every x G P(P) and by Corollary X 2.6, P is 0-ulc. 
Thus every domain complementary to Af is ulc'"”^ and hence the boundary of 
every such domain is an (n — l)-gcm by Theorem X 6.8. Since M is Ic""”^, 
p'‘(M) = ~ M) is finite for r = 1, • * • , n — 2, and condition (1) 

follows. Condition (2) is a consequence of the Ic’'”^ property of M and Theorem 
4.15. 

Since by Lemma IX 3.4, if S is lc”“^ then the properties of being completely 
r-avoidable for r = 0, 1, • • • , n — 3 and of having PrCM, x) — 0 for all x and 
r = 1, • • • , n — 2, are equivalent, we can state: 

7.2a Theorem. Theorem 7.2 remains tme if the condition on Pr{M, x) is 
replaced by the requirement that M be completely r-avoidable for r = 0, 1, • • • , 
n — 3. 


7.3 Corollary. In order that an lc^~^ continuum in a spherelike n-gcm should 
have only orientable (n — l)-gcms as boundaries of all its complementary domains, 
it is necessary and sufficient that it be completely r-avoidable for r = 0, 1, • * • , 
n — 3 and locally (n — 2) -avoidable rel, bounding cycles, and that no boundary 
of a complementary domain be n-dimensional. 
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7.4 Theorem. Let M he a suhcontinuum of a spherelike n-gcm S and D a 
domain complementary to M such that (1) if n > 2, then for some fcos (E of S all 
recycles of D of diameter < @ hound inD,r == 1, 2, - • • , n — 2; (2) M is locally 
r-avoidahle rel. hounding cycles for r = 0, 1, • • • , n — 2. Then if the boundary 
of D is not n-dimensionalj it is an orientable {n — l)-gcm. 

Proof. By Theorem 7.1, — M, a:, = 0 for r = 0, 1, • • • , n — 2. 

Since by (1) 'Wair^ r-cycles of D bound in D, it follows that x) ^ 0 for all 
X G F(D). Then by Corollary X 2.6, D is ulc’'"^ and by Theorem X 6.8, F(D) 
is an orientable {n — l)-gcm. 

The following corollaries — special cases — of Theorem 7.4 are of interest: 

7.5 Corollary. In if M is a continuum all of whose points are locally 
0-avoidablej then the boundaries of the complementary domains of M are simple 
closed curves. 

7.6 Corollary. In if M is a continuum all of whose points are locally 
0- and 1-avoidable rel. hounding cycles^ and D is a complementary domain of M 
whose ^‘small” 1-cycles hound in i), then the boundary of D is a 2-dimensional 
closed manifold. 

The following theorem is of interest in comparison with Theorem 4.10 and 
the theorems immediately following it: 

7.7 Theorem. In order that the boundary B of a simply (n — l)-connected 
domain D in a spherelike n-gcm should he an orientable (n •— l)-gcm, it is necessary 
and sufficient that (1) B he locally r-avoidahle rel. hounding cycles for r = 0, 1, * * • , 
n — 2, (2) for some fcos S of S, all r-cycles of D of diameter < @ hound in D for 
r == 1, • • • , 71 — 2, and (3) B not he n-dimensional. 

Proof. The necessity follows readily from the properties of an orientable 
(n — l)-gcm stated in Corollary IX 2.2 and Lemma IX 3.1, and from Corollary 
X 1.8. As for the sufficiency, condition (1) implies by Theorem 7.1 that 
^n-r- 2 ^ 2 )^ rr, = 0 for all x E B, which together with condition (2) implies 
x) = 0. Then B is an (n — l)“gcm by Corollary X 2.6 and Theorem 

X6.8. 

As a corollary of Theorem 2.18 and 7.4 we have: 

7.8 Theorem. If a suhcontinuum M of a spherelike n-gcm S is lc^~^ and 
locally r-avoidable rel. bounding cycles for r = 0, 1, • • * , n — 2, then all hut a 
finite number of the domains complementary to M are hounded by orientable {n — 1)- 
gcm^s that are simply-connected in all dimensions < ti — 1, provided these 
boundaries are not n-dimensional. 

7.9 Theorem. In order that a simply r~connectedj r = 0, 1, * • • , 7^ — 2, 

closed subset M of a spherelike n-gcm S should have only simply r-connected orient- 
able (n — as boundaries of its complementary domainSj it is sufficient that 

M be locally r-avoiddble rel. hounding cycles and that these boundaries not he n- 
dimensional. 
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Peoof, That the domains complementary to M are bounded by orientable 
{n — l)-gcm^s is a corollary of Theorem 7.4, and that these domains are simply 
connected in the dimensions stated is a consequence of Corollary VIII 8.6. 

7.10 CoROLLAKY- In if M is a simply l-^connected continuum which is 
locally r-avoidable reL hounding cycles for r = 0, 1, then the domains comple- 
mentary to M are all hounded by 2-spheres, 

7.11 Theorem. In order that a simply r-connected, r == 0, 1, • — , n — 2, 
Id’''^ closed subset M of a spherelike n-gcm S should have only simply r-connected 
orientable (n — l)-gcm^s as boundaries of its complementary domains it is necessary 
and sufficient that all points of M be non-r-cut points of M and that these boundaries 
not be n-dimensional. 

Proof of necessity. Let p ^ M and Z"" a cycle on a compact subset 
of M — p, 0 ^ r ^ 71 — 2. By Corollary 7.3, M is locally r-avoidable rel. 
bounding cycles for r = 0, 1, • * • , n — 2, and hence by Theorem 7.1, 
— ilf , a;, ^) == 0 for all xQM. Let P, Q and R be open sets such that 
X G. R C. Q C. P and such that (1) Z^js on S — P, (2) cycles of /S on Q bound 
in P, (3) bounding cycles of S — M onR bound in Q ~ M. li Z"' no Q on M — R^ 
then there exists by Corollary VIII 8.6 a cycle in S — (M — R) that 
is linked with Z\ The portion of 7”"^"“^ on — P is a cycle 7^’""“^ mod F(R) 
with boundary on P(P). By the selection of P, 0 on a closed 

subset H of Q — M, Let A be a closed subset of — ikf that carries 7^“'"*^ 
and contains H; and let P be a closed subset of Q that carries 7'*”''”^ — 7?"’’“'^ 
and contains H. By Lemma VII 1.14, there exist cycles and on 

A and B respectively such that 7””''“^ + ZT^''^ on A VJ P. But 

lies in Q and hence bounds in P. It follows that Z"" and are linked — 
which is impossible since Z"" 0 on M and is on A C ^ — Af. 

Proof of sufficiency. As M is Ic^^^^ and simply r-coimected for r — 0, 

• * ', 71 — 2, it follows that a non-r-cut point is a locally r-avoidable point. 
Therefore Theorem 7.9 applies. 

7.12 Corollary, In order that a Peano continuum M in should have 
only simple closed curves as boundaries of its complementary domains^ it is necessary 
and sufficient that M have no cut points, 

[We recall that by Corollary VII 6.6, non-cut points and non-O-cut points are 
identical in such a set M,] 

7.13 Corollary. In order that a simply l-connected, iP subcontinuum of 
should have only 2-spheres as boundaries of its complementary domains, it is 

necessary and sufficient that it have no cut points and no 1-cut points. 

An interesting consequence of Theorems 4.15 and 7.8 is as follows: 

7.14 Theorem. If a subcontinuum M of a spherelike n-gcm is locally r- 
avoidable rel. bounding cycles for r = 0, 1, • • • , n — 2, p\M) is finite for r = 1, 
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• • • , n — 2, and for arbitrary fees (§, of S at most a finite number of the domains 
complementary to M are of diameter > (g, then M is and all but a finite number 

of the comple7nentary domains of M are bounded by orientable (n — l)-gcms that 
are simply connected in all dimensions < n — 1 {provided these boundaries are 
not n-dimensional), 

7.15 CoROLLABY. If the complementary domains of a locally ^-avoidable sub- 
continuum M of have diameters that form a null sequence, then M is peanian 
and almost all the complementary domains of M are bounded by simple closed curves. 

And from Theorem 4.15 and 7.9 we get, 

7.16 Theorem. In order that a simply r-connected (r = 0, 1, • • • , n — 2), 
closed subset M of a spherelike n-gem S should be ld^~^ and have only simply r- 
connected orientable {n — l)-gcm^s as boundaries of its complementary domains, it 
is necessary and sufficient that for arbitrary f cos ^ of S only a finite number of these 
domains be of diameter >(g, their boundaries not be n-dimensional, and that M 
he locally r-avoidable rel. bounding cycles for r = 0, 1, • • * , n — 2. 

7.17 Corollary. In order that a subcontinuum M of should be a Peano 
continuum all of whose complementary domains are bounded by simple closed curves, 
it is necessary and sufficient that M be locally 0-avoidable and that the diameters of 
the complementary domains of M form a null sequence. 

Remark. The reader may consider why, in a continuum M, that consists 
of two tangent circles, fails to satisfy the conclusion of Theorem 7.17. 

From Theorems 4.18 and 7.8 we have: 

7.18 Theorem. If (1) a subcontinuum M of a spherelike n-gem S is locally 
r-avoidable rel, bounding cycles for r = 0, 1, • • * , n — 2, '(2) for arbitrary fcos (g 
of S at most a finite number of the domains complementary to M are of diameter 
> <g, and (3) there exists a fcos U of S such that for r = 1, - n — 2, at most 
a finite number of the r-cycles of S — M of diameter < U are lirh in S — M; then 
M is ld^~^ and all but a finite number of its complementary domains are bounded 
by orientable {n — l)-gcmh that are simply connected in all dimensions < n — 1 
{provided these boundaries are not n-dimensional), 

7.19 Theorem. In an ikfj.n-ifc-i > S, let M be a continuum and D a domain 

complementary to M such that (1) D is ulc^, k ^ n -- d; {2) there exists a fcos (g 
of S such that r-cycles of D of diameter < S bound m D, r = A + 1, • • • , — 2; 
(3) M is locally r-avoidable rel. hounding cycles for r = 0, 1, — — 3. 

Then if F{D) is not n-dimensional, it is an orientable {n — l)-gcm. 

Proof. By Theorem 7.1, — itf, a;, = 0 for s — A; + !» • • * , n — 2. 

Hence, by (2), q"{D, x) 0 for all x G F{D), It follows from Corollary X 2.6 
that D is 5-ulc. Consequently D is ulc““^ and the theorem follows from Theorem 
X6.8. 
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7.20 Theobem. In a spherelike n-gcm S, let M be a common boundary of (at 
least) two domains Di and such that (1) 2), is ulc"", i = 1, 2, where n^ + n^ < 
n — 3; (2) there exists a f cos <§. of S such that r-cycles of Di of diameter < (S bound 
in Hi , r == + 1, • • • , n ^2 2; (3) ilf ^*5 locally r-avoidahle rel. hounding 
cycles for r = n2+l, •“ , n — ni -- 3 . Then M, if not n-dimensional^ is an 
orientaUe (n — l)-gcm. 

Proof. Applying Theorem 7.1 as in the proof of Theorem 7 . 19 , we may 
show that Di is ulc^ 7 +i"^ hence The theorem then follows from 

Theorem X 7 . 2 . 
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CHAPTER XII 


ACCESSIBILITY AND ITS APPLICATIONS 

An important segment of the literature on positional invariants, beginning 
with Schoenflies, is concerned with accessibility. The original form of the 
concept was given in II 5.36; in a separable space a point x was said to be 
accessible from a point set M if for each y G. M there is an arc A which has 
X and y as end points, and such that A — x CM. Schoenflies noticed that in 
the simple closed curve is characterized by the fact that, in addition to 
satisfying the Jordan Curve Theorem, all its points are accessible from each of 
the two complementary domains. (See Theorem II 5.38.) He later modified 
the notion (“all-sided accessibility^ 0 in. order to characterize the subcontinua 
of that are peanian (cf. IV 7). 

1. Regular r-accessibility. Further modifications and new types of accessi- 
bility were introduced later by other authors. For example, in the above defini- 
tion one may replace “arc^^ by “continuum^^, thus making the definition 
applicable to nonseparable spaces. (For most of the usual metric cases, the 
definition thus modified is equivalent to the old; thus if a point x of the boundary 
of a domain D in is accessible from D in the new sense, it is accessible in 
the old sense.) Of special interest for our purposes is regular accessibility, due 
to G. T. Whyburn (cf . VII 7) ; in a metric space, a point x is regularly accessible 
from a point set M if for arbitrary positive number € there exists a positive 
number 5 such that if y C M r\ S{x^ S), then there exists a continuum^ K 
such that X W ^ C X C [AT n /S(a;, e)] VJ rr. Whybum showed, in particular, 
that for a domain D in >S^, the Schoenflies aU-sided accessibility of all points of 
F(D) from D is equivalent to the regular accessibility of these points from D; 
moreover, these properties are in turn equivalent to D having property S, as well 
as to f(d) being 0-lc [Wh; 112, Theorem (4.2)].^ He also noticed [b; 510, 
Corollary] that in order that a boundary point x of a domain D in should 
be regularly accessible from i), it is necessary and sufficient that D U x be Ic. 
Subsequently, P. Alexandroff [f; 14, Theorem 1] gave an equivalent property 
which, though stated by him for subsets of jS”, may be formulated as follows: 

1.1 Theorem. In order that a boundary point x, of countable character 
[III 1.18], of a connected open subset D of a locally compact 04c space should be 
regularly accessible from D, it is necessary and sufficient that for arbitrary open set P 


^By using * ‘continuum’’ instead of “arc”, the definition may be extended to nonmetric 
spaces in obvious manner. 
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containing x there exist an open set Q such that x E: Q C, P that every 

compact O-^cycle on D Cx Q hounds on a compact subset of (D r\ P) ^ x. 

Proof of necessity. Given P, let Q C P be such that every point of 
D Py Q lies with x on some subcontinuum of (D P P) VJ x. Now suppose 
is a 0-cycle on a compact subset if of D P Q. By Corollary IV 3.4, K may be 
assumed to have only a finite number of components if, , i == 1, • • • , m. For 
each ij let (7,* be a subcontinuum oi (D r\ P) KJ x containing x VJ Xi for some 
Xi G if* • Then C = C, U if* is a subcontinuum of (P P P) U x 
carrying and therefore ^ 0 in (P P P) U x. 

Proof of sufficiency. Since x is of countable character, there exists a 
sequence of open sets P, such that Pi is any preassigned open set containing 
Pi 3 P,+i for all ij constituting a complete neighborhood system for x 
and such that if is a compact cycle of P P P,+i , then Z^ ^ 0 on a compact 
subset of (P P Pi) U X. Let E P P P* p' > L Bor each i > 1, there 
exists (by application of Theorems V 11.5, V 11.6 and IV 1.1) a continuum C,- 
that lies in (P P P<-i) VJ x and contains x^ U Xi+i . Then C == KJ 7~2 c, is a 
subcontinuum of (P P Pi) U x that contains X 2 x. 

The theorem of Whyburn mentioned above may be formulated here as follows: 

1.2 Theorem. In order that a boundary point x, of countable character^ of a 
connected open subset D of a locally compact, 04c space should he regularly ac-- 
cessible from P, it is necessary and sufficient that D \J x be 04c in the sense of 
compact cycles. 

Proof. The sufficiency follows from the sufficiency of Theorem 1.1. To 
prove the necessity, let Po be a neighborhood of x and let P, , i = 1, 2, • • • , 
be a sequence of neighborhoods of x forming a complete system for x, such that 
P* D P*+i and such that if 2 / G P*+i then there exists a subcontinuum of 
(P P P,) U X containing x\J y. Let Z^ be a cycle carried by a compact subset 
if of (P P Pi) U a:. If a; ^ if , the proof given for the necessity in Theorem 
1.1 still holds. Otherwise, notice that for each i > 0, by Corollary IV 3.4, the 
closed set K P (P,- — P,+i) is contained in a finite collection C* of subcontinua 
of P P Pi_i , and using the argument employed in the necessity proof of 
Theorem 1.1, the collections (7, all lie in one subcontinuum if,- of (P P Px--i) VJ x. 
Then F ^\J Ki is a subcontinuum of (P P Po) U x containing Z®. 

The equivalence proved in Theorem 1.1 led Alexandroff to a definition which 
may be phrased as follows: 

1.3 Definition. A subset ikf of a space S is called regularly r-accessible 
at a: E Af if for arbitrary open set P containing x there exists an open set Q 
such that X E Q C. P and such that every compact cycle Z'' of Q — M bounds 
on a compact subset of (P — M) U x. If M is regularly r-accessible at all of 
its points, we say simply that M is regularly r-accessible. (Alexandroff used 
the term ^V-accessible” instead of ^^regularly r-accessible’^ as we are doing. 
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We prefer to reserve the former term for a stronger type of accessibility to be 
considered later.) 

If jD is an open subset of 8 and x G F{D)j then x is called regularly r-accesstble 
from D if F{D) is regularly r-accessible at x in the space D. If all points of 
F{D) are regularly r-accessible from D, we say simply that F(D) is regularly 
r-accessible from D. Obviously if D is 'V-ulc at xf' i.e., if q\Dj x) = 0, then 
X is regularly r-accessible from D, 

By Theorem 1.1, evidently regular accessibility and regular 0-accessibility are 
equivalent for the boundaries of open subsets of the 0-lc, locally compact 
spaces — whence, in particular, in the generalized manifolds. 

1.4 Lemma.^ a necessary and sufficient condition that a closed subset M of a 
compact space S of countable character should be regularly r-accessible at x ^ M 
from a set D d 8 -- M is that for arbitrary open set P containing x there exist 
an open set Q such that x d Q Cl P cind such that for every cycle Z"" in D r\ Q and 
every open set R such that x d R C Q, there exists a cycle Y in D r\ R such that 
Z"" ^ y"' in D r\ P. 

Proof of necessity. If x is regularly r-accessible from D, then for arbitrary 
P there exists Q such that if Z"" is in I) H Q, then 2?** ^ 0 on a compact subset 
F of (D r\ P) U X. Consider any open sets R and P' such that x dR' QR d Q* 
By LemmaVII 1.13, there exists a cycle y'^ on F r\ F(R) such that Z"" y'‘ on 

p - p; 

Proof of sufficiency. Since 8 is of countable character, there exists a 
countable collection of open sets P^ , i = 1, 2, 3, • • • , closing do^vn on x such 
that Pi is a given arbitrary open set and for every P^ and P^+i may play 
the part of the P and Q of the hypothesis. Consider a compact cycle Z** in 
D r\ P2 . There exists a compact cycle Zl in D r\ P3 and a compact set Pi 
in Z) n Pi such that Z" ^ Zl on Pi . Again, there exists a compact cycle 
Z2 in P Pi P4 and a closed set P2 in P P P2 such that Zl ^ Z\ on P2 . Evi- 
dently Z’* ^ Z2 on Fi O F2 . Continuing in this manner there is established 
the existence of a closed subset P = uu Fi of (P P Pi) U X and a sequence 
Zl , where Zl is a compact cycle of P P P^+g such that for any i = hj Z"" Zl 
on U<-i F, C D n Pi . 

We assert that Z' ~ 0 on F. For suppose not. Then there exists a covering 
U of (S such that Z'(VL) 0 on F. Let Uj ,j = 1, • • • , m, denote the elements 
of U that contain x, and let k be an integer such that P k + 2 cnr-. Uj . Now 
Z' ~ Zl on Fi . But since Zl is in Pi,+2 , ZKU) is a cycle on the simplex 
whose vertices are ZJi , • • • , , and consequently by Corollary V 6.2, 

ZliU) 0 on E”'~^ — i.e., Zl{Vi) ~ 0 on a:. It follows that Z'(]X) ~ 0 on F, 
contrary to our original supposition. 

In order to establish an internal condition for regular r-accessibility, Alex- 
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androff introduced the following concept. (Loc. cit. Definition 5, p. 16; as 
usual, we have rephrased the definition in nonmetric terms.) 

1.5 Definition. A set M will be said to have no r-dimensional condensation 
at a; G AT if for arbitrary open set P containing x there exists an open set Q 
such that X ^ Q (Z P with the property that if Z’’ is a cycle mod M ~ P on 
M which is not ~ 0 mod M — Q on M, then for every open set R such that 
X ERCQ,Z^ r^QmodM - RonM. 

An equivalent definition, which throws further light (see also Theorem 1.11 
below) on the inherent meaning of the concept just defined, is embodied in 
the following lemma: 

1.6 Lemma. In order that a locally compact space & should have no r-dimevr- 
sional condensation atxQS, it is necessary and sufficient that if P is an arbitrary 
open set containing x, there exist an open set Q such that x ^ Q d P cind such 
that every cycle y'' mod S — P which is carried by a compact subset of S — x is 
~ 0 mod S — Q. 

Proof of necessity. With P and Q as in Definition 1.5, let Y be a cycle 
mod (S — P carried on a compact subset F ot 8 — x. There exists an open 
set R such that x S R d Q and such that R r\ F 0, and hence y’’ ~ 0 mod 
S — R. But this must imply, because of the way in which Q was defined, that 
y' ~ 0 mod S — Q. 

Proof op sufficiency. With P and Q as in the statement of the lemma, 
let Y be a cycle mod S — P. If y' has a compact carrier F such that x ^ F, 
then y"" ~ 0 mod S ~ Q and such cycles do not have to be considered. And if 
Y 0 mod /S — i? for all open sets R such that x d R d Q, the requirement 
for absence of r-dimensional condensation is satisfied. Suppose y"" oo 0 mod 
8 — Q and that y"" ~ 0 mod 8 — R ior some R. Then by Lemma VII 1.9, 
there exists a cycle yl mod 8 — P on 8 — R such that yl ~ y' mod 8 — P. 
But by the choice of Q, yl ~ 0 mod 8 — Q, and hence y’' ~ 0 mod 8 — Q, 
contradicting the properties of y\ 

1.7 Example. In the (x, y)-plane, for each natural number n let M„ = 
{ (x, y)\{x- 1/2”)^ + y^ = 1/4'*}, and M = U . With x = (0, 0), M has 
no 1-dimensional condensation at x (Alexandroff, loc. cit. p. 24, no. 7). 

1.8 Example. In the (x, y)-plane, let M„ = {(x, y) 1 (x == \/n)&, 
(-1 ^ y ^ 1)}, Mo = {(x, y) 1 (x = 0)&(-l g y g 1)}, and M = U:-o M, . 
Then M has 1-dimensional condensation at (0, 0). 

1.9 Theorem. In order that a closed subset M of an M^,r+i , 8, should be 
regularly r-accessible, r^n — 1, atxd M, it is necessary and sufficient that M 
have no (n — r — l)-dimensional condensation at x. 

(For the euclidean case, this was proved by Alexandroff, loc. cit. p. 16, Theorem 

11 .) 
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The case r = n — 1 will be left to the reader; the case r S n — 2 may be 
handled as follows: 

Proof of necessity. Suppose that M is regularly r-accessible at x £ Af. 
Let us denote the number n -- r -- Ihy s. Let Pi be an arbitrary neighborhood 
of Xj and let P be an open set such that x ^ P C. Pi and such that r-cycles of 
S — Pi bound on S — P (this is possible since S is simply r»connected, and by 
virtue of Lemma IX 3.1). Since, by Lemma IX 3.1, S is completely (s — 1 )- 
avoidable, there exist open sets Q and Jt such that x E: P C Q C P and such 
that (s — l)-cycles on F(Q) bound onP — R, Since M is regularly r-accessible 
at X, there exists by Lemma 1.4 an open set Ri such that x E Ri C. R and such 
that if Z’’ is a cycle of Ri — M, then for all open sets R' such that x E R^ E Ri j 
there exists a cycle Y of R^ — M such that Z"' ^ y"" on a compact subset of 
R - M. 

Let be a cycle mod >S — Pi on Af which does not bound mod S — Pi 
on M. The portioi^of Z' in Q is a cycle Zl mod F{Q) such that dZl ^ 0 on 
P^— R. Denote (P — P) U (M H P) by Af' and let Af" denote the set 
(Pi — Pi) yj (Af r\ Pi); note that Af'^ D M\ Then by Lemma VII 1.6 there 
exists a cycle 7 * on Af' such that ^ Z" mod 5 — P on Af and on Af'. Then 
7 ® 00 0 mod /S — Pi on Af', and in particular, then, 7 * 0 on Af". By Corollary 

VIII 8.6, there exists in >S -- Af" a cycle Z"^ linked wRh 7 ^ We may write 
Z'‘ — Z[ + Zl where Z[ is in Pi — Af and Zl is in >S — Pi . 

Suppose there exists an open set P' such that x E R' E Ri and such that 
Z^ ^ 0 mod 5 — P' on Af. Then 7 ® 0 mod >S — P' on Af'. This implies 

by Lemma VII 1.9 that there exists a cycle 7 ? on Af' — P' such that yl ^ 7 * 
on Af', and a fortiori on Af". Then 7 I and Z"" are linked. Now let P" be an 
open set such that x G P" C P' and such that r-cycles of S in P" bound in 
P'. By the choice of Pi , there exists in P" — Af a cycle v** such that Z[ ^ y" 
in P “ Af , and since 7 ’“ ^ 0 in P' it follows that ^ 0 in /S — P, where F 
is a carrier of 7 * on Af'. Also, by the choice oi P, Zl 0 on S — P and hence 
in S — F. It follows that ^ 0 in — P, contradicting the fact that 7 * and 
Z"" are linked. 

Proof of sufficiency. Let Af have no s-dimensional condensation at x. 
Then for arbitrary open set P containing there exists an open set Q as in 
Definition 1.6 (with s replacing r). Let Q' be an open set such that x EQ' EQ 
and such that s-cycles on S — Q bound on 8 — Q\ Suppose there exists an 
open set P such that xEREQ', and a cycle Z" on a compact subset X of Q' — Af 
such that Z’’ is not homologous on a closed subset of P “ Af to any compact 
cycle of P Af . We shall show this is impossible. _ 

Let P' be any open set such that a; G P' C P, and let Af' = Af H P — P'. 
Then Z" 0 in P — M\ For if P were a closed subset of P — Af ' containing 
K such that Z"" ^ 0 on P, there would exist by Lemma VII 1.4 a cycle 
mod K on F such that ^ Z" on X, The boundary of the portion of 

in P' would be a compact cycle of P — Af to which Z" would be homologous 
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on F — R' C P - M. It follows then that Z" must be linked with a cycle 
y‘ of M'yj FiP). 

Now the portion of y’ on ilsf is a cycle Z’ mod F(P) on M r\ P. If Z ~ 0 
mod M — Q on M, then there exists a_ cycle Zt mod F(P) on ilf H P — Q 
such that Z’ ^ Z’l mod F(P) on M n P. But this would imply the existence 
of a cycle yl on (M — Q) 'J F(P) such that y‘ ~ y! on {M r\P) VJ F{P), and 
since by the choice of Qj y* 0 ^ t would follow that y ~ 0 in jS K. 

This contradicts the fact that y‘ and Z' are linked. We must conclude, then, 
that Z’ oo 0 mod ilf - Q on If, and that therefore, by the choice of Q, Z' oo 0 
mod M - R' on M. But Z‘ is on M - R' so that Z’ mod M - R'. 

1.10 COROLLAKY. The property of being regularly r-accessible at a certain 
point is topologically invariant for closed subsets of an M^.r+i • 

1.11 Theorem:. If a locally compact space S has r-dimensional condensation 
at X E. S, X of countable character, then there exist an open set P containing x and 
a segwnce Z\ , i — 1, 2, 3, - • • , of compact cycles mod S — P on S — x such 
that for each open set Q such that x E Q E Pj there exists an integer k(Q) such 
that for i > k{Q), the cycles Z' are lirh mod S — Q on S. 

Proof. By Lemma 1.6, there exists an open set P containing x such that 
for every open set Q such that x E Q C P, there exists a compact cycle Z" 
mod ;S - P of >8 - a: such that y' 0 mod S - Q. Let be such a set Q 
and Z\ such a cycle y. Since Z\ is on a closed subset Pi of /S - a;, there exists 
an open set such that xEQiCQi and Q^r\Fx^ 0. Then there exists a 
compact cycle Z\, mod B — P of S — x such that Z\ If mod B — . We 

continue in this manner, using, however, a collection of open sets Q.- forming 
a complete neighborhood system for x. Then if Q is given as in the statement 
of the theorem, there exists an integer k such that Q* C Q- Suppose there 
exists a relation 

(1.11a) 2 ~ 0 mod S — Q,k < f(l) < • • • < i{m), an,-, ^ 0. 

j-i 

Then since the cycles Zf for i < i(m) all lie on 5 — Q, („) , relation (1.11a) 
implies ~ 0 mod S — Q<(„) , contradicting the choice of . 

1.12 Corollary. If S is a locally compact space and x a point of B of 
countable character such that p"iB, x) ^ w, then S has no r-dimensional condensa- 
tion at X. 

1.13 Theorem. If M is a closed subset of an MT.r+i , B, and x E M such 
that p'iM, x) ^ 03, r ^ n — 1, then M is regularly (n — r — l)-accessible at x. 

[This is a consequence of Corollary 1.12 and Theorem 1.9.] 

1.14 Corollary. If M is a k-gm, k n — I, in an ilC.r+i , S, then every 
point of M is regularly r-accessible from B — M for all r ^ n — 1. 
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1.15 Definition. If is a special group of cycles, then by regular ac- 
cessibility reh G'' will be meant the same notion as defined in Definition 1.3, 
except that consideration is restricted to the cycles of G\ 

It will be noted that the following analogue of Lemma 1.4 holds: 

1.4a Lemma. A necessary and sufficient condition that a closed subset M of 
a locally compact space S of countable character should be regularly r-accessible 
reL bounding cycles of D at x ^ M from a set D Q. S — M is that for arbitrary 
open set P containing x there exist an open set Q such that x ^ Q d P and such 
that for every cycle in D r\ Q that bounds in D, and every open set R such that 
X d R d Q) there exists a cycle 7*” inD r\R such that Z"' ^ 7^* in D r\ P. 

If an open subset ?7 of a spherelike 72-gcm has property Sr , r g n — 1, then 
q\U, x) for all a: G F{U), hence (by Theorem X 1.5), -U,x)Sc^ 

and by Theorem 1.13, /S — 27 is regularly r-accessible at x. 

1.16 Theorem. If the open subset U of an Mr,r+i has property Sr , r ^ 
1, then every point of the boundary of U is regularly r-accessible from U; if 

U has property Sr reh bounding cycles, then the boundary of U is regularly r-ac- 
cessible reL bounding cycles from U, 

1.17 Corollary. If a closed subset M of an Af?,r+2 ? >5, 1^0% r ^ n — 2, 

then it is regularly (n r — Inaccessible, and regularly (n -- r — 2) -accessible 
reL bounding cycles from S — M. 

[This is a consequence of Theorem XI 2.3 and Theorem 1.16.] 

1.18 Corollary. If a closed subset M of a spherelike n-gcm S is Ic^"^, and 
D is a domain complementary to M, then every point of F{D) is regularly Q-ac- 
cessible from D. 

Remark. The applications of the above to the euclidean cases are obvious. 
Thus, the ordinary manifolds, when imbedded in S^, come within the scope of 
Corollary 1.14. Or if M is an Ic"* subset of S'", then by Corollary 1.17, M is 
regularly (n -- r — l)-accessible at all its points. 

It is interesting to note, however, that a result stronger than the first half 
of Corollary 1.17 is obtainable: 

1.19 Theorem. If r ^ n — 1, and M is a closed, semi-r-connected 
subset of an Mr,r+i , then M is regularly {n — r -- l)-accessible. 

Proof. By Theorem VII 2.26, p"{M, x) ^ co for all x d M. Hence by 
Theorem 1.13, M is regularly (n — r — 1) -accessible. 

Returning to Theorem 1.2, we note that the sufficiency still holds in the 
following form: 

1.2a Theorem. If M is a point set and x is a point of countable character 
such that M KJ X is r-lc in the sense of compact cycles at x, then x is regularly r- 
accessible from M, 
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However, the converse does not hold, even in the case where M is an open 
subset of and r = 1: 

1.20 Example. In ordinary 3-space, using spherical coordinates (p, 0), 

for each natural number n let == {(p, 0) | (0 ^ p ^ l/n)&(^ — 7r/n)}, 
If X denotes the origin, then the set ikf == L/ Mn is both regularly 0- and 1- 
accessible at a;, but {S — M) yj xm not 1-lc at x. 

However, we can state: 

1.2b Theorem. If D is a point set and x is a point of countable character 
such that X is regularly r-^accessiblcj r ^ 1,/rom D, and D\J x is completely (r — 1)- 
avoidahle rel. hounding cycles of D at x, then D \J x is r4c at x. 

[As usual when dealing with noncompact sets, we make the convention that 
unless otherwise specified, cycles and homologies are on compact sets. In 
particular, D U x is completely (r — l)-avoidable relative to bounding cycles 
of D at a; if for arbitrary open set P containing x, there exist open sets Q and E 
such that X S E C Q G P and such that every compact (r — 1) -cycle of 
F(Q) Q D that bounds in D is homologous to zero on a compact subset of 

(P - P) n P.] 

Proof. Let P be an arbitrary open set containing x, and let Pi be an open 
set such that a: G Pi C P and such that compact r-cycles of D r\ Px bound 
on a compact subset of (P Pi P) VJ x. Let P 2 be an open set such that a; G P 2 C 
Pi and such that compact r-cycles of P P Pa bound on a compact subset of 
(P P Pi) VJ X. Let Qa and Pa be open sets such that x ^ E^ G Q 2 G P 2 and 
such that (r — l)_-cycles of P(Q 2 ) P P that bound in P also bound on a compact 
subset of (Pa — P 2 ) P P- 

In general, having defined Pi , Qi and P* , e ^ 2, let P^+i , Qi+i and E^+i 
be open sets such that (1) x G ^t+i G Qt+i G Pi+i C P* , (2) compact r-cycles 
of P P P i+i bouzwi on & comp&cij subsot of D j (3) l)”CyclGS of 

^(Q.+i) D that bound in D also bound on a compact subset of (P.+i — 
JSi+i) r\ D; (4) the open sets P, form a complete neighborhood system of x. 

Let Z" be a compact cycle of {D r\ Pi) U x. We may assume that Z' has 
no carrier that fails to contain x, else, by definition of r-accessibility, Z' ~ 0 
on a compact subset of (Z> Pi P) VJ x. Let Khea. carrier of Z’’ in (D P Pi) W x. 
The portion of Z' on S — Qz is a cycle Zl mod PCQa) with boundary on FiQi). 
Since dZ[ 0 on a compact subset Ci of (Pa — R^) P D, there exist by Lemma 
VII 1.14 cycles and rl on the compact sets Ai = C],\J (K — Qz) and Pi = 
Ci'U (K r\ Qz), respectively, such that Z' ~ yl + ri on .4i W Pi = KKJ Ci . 

In general, having obtained cycles yl , , •yv-i , and a cycle rj.! on a 

compact subset of {D P P,-) \J x, such that Z’' ~ 7 ! + • • • +_7i-i + r<_i 
on a compact subset of (P P P) U *, the portion of rj_i on P — is a cycle 
ZJ mod F{Qi+i) such that 3ZJ ~ 0 on a compact subset (7,- of (P,+i — P.+i) P P, 
and there exist cycles y't and H on the compact sets Ai — (7,- KJ (P._i — Q<+i) 
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and = C^'U (Kr\ Q,+i), respectively, such that ri_i ~ y' - 1- F' on W . 
Then Z’’ ~ 7I + • ■ • + 7I + r< on the set K KJ C,- . 

Now each cycle yl bounds on a compact subset Fi of (D H P,_i) KJ x (where 
Po = P). Let C = K\J C, W Ur=i P.- ; this is a compact subset of 
(D r\ P) yj X, Then Z"" 0 on C, For suppose not. Then there exists a 

covering U of 5 such that Z"(U) oo o on C. But let i be such that Pi+i lies 
in the nucleus of the simplex constituted by all the elements of U that contain x. 
Then r;(U) on a;, and since Z''(U) + ri(U) oiiK\j\^Ui C, 

C Cj and7^(U) ^ 0 on Fj , it follows that Z''{]X) ^ 0 on C. We must con- 
clude, then, that Z"* ^ 0 on C, and, as a consequence, that D U :r is r-lc at x. 

Remakk. That almost complete (r — l)-avoidability would not have been 
sufficient for the hypothesis of Theorem 1.2b is shown by the following example: 
In the polar coordinate plane S, for each natural number n let = 
{{p, 0) I (p ^ l/n)&(9 = l/n)}; let M == KJ M„ , D = S - M, &ndx = {0, 0). 
Then M is regularly 0- and 1-accessible at all points. The set D U x is almost 
completely 0-avoidable rel. bounding cycles of D at x, but D U rr is not 1-lc at x. 

That the set D U x of Theorem 1.2b may be r-lc at x without being com- 
pletely (r — l)-avoidable, or even almost completely (r — l)-avoidable rel. 
bounding cycles of Z), is shown by the following example: In coordinate 3-space, 
let £)' = I 1 ^ 1 < Ij 1 2/ 1 < 1, 0 < ^ < 1}. Also, for each natural 

number n, let = {(a:, y, z) 1 1/n^ ^ + 2/^ ^ 1, == l/n}y and D = D' -- 

U Mn . If X ^ (0, 0, 0), then D U x is 0- and 1-lc at x, as well as regularly 
0- and 1-accessible at x, but is not almost completely 0-avoidable rel. bounding 
cycles of D at x, 

2. Stronger types of accessibility; their interrelations and topological in- 
variance. We now introduce a type of accessibility that is much stronger 
than that of regular r-accessibility, and which is consequently of value in 
characterizing, by means of positional invariants, many of the more common 
topological configurations in higher dimensions. We found, as for instance in 
1.13, 1.14 and 1.17, that sets having certain local connectedness properties 
also have regular accessibility properties, but we stated no converse theorems. 
This was because of the fact that, while the regular accessibility property in 
is strong enough to afford such converses, this is not the case in higher 
dimensions. For example, if T is a torus and C is a meridional circle on T, let 
C be deformed to a point p — the remainder of T remaining topologically un- 
changed. The resulting surface T', when imbedded in is the common 
boundary of two domains from each of which T' is regularly r-accessible for 
r = 0, 1, 2, yet possesses the ^^singular’^ point p. This is to be contrasted with 
the case in where a common boundary of two domains which is merely 
''arcwise accessible^' from each of these domains is an >Sh 

Let us reconsider the “arcwise accessibility" (cf. II 5.36); if in a space Sj 
M is a point set and p a point of S M, say, then p is arcwise accessible 
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from ilf if for g G there exists an arc having end points p and g and lying, 
except for p, wholly in M. We can conceive of this as indicating that if Z® is 
a nontrivial 0-cycle on p \J q, then ^ 0 on a compact set A such that A CZ 
MV) p. This idea forms the genesis of the following definition: 

2.1 Definition. A point p of a point set K will be called r-accesstble from 
a subset E of the complement of IT if every compact r-cycle of E p bounds 
on a compact subset of E VJ p. In other words, p is r-accessible from E if the 
set E VJ p is simply r-connected in the sense of compact cycles and homologies 
on compact sets. If for all p E K,p is r-accessible from E, then we say K is 
r-accessible from E. When E is the complement of K, we may omit the words 
"from E,” calling K simply an r-accessible set. Following the same order of 
ideas, the localization of this property, which we call local r-accessibility, is 
merely the r-lc property of F U p at p in terms of compact cycles and homologies 
on compact sets. As we have seen in Theorem 1.2, the property which we 
now call local 0-accessibility is, for the boundary points of a domain D in a 
locally compact, 0-lc space of coimtable character, equivalent to regular ac- 
cessibility. And in Theorem 1.2b we have established a connection between 
regular r-accessibility and local r-accessibility, although, as pointed out in 
Theorem 1.2a and the remarks following that theorem, for r > 1 local r-ac- 
cessibility is the stronger property. 

We sba.11 first investigate some of the implications of the “in the large” type 
of r-accessibility. 

2.2 Theorem. Let K he an (n — l)-accessible closed subset of an M^,i , S, 
containing at least three points. Then K is a continuum which has no cut points. 

Proof. Suppose K = A V) B separate. Then by Theorem VIII 8.6, there 
exists a cycle 7""' on a compact subset of S — K which is linlced with a non- 
trivial zero cycle Z° carried by a pair of points p, g, where p E A and q E B. 
Let 2; be a point of K distinct from both p and g. Since if is (n — 1) -accessible, 
~ 0 on a compact subset L of (S — K) \J x. But L Q S ~ (p U g) so 
that and cannot be linked. 

Let p E K, and suppose that K — p — K^VJ K2 separate. Since S has the 
Phragmen-Brouwer property (or cf. Lemma X 6.6) there exists, in (/S — if) W p, 
a continuum C such that points of if lie in different components of /S’ — C; in 
particular, there exist C, pi E if 1 and pz E ifz such that pi and pa lie in different 
components of S — C. But by Theorem VIII 8.6, a nontrivial cycle ^ on 
Pi V) Pi is linked with some 7”“^ of C, although since p is (n — l)-accessible 
from S — K, 7”'^ would have to bound on (<S — if) U p C <S — Pi — P2 • 

2.3 Theorem. If a closed subset K of an h space S is 0 -accessible from a 
set D = U€,,C, a component of S -- K, then K is the common boundary of 
aTl CJy • 

Peoof. By virtue of Corollary V 11.11, H p E: K and x a point of some 
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component Cp of D, then D 'U p has a subcontinuum H that contains both p 
and X, Suppose that H — p Cp , Then, since 8 is Ic, Cp is open (Theorem 

III 3.1) and H — p=^ {H r\Cp)yj Hi separate. By Theorem 1 9.8, {H r\ Cp) ^ p 
is a continuum, and since it lies mCp'U p we conclude that p G P{Cp)^ 

Preliminary to investigating the relation between 0-accessibility and local 
0-accessibility, we note the following lemmas: 

2.4 Lemma. In order that a boundary point x {of countable character) of a 
connected open subset D of a locally compact^ 0-lc space should be locally 0~accessible 
from Dj it is necessary and sufficient that for arbitrary opm set P containing x 
there exist an open set Q such that x ^ Q C. P ccnd such that Q r\ (D yj x) lies 
in one constituant of P r\ (D VJ x). 

Proof. The necessity is trivial. The sufficiency follows from the following 
considerations: As observed above, for x to be locally 0-accessible from D it 
is sufficient that x be regularly accessible from D, If, for arbitrary P^ a Q 
exists as in the statement of the lemma, then x is by definition regularly ac- 
cessible from D and consequently locally O-accessible from D. 

2.5 Lemma. In order that a boundary point x {of countable character) of a 
connected open subset D of a locally compact, 04c space should be locally O-accessible 
from D, it is necessary and sufficient that each compact subset of D yj x lie in a 
subcontinuum of DKJ x. 

Proof. The necessity is proved by methods analogous to those used in the 
proof of Theorem 1.2. (Using the sets P, of Theorem 1.2, if K denotes the 
compact set in question, then jST — Po is in a subcontinuum Kq of D by Theorem 

IV 3.3. Each K H (P,- — Pf+i) lies in a subcontinuum Ki of {D H P*_i) W x 
as in the proof of Theorem 1.2.) 

To prove the sufficiency, suppose x not locally O-accessible from P. Then 
there exists an open set P containing x such that no Q of the type described 
in Lemma 2.4 exists. As x is of countable character, there exists a sequence 
of points Xi , • * • , Xn j * • • of P P having x as sequential limit point and 
such that no Xn lies with x in the same constituant of (P VJ x) H P. Since 

U is a compact point set, there exists a subcontinuum M oi D yj x 

containing it. Let Q be an open set such that x ^ Q C: P) 

K = M r\ FJQ). Then by Theorem IV 1.8 each point is in a subcontinuum 
of M n Q that meets K. And by Theorem IV 1.14, lim sup contains a 
subcontinuum Mo of M Cy Q that contains x and meets K* But if y G -3^0 ^ 
then 2/ is a point of P P; and as P is 0-lc, there exists in P P a continuum 
C containing y and a point y^ G Mr, r\ F{Q) for some n* Obviously x„ and x 
are in the same constituant oi {D yJ x) r\ P, contrary to the definition of Xn . 

2.6 Lemma. If P is a connected open subset of a locally compact, 04c space, 

X is a boundary point of D of countable character , and x is not locally O-accessible, 
then there exist an open set P containing x and a sequence Xx , • • * ? ? * * * £ 

P r\ D such that no two points Xn lie in the same constituant of P r\ (D yJ x). 
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Proof. Suppose the conclusion of the theorem false. Since x is not locally 
O-accessible, there exists by Lemma 2.4 an open set Pi containing x such that 
no Q of the type described in that lemma exists. However, under our suppo- 
sition, there exists an open set P2 such that G P2 C Pi j only a finite number 
of constituants of Pi H (P VJ rc) meet P2 , and x is either an element of or a 
limit point of each of these constituants. Let (7i be one of these constituants 
that fails to contain x — we may assume such a Cx exists, else only one con- 
stituant of Pi r\ (D^J x) meets P3 and P2 is a Q of the type described in Lemma 
2.4. 

As X is of countable character, there exists a sequence , • • * , p« , * • • G C'l 
having x as a sequential limit point. Now arguing as above, we show that 
there exists an open set P3 such that x ^ P 3 Q P 2 , only a finite number of 
constituants of P2 H (P VJ x) meet P3 , and x is an element of or a limit point 
of each of these constituants. Since “almost all” the points Pn lie in P3 , one 
of the constituants of P2 Pi (P U x) that meets P3 must be a subset of Ci ; 
we denote such a constituant by C2 • 

In this manner we may prove the existence of a sequence of open sets P„ 
such that (1) the collection {P„} forms a complete neighborhood system of 
X, (2) there exists a constituant of P« P (P U x) that has as a limit point 
but does not contain x; (3) for each n, D Cn+i . Now let Qn & • Then 
for each n, Cn contains a continuum such that qn g„+i G • Evidently 
xKJU Kn is a subcontinuum of Pi P (P U x). But this implies that x G 0i , 
contrary to definition. 

2.7 Theorem. For a boundary point of a connected open subset of a locally 
compactj 04c space of countable character, O-accessihility and local Q-accessibility 
are equivalent. 

Proof. By Lemma 2.5, local 0-accessibility of a boundary point x of such 
an open set P is equivalent to the condition that every compact subset of 
P U a; lie in a subcontinuum of P U a;. Hence if such a point x is locally 0- 
accessible, every compact 0-cycle of D \J x has a carrier C which is a sub- 
continuum of P VJ a; and 0 on C. 

Conversely, if x is 0-accessible from P, then x is locally 0-accessible from P. 
For suppose not. Then by Lemma 2.6 there exists an open set P containing x 
and a sequence of points G P P P such that no two points Xn lie in the 
same constituant of P P (P VJ a:). If U is a covering of S, let Z^(Vi) be a 
0-cycle cTi — (Ts + • • • + — cTk obtained as follows: o'* is an element t/* 

of U that contains x. If every XnG Uk , then Z^(U) = <r* ~ o-* . Ifxi^Uk, 
then (Ti is a Pi G U that contains Xi . If ^^2 G P& and Xz ^ Uj, , for instance, 
then or2 is a P2 G U that contains 0:3 . The collection {2®(U) } is a cycle carried 
by X VJ Ux,. As X is 0-accessible from P, there exists a compact subset M of 
D^J X such that Z® ^ 0 on M. 

Let Q be an open set such that x G Q G P- Now i^may be shown (cf. the 
sufficiency proof of Lemma 2.5) that for each n, M P Q contains a continuum 
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Mn which contains Xn , as well as a point of F{Q). Proceeding as in the last 
part of the sufficiency proof of Lemma 2.5, we obtain the point y, from whose 
existence we readily see that the points x^, cannot all lie in different constituants 
of P n (D W x). 

2.8 CoROLLAKY. Fov boundary points of connected open subsets of a locally 
compact^ 04c space of countable character, regular accessibility, local 0-accessibility 
and 0-accessibility are all equivalent 

2.9 Theorem. Let M be a nondegenerate, 0- and 1-accessible closed subset 
of a spherelike 2-gcm S. Then M [if not 2-dimensional] is a spherelike 0- or 1-gcm, 

Proof. Suppose M is not an By Theorem 2.2, M is a continuum, and 
by Theorem 2.3, M is the common boundary of all its complementary domains. 

Let p ^ M, D he 3b domain complementary to M, and P an arbitrary open 
set containing p. Denote S — M hy E. Then by Theorem 2.7, there exists 
an open set Q such that x ^ Q CZ P and such that every compact 0-cycle of 
Q r\ (E U x) bounds on a compact subset of P Pi (E KJ x). Let be a cycle 
on a compact set P in Q P D. Then there exists a compact subset A of 
P r\ (E yj x) such that 2'^ ^ 0 on A, 

Since D is a domain, there exists a compact subset B of D such that ^ 0 
on B, 

Let yl and yl be cycles mod F on A and B, respectively, such that 67I ^ Z^ 
on F, i = 1, 2 (Lemma VII 1.4). There exists on A U B by Lemma VII 1.6 
a cycle 7^ such that 7^ 7J + yl mod F on A KJ B. Since x is 1-accessible 
from E, it follows that 7^ 0 on a compact subset of P U p. From Theorem 

VII 9.1, with the Ai and A 2 of that theorem denoting P(P) and M respectively, 
it follows that 0 on a compact subset of P — P(P) and hence of D P P. 

Thus D is 0-ulc and ikf is a spherelike 1-gcm by Theorem X 6.11. In any 
case, then, ikf is a spherelike 0- or 1-gcm. 

2.10 Corollary. If M is a nondegenerate 0- and l~accessible closed subset 
of then M is an S°, or S\ 

We shall now show that for r > 0, r-accessibility is stronger than local r- 
accessibility. First it should be noted that the latter does not imply the former, 
as is shown by simple examples; For instance, in the cartesian plane let D' = 
{{x, y) \ x^ + y^ < 1]) M ^ {{x, y) \ 0 ^ a; < 1, 2/ = 0} and D = D' ikf. 
If p = (1,0), then p is locally 1-accessible from D but not 1-accessible from JO. 

2.11 Lemma. In any space S, let Z{ , * — , Zl , • • ^ be a countable collection 
of cycles such that if U is any f cos of S, then at most a finite number of the coordinates 
2i(U) are not zero. Then the collection Z"" = {E:-. ^n(U) } is O' Cech cycle of S, 

{Z'‘ may fail to have a compact carrier if B is not compact, however. If a 
compact carrier is desired, one must of course provide for this by carriers of 
the Zl whose totality will have a compact closure.) 
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The proof is immediate. 

2.12 Corollary, If x ^ S and {Zl} is a countable collection of cycles 

such that if P is an arbitrary open set containing Xj then all but a finite number of 
the cycles Zn lie in P, then the collection ZliVi ) } is a Cech cycle of S, 

The following lemma, analogous to Lemma 1.4, is proved in the same way 
as the latter: 

2.13 Lemma. If D is an open subset of a locally compact space S and x ^ F (D) 
is of countable character, then a necessary and sufficient condition that x be locally 
r-accessible from D is that for arbitrary open set P containing x there exist an open 
set Q such that x E: Q C, P cind such that for every compact cycle Z"" of Qr\ {D\J x) 
and every open set R such that x E P C. Qi there exist a compact cycle y in R r\ 
(D \J x) such that Z"" ^ 7** in P r\ (DU x). 

Now the following theorem includes the fact, proved in Theorem 2.7, that 
0-accessibility implies local 0-aceessibility, except that 'one has to assume that 
the space under consideration is perfectly normal; the reader may be interested 
in contrasting the proof for this case with the proof used in Theorem 2.7. 

2.14 Theorem. If x is an r-accessible boundary point of a connected open 
subset D of a locally compact, perfectly normal, lc'‘ space S, then x is locally r- 
accessible from D. 

Proof. Suppose x is not locally r-accessible frcm D. Then by Lemma 2.13, 
there exists an open set P containing x such that P is compact, and if Q is any 
open subset of P such that x E Q, then there exists an open set R such that 
X E R E Q and a compact cycle Z"' oi Q r\ (DU x) which is not homologous 
to any compact cycle of R r\ {D U x) on sl compact subset of P (D U x). 
Since x is of countable character, there exists a sequence of open sets {P^} 
forming a complete neighborhood system for x, and such that (1) P 3 P^ ID 
Pn+t for all n, (2) there exists in P^ r\ {D U x) b> compact cycle Zl which is 
not homologous to any compact cycle of P^+i r\ (D U x) on a compact subset 
of P n (D U x). 

Consider the collection of all forms of type F^ = , where 

K = 0 or 1. This is an uncountable collection, and by Corollary 2.12 each 
Fy is a compact cycle of Pi H (D U x). By hypothesis, each Fj; ^ 0 on a 
compact subset P, of P x. 

Let Q be an open set such that P 3 Q 3 Pi , and let K F{Q) — P. Since 
S is perfectly normal,, there exists a sequence of open sets Ui , • • • , , * * - 

such that Un == if. And since no F, meets K, there exists for each F^ a 
set Pn such that Pi P„ ~ 0. Also, since the F^ form an uncountable collec- 
tion, there is a value n ^ k such that uncountably many of the sets P„ fail to 
meet P* ; denote the collection of these by {P,,}. 

Now P P P D F(Q) - KD F(Q) - P, ; hence F(Q) - P, is a compact 
subset of the open set P P P in the Ic** space S and by Corollary VI 3.8 there 
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exists an integer m representing the maximum number of r-cycles on F{Q) — 
that are lirh in P r\ D. By Corollary VII 03, there exists for each ij, a cycle 
y'l, on FiQ) — Uk such that ~ 7 ' on F^ H Q. 

Suppose that TJ , • • • , F^+i are any m + 1 elements of {F^}. Between the 
corresponding cycles 7 i , i = 1 , • • • , m + 1 , there exists a homology 

m+1 

(2.14a) Z) aVi 0 in P A B, o' G 3?, 

where not all a* are zero. We also have homologies 
(2.14b) a’rj aVI on F,- A Q C ^ (-D U x). 

Combining (2.14a) and (2.14b) we get 

m+1 

(2.14c) So'Fj^O onM, 

where ikf is a compact subset of P A (D U re). 

From the form of the summations constituting the T[ we see that 
is a form X^r-i . And relation (2.14c) becomes 

CO 

(2.14d) X) 0 on If. 

n-1 

Suppose not all c“ = 0. Let c‘ be the c" of smallest index n such that c” 7 ^ 0. 
Then (2.14d) gives 

(2.14e) E onM 

n-*+l 

where 6 ” = cV^*- 

But '^n«t+i is a compact cycle of Pt+i r\ (D KJ x) whereas ZJ is a com- 
pact cycle of Pf A (£> W re), and (2.14e) implies that ZJ is homologous to a 
compact cycle of Pt+i A (Z) VJ re) on a compact subset Af of P A (P VJ re). 
This is impossible because of the stipulation ( 2 ) above. 

It remains to ascertain, then, that there exists at least one form of type 
(2.14d) for which some c” is not zero. This is the case for the following reasons: 
Each is determined by a set of elements bl of by the relation Tl == 
KZl , where = 0 or 1. Hence a form has for its nth term 

a% , so that for all in a form of type (2.14d) to be zero implies that 
elements of the field 9 F exist so as to render = 0 for all n ^i.e., the 

corresponding sets are linearly dependent rel We need only recognize, 
then, that there exist at least m +1 linearly independent sets P> . Since the 
latter are infinite in number and consist only of O's and l^s, this follows from 
elementary algebraic considerations. 

2.15 Remaeks. The following example is instructive in regard to Theorem 
2.14 and its proof. In cartesian 3 -space let P' = {{Xj y, z) | {x^ + y^ < 4)& 
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(0 < 3 < 2)}. For each n, let = {(1/w, 0, 2 ) | 0 <2 ^ 1}. Let D = 
D' - Ur-oM„ , p = (0, 0, 0), q - (0, 0, 1), p„ = {1/n, 0, 0),and = (1/n, 0, 1) 
(see figure). The point p is neither 1-accessible nor locally 1-accessible. For 






consider a small simple closed curve in D near encircling the line Pn^n as 
indicated in the figure. If Zl, is a nontrivial 1-cycle on , then the cycles Z'n 
may form a set of cycles analogous to the cycles Zl of the above proof. It is 
interesting to note that the Tl of form 23 ”- 1 Zl does bound in D p, since 
it is homologous in D U p to a cycle Z^ on the curve J of the figure, which in 
turn clearly bounds in D VJ p. However, a cycle of the form 23»-i Zl^^i does 
not bound in D KJ p. 

It is also interesting to note that in proving Theorem 2.14 we used only 
the following property; If x is a boundary point of D, then there exists an open 
set P containing x such that if Z^ is a compact cycle of P H (P U x), then 
Z"" ^ 0 on a, compact subset of P W x. In other words, not all of the implica- 
tions of r-accessibility are needed. However, the proof of Theorem 2.14 makes 
clear that the property just defined is equivalent to local r-accessibility. Another 
type of accessibility is suggested by these considerations: 

2.16 Definition. In any space S a point p of a point set K will be called 
semi-r-accessible from a subset E of its complement if there exists a fcos @ of ^ 
such that every compact r-cycle of P U p of diameter < (S bounds on a compact 
subset of P VJ p. If all points of K are semi-r-accessible from ^ — P, we say 
simply that K is semi-r-accessible. 

It is clear from the above Remarks that if a boundary point x of a connected 
open subset P of a locally compact, perfectly normal, Ic"' space S is semi-r- 
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accessible, then it is locally r-accessible. Trivial examples show that the con- 
verse fails; for instance: 

2.17 Example. In cartesian 3-space let D' = {{xj y, z)\x^ < 1}; 

M ^ {{xy y, z)\ — 1 < a; < 1, 2 / == 0, 25 = 0}; and D = — M. If p — 

(0, 1, 0), then p is locally 1-accessible from D but not semi-l-accessible. 

Also, r-accessibility certainly implies semi-r-accessibility, but the converse 
fails: 

2.18 Example. In the cartesian plane, let D' — [{x^ y) \x^ + y^ < 1}; 
M — {{Xj y) \ Q S ^ < I, y == 0} and D — D' — M. If p == (1, 0), then p 
is semi-l-accessible from D but not 1-accessible from D. 

To summarize: 

2.19 Theorem. For r > 0, the properties of being locally r-accessible, semi- 
r-accessible and r-accessihle are in general successively stronger. 

Before considering further applications, we investigate the question regarding 
the topological invariance of the new types of accessibility. By means of the 
r-dimensional condensation property, we were able to prove topological in- 
variance of the regular r-accessibility property for closed subsets of an 
(Corollary 1.10). In order to establish an invariance for the local r-accessibility 
property, we introduce the following definition of a property which the reader 
might compare with the property that was introduced in Lemma 1.6 as being 
equivalent to lack of r-dimensional condensation: 

2.20 Definition. A space S is called smooth at x E: S in dimension r if 
for arbitrary open set P containing x there exists an open set Q such that 
X E Q E P and such that every compact cycle Z"" mod — PofS— a;is = 0 
in S — X mod S -- Q. 

If a space is smooth at a point x in dimension r, then it has no r-dimensional 
condensation at x. That the converse fails is shown by the first example in the 
Remark following Theorem 1.2b, with r = 0. 

2.21 Theorem. In order that a closed subset M of an , Sj should be 

locally r-accessible at x E M, it is necessary and sufficient that M be smooth at 

X in dimension n -- r — 1. 

Proof of necessity. Consider first the case r < n 1, and let s = n — 

^ _ 1 . Also let E = S - M, and P, Q, R and W be open sets containing x 

such that ■pF C -B C Q C P and such that (1) if Z' is a compact cycle of IF H 
(EVJx) then Z’’ 0 on a compact subset oi R r\ (EVJ x); (2) if Z* ^ is a cycle 

on P(Q), then Z*"" 0 on S - R. Let P = (-S - F) W (M H TF) and 

T' = {S - R)^ (MAP). 

Now suppose Z* is a compact cycle mod S ^ P on M x. If is the 
portion of Z^ in Q, then dZl ^ 0 on #S ~ P. By Lemma VII 1.6 there exists 
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a cycle 7“ on T" such that 7® ^ Z* in IT — a; mod S — R. Now if 7® 0 in 

T — Xj then we would have Z® = 0 in T — re mod S ^ Rj and hence in M — x 
mod /S — TF. Suppose 7® 0 in T ~ re. Then by Theorem VIII 9.1, there 
exists a cycle Z'' in W {E \J z) which is linked with 7®. But by the choice 
of W, Z"" ^ 0 in R r\ {E 'U x) Q S — T\ As 7® is on T', this contradicts the 
fact that 7® and Z"* are linked. 

The case r = n — 1 is handled similarly, except that local avoidability of S 
plays no role, 7* being obtainable without it. 

Peoof of sufficiency. Let M be smooth at x in dimension s = rz, — r — 1. 
Then with P arbitrary, there exists Q such that if Z® is a compact cycle of 
M -- X mod S — Pj then Z® « 0 in ilf — 3; mod 8 — Q. Let Z*" be a compact 
cycle of Q P\ (P W x), and suppose that Z*" ^ 0 in P r\ {E \J x). Then by 
Theorem VIII 9.1, Z*" is linked with a compact cycle Z® of /S — P A (P U x); 
the portion of Z® in P is a compact cycle mod P — P on Af — x, and hence 
Z® ~ 0 in M “ X mod ilf — Q. By Theorem VI 4.6a, this implies that Z® 0 
mod Af — Q in every neighborhood of Af — x. In particular, Z® ^ 0 mod 
P — Q in a neighborhood of A^" — x that excludes a carrier of Z’", contradicting 
the fact that Z® and Z" are linked. 

We conclude, then, that Z"* — 0 in P H {E \J x), and hence, by Theorem 
VI 4.6, that Z"* ^ 0 in every neighborhood of P r\ {E \J x). In particular, 
if P C Q is an arbitrary neighborhood of x, and TJ = [PA (P W x)] U P, 
then Z"* ^ 0 in P. It follows that there exists a compact set P in !7 and a 
cycle mod K on F, where if is a carrier of Z** in Q H (P ki x), such that 
^ Z^ on K, Now P H Af = x and P H Af C P, and if Cp ^ is the portion 
of in P, then dC[^^ lies on (P Pi P) W [P H P(P)]. That is, dCl^^ is a 
cycle of P Pi (P U x) such that Z"" in P Pi (P 0 x). It follows from 

Lemma 2.13 that x is locally r-accessible. 

2.22 Corollary. The property of being locally r-accessible at a certain point 
is a topological invariant of closed subsets of an M^,r+i . 

In order to establish invariance of the r-accessibility property, we have re- 
course, in addition to the '"smoothness'^ property utilized in the case of local 
r-accessibility^ to the numbers — ) (Cf. V 20.3). 

2.23 Theorem. In order that a closed subset of an , 8, should be r- 

accessible atx ^ M, it is necessary and sufficient that M be smooth at x in dimension 
n — r — 1 and that p”"'‘-^(Af — a;, — ) == 0. 

Proof of necessity. If Af is r-accessible at x G Af, then M is smooth 
at X in dimension n ^ r — 1 by Theorems 2.14 and 2.21. And were 
^n-r-i(A£ _ ^ there would exist by Theorem VIII 9.1 a cycle Z’‘ on 

a compact subset of (P — Af) \J x which fails to bound on the latter set, thus 
contradicting the assumption of r-accessibility at x. 

Proof of sufficiencx. Let P = P — Af and let Z" be a cycle on a compact 
subset of P VJ X. Since p”"'"'^(Af — x, — ) — 0, it follows from Theorem VIII 9.1 
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that 'p"(E yj X, —) = 0. Hence Z"" ^ 0 m E \J x. Now for any open set P 
containing x there exists by Theoreni^.21 an open set Q such that x E. Q C. P 
and such that every compact cycle oiQ r\ (EKJ x) bounds on a compact subset 
oi P r\ {E yj x). Let U = E yj Q, Since Z'’ — 0 in P U a;, it follows from 
Theorem VI 4.6 that ^ 0 on a compact subset F of U» By the same method 
as used in th^sufficiency proof of Theorem 2.21, we can show that there exists 
a cycle 7*^ of Q {E yj x) such that Z"" ^ in. E yj x. By the choice of Q, 
7'' ^ 0 on a compact subset P' of P Pi {E yj x), and consequently Z"* ^ 0 on 
pyj F' CEyj X, 

2.24 Corollary. The property of being r-accessible at a certain point is a 
topological invariant for closed subsets of an M^,r+i . 

For the proof of the invariance of semi-r-accessibility, we introduce the follow- 
ing property: 

2.25 Definition. A space S is called r-declinable nt x E S ii there exists 
an open set P containing x such that every compact r-cycle of S is homologous 
to a compact r-cycle of P — P. If P is r-declinable at every point, we say 
simply that S is r-declinable. (Compare P. Alexandroff [f; 20].) 

2.26 Theorem. In order that a closed subset M of an il4T,r+i , >S, should 
be semi-r-accessible at x E M, it is necessary and sufficient that M — x be 
(n — r 1) -declinable and that M be smooth at x in dimension n — r — 1. 

Proof of necessity. That M is smooth at x in dimension n — r — I 
follows from Theorems 2.19 and 2.21. Let y E M -- x. Let U be an open 
set such that y E U C. S — x. Let V be an open set such that S — U E 
V C, S — y. Denote the covering of S consisting of XJ and V by U. Since 
M is semi-r-accessible at x, there exists an @ > U such that every compact 
cycle oi{S -- M)yj X of diameter < ® bounds on a compact subset of (S — Af) VJ 
X. Let P be an element of @ such that y EP] obviously P E U. 

Suppose there exists a cycle on a compact subset P of Af — a;, which 

is not homologous on a compact subset of Af — a: to a compact cycle of Af — 
x-U, Let P - - P) U (Af P P). Then oo 0 on P. Consequently 

there exists in P — Af a cycle Z*" which is linked with Z”"’'“\ But Z"* ^ 0 
on a compact subset P' of (S — Af) yj x E S — F. We conclude that no cycle 
such as Z”"’’"^ exists and hence that Af — a; is (n — r — 1) -declinable. 

Proof of sufficiency. Let E == S -- M and 5 = — r — 1. As Af is 

smooth at x in dimension s, there exists by Theorem 2.21 an open set con- 
taining X such that every compact r-cycle of P (P U x) bounds on a com- 
pact subset oi E yj X. Since Af a; is s-declinable and S is locally s-avoidable 
(Lemma IX 3.1, Corollary IX 2.2), for each y E M — U:, there exist open sets 
and Vy such that x ^ Uy j every compact 5-cycle of Af — :r is homologous 
on a compact subset of Af — :r to a compact cycle of Af — Uy , and every 
s-cycle of S — Uy bounds on S -- Vy . For each z E Fj there exists an open set 
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Ug such that z ^ Uz Q E and such that every r-cycle in bounds in E (since 
S is S“lc). Let U be a fcos of S consisting of elements of the collection { VJ 
{Vy} VJ {Uz}. Evidently G U, and if U is an element of U different from 
Uz: such that U r\ M 0, then U G {Vv}- 

We assert that if is a compact cycle of U a: of diameter < U, then 
^ 0 on a compact subset of E U x. If -Z’* lies in some element of U that is 
a TJz 5 this is trivial. And if lies in , it follows from the definition of . 

Suppose Z^ lies in a 7*, . Let jP be a compact subset of Vy carrying Z\ Then 
Z^ ^ 0 in E^ X. For if not, then by Theorem VIII 9.1, there exists a compact 
cycle Z^ olM — X which is linked with Z\ But Z® is homologous on a compact 
subset of AT — a; to a cycle 7* of ilf rr — TJy , and in turn 7* 0 on ^ — Vy ] 

that is, Z® ^ 0 in S — F, which is impossible since Z^ and Z" are linked. We 
conclude then that Z"" ^ 0 in E KJ x. Then if V is an open _set such that 
a: G 7 C , Z*” is homologous in E\J to a compact cycle of V r\ {E^J x) 
(see latter part of the proof of Theorem 2.21), and hence Z** ^ 0 on a compact 
subset of E U x. 

2.27 Corollary. The 'property of being semi-r-accessible at a certain point 
is a topological invariant for closed subsets of an ikfr.r+i • 

3. Applications to recognition of submanifolds of a manifold. In Theorem 
2.9 and Corollary 2.10, we saw that the spherelike k-gcm is completely char- 
acterized in the 2-gcm by the property of r-accessibility. In the present section 
we develop like theorems for the general case. 

By an argument similar to that used in the proof of Theorem 1.2b, we may 
show: 

3.1 Lemma. If D is a point set and x is a point of countable character such 
that X is regularly r-accessible, r ^ Ijfrom Z>, and D is (r — l)-ulc at x rel. bounding 
cycles of D, then x is locally r-accessible from D. 

The second example in the Remark following Theorem 1.2b exhibits a case 
where the hypothesis of the above Lemma applies for r = 1. 

3.2 Theorem. If M is a k-gcm in an n-gcm Sj then M is locally r-accessible 

from S — M for r ^ n — k + • * • , n — 1; and if 8 is an , and M is 

orientahlej then M is locally {n — k)-accessible. 

Proof. By Corollary X 1.8, >S — ikf is r-ulc for r = rt — fc, * • • , n •“ 1. 
Hence by Lemma 3.1, ikf is locally r-accessible for all r ^ n — A; + 1, inasmuch 
as r-ulc is stronger than regular r-accessibility. By Theorem X 4.5, S — M is 
{n — k — l)-ulc rel. bounding cycles of 8 — M when M is orientable and 8 is 
an . 

3.3 Theorem. If M is a spherelike k-gcm in an then M is r- 

accessible from 8 — M for r = n — fc, • • • , n ~ 1. 

Proof. If Af is a k-gom and x G Af, it follows from Lemma IX 3.1, Corollary 
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IX 2.2 and Theorem VI 4.6 that — x, —) — 0 for s = 0, 1, • • * , A* — 1. 
By Theorem 3.2 and Theorem 2.21, M is smooth at every point in the dimensions 

0, 1, • • • , fc — 1. Hence by Theorem 2.23, M is r-accessible in the dimensions 
n — fc, * • • , n 1. 

3.4 CoKOLLAKY. If M IS an (n — l)-gcm in a spherelike n-gcm S, and D 
is a domain complementary to Af , then M is locally r-accessible from D for r = 0, 

1, • • • , n — 1; and if M is spherelike j it is r-accessible from D for r = 0, • • • , 

— 1 . 

Proof. The case r = 0 follows from Corollary 2.8, inasmuch as D is 0-ulc 
and this implies regular accessibility. By Theorem 3.2, M is locally r-accessible 
from S — M for r = 1, ••• — 1, and it is easily shown that this implies 

local accessibility from D alone. A similar remark holds in the case where M 
is spherelike. 

3.5 Lemma, Let x be a point of a space S such that p'^iS, x) = 0. Then S 
is r-declinable at x. 

Proof. Since p\Sj x) = 0, there exist open sets P and Q such that x G 
Q C. P and such that if Z"” is a cycle mod S — Pj then Z** ^ 0 mod S — Q. 
Now let Z"* be any compact cycle of /S. Then Z’* ^ 0 mod /S — Q, and by 
Lemma VII 1.9, there exists a cycle y*” on >S — Q such that Z"* ^ 7**. 

Remark. That r-declinability does not imply p\Sj x) = 0 is shown by the 
simple example of the straight line interval: Let S be the set of all real numbers 
x such that 0 ^ x ^ 1, and let x = 1/2. Then S is 1-declinable at x, but 
V^(S, X) = 1. 

3.6 Corollary. If S is an n-gm, then S is r-declinable for all r < n, 

3.7 Lemma. If D is an open subset of a normal space S, G a subgroup of 
the group of bounding compact cycles of D, and x G F(D) which is regularly r- 
accessiblefrom D rel. cycles of G and (r -|- l)-accessiblefrom D, then x; G) = 0. 
In particular, if all cycles of D in some neighborhood U of x bound in D, then 
q^iP, x) = 0. 

Proof. If P is an arbitrary open set containing x (which, in the case of 
the second sentence of the statement of the lemma we may assume to be a 
subset of XJ), then there exists an open set Q such that x E: Q G P and such that 
if 7"* G (? is a cycle on a compact subset K oi D r\ Q, then y** ^ 0 on a compact 
set Ki G P r\ (D KJ x). And such a cycle 7*^ also bounds on a compact subset 
X2 of D, Referring to Theorem VII 9,1, and letting Ai = [(S — D) — P] VJ 
P(P), A2 = (iS — P) n P, the cycle of Theorem VII 7.1 bounds on P W x, 
since x is (r + l)-accessible from P, and hence 7""^^ ^ 0 in >5 (Ai r\ A2). 
We may conclude that y'* ^ 0 in P A P. 

3.8 Lemma. If D is an open subset of an n-gcm S such that F(JD) contains 
at least three points and is (n — Inaccessible, then p^~^{D) = 0. 
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Proof. Denote F(D) by M. Suppose is a cycle on a compact subset 
K of D such that oo 0 in D. If , Xs G M, x^ x^ , there exist closed 
subsets K^oiD^J Xi ,i = 1, 2, such that ~ 0 on TiCi , and is minimal 
rel. to the property of containing K. and carrying this homology. Hence by 
Lemma VII 2.19, Ki U carries a cycle r" such that T* oo 0 on i^i W ifa . 
It foUows that K^\J Ki = S (cf. VIII 3). But this is impossible, since 
{K-, \J K^) r\ M = x^\J X 2 and M contains at least three points. 

3.9 Theorem. In order that an open subset D of a spherelike n-gcm S, 
n > 1, should have a spherelike in — l)-gcm as boundary, it is necessary and 
sufficient that ( 1 ) D be semi-r-connected for r ~ 1, 2, • • • , n — 2, and ( 2 ) F(D) 
be not n-dimensional, contain at least three points, and be r-accessible from D for 
r = 0, 1, • • • , n — 1. 

The necessity follows from Theorem X 3.2 and Corollary 3.4. ^ 

Proof of sufficiency. By Lemma 3.7 and Corollary X 2.6, D is ulc2 
By Theorem 2.3, the set M — F{D) is the common boundary of all components 
of D, and if D' is one of these components, then D' is 0-ulc by Lemma 3.7; and 
consequently D' is ulc"”*. By Lemma 3.8, p* ^(D) = 0; hence p” (D') = 0. 
And then by Theorem X 6.8, ilf is an orientable (n — l)-gcm. 

Suppose p'(M) 0 for some r such that 0 < r < » - 1. Then by Theorem 

VIII 6.4, p'(S — M) 9 ^ 0 , s— n — r — 1, and from Theorem X 5.14 it follows 
that p\D') ^ 0 or p’(D') 0; suppose the latter. Let Z’ be a compact cycle 

of D' such that Z' oo 0 in D'. Then Z' cf^OmS — M, and by Corollary VIII 8.6, 
Z' is linked with a cycle Z' of M. But by Corollary 3.6, there exists a cycle 
y' of on a closed proper subset K of M such that y' Z’’ on M. Then y' 
and Z* must be linked. But this is impossible since if x G M — K, then Z' ~ 0 
on (8 ~ M)'J X. We conclude, then, that M is spherelike. 

3.10 Corollary. In order that an open subset D, with nondegenerate, not 
n-dimensiorMl boundary M, of a spherelike n-gcm 8, should have a spherelike 

_ X)-gcm as boundary, it is necessary and sufficient that p'iD) — 0 for all r 
such that 0 < r g n — 1, and that M be r-acces$ible from D for r — 0, I, ■ ■ • , 
n — 1. 

[Since p““\D) = 0, and M is nondegenerate, M contains more than two 
points.] 

3.11 Corollary. If the boundary, M, of an open subset D of the Z-sphere 

is nondegenerate and is r-accessible from D for r = 0, 1, 2, and p'^iD) = 0 for 

r — 1, 2, then M is an 8^. 

Remark. In S®, consider the examples of (1) an arc A and (2) a point set 
T consisting of a plane triangle together with its plane interior. In case (1), 
the hypothesis of Corollary 3.11 fails to be satisfied for the open set D = — A 

because A is not 2-accessible; and in case (2) fails to be satisfied for the set 
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D — — T because T is not 1-accessible. The 2-sphere with a radius attached 

also skews the necessity for including 2-accessibility above. 

It is a direct corollary of Theorem VIII 8.6 that if is a closed subset of an 
Ml,i , 8 , and K carries a nonbounding (n — l)-cycle, then K separates S; 
and conversely. However, suppose that a set M is given hx 8 — K, and a cycle 
2*”^ is given on K which does not bound in ;S — ilf; what can be said about 
separation of M by K? (If M is closed, Lemma VIII 8.6 applies to show that 
is linked with a 0-cycle of M and it easily follows that K separates M.) 
The following le mm a, needed in the sequel, provides an answer. 

3.12 Lemma. Let he a cycle on a closed subset K of an Mi,i , 8 . Let 

M be a subset of 8 — K such that 0 in 8 — M. Then M is separated in 

8 byK. 

Peoop. Let Ki be a subset of 8 minimal with respect to containing K and 
carrying a homology ~ 0 (Lemma VII 2.8). Let x G Ki r\ M. Since S 
is locally (n — l)-avoidable (Corollary IX 2.2), ~ 0 in S — x, and therefore 

there exists a closed set X 2 in >5 — a: that is also minimal with respect to con- 
taining K and carrying a homology ~ 0. By Lemma VII 2.19, there is a 
cycle r” on Ki W K 2 such that T” 0 on W X* . Hence = S 

(VIII 3). 

Now let (7 be a component oi 8 — K. U C r\ Ki 9 ^ 0, then C C. Ki . For 
suppose not. Then C = (C r\ Kf) W (C — Kf), and as C H Xi is closed rel. 
C, it must contain a point z which is a limit point of C — Xi . But for the 
same reason given for the existence of X 2 in — a;, there exists a K 3 in 8 — z 
such that ~ 0 on X 3 , and again by Lemma VII 2.19, there exists a cycle 
y” on Ki U K 3 such that 7 " 00 0 on X, W X 3 , leading to the conclusion that 
Xi U X 3 = 8 . But this is impossible, since in a neighborhood of z which does 
not meet X 3 there exist points of C — Xx which belong to neither Xi nor X 3 . 
We conclude, then, that if a component of jS — X contains a point of X, , i 
= 1, 2, it lies in Xj . 

Then the point x of the first paragraph of the proof is in a component Ci of 
8 — K which contains no points of X 2 . And since X 2 must meet M, there 
exist points of M in other components of jS — X than Ci . Hence M is separated 
in by X. 

3.13 Corollary. Let Mbe a subcontinuum of an Ml,x , 8 , and x G. M such 
that M — X is connected. Then M is (n — l)-accessf6Ze at x. 

Proof. Let be a cycle on a compact subset K of (8 — M) U x. Then 
Z"~^ ^ 0 in (/S — M) W a: = — (M — x), else by Lemma 3.12, X would 

separate M — x. 

3.14 Lemma. Let D be an open subset of an Ml,i , 8 , and x G L'{D) — M 
such that ( 1 ) M — X is connected, (2) x is regularly {n — 2)-accessible from D, 
and (3) there exists an open set P containing x such that every (n — 2 )-cycle in 
D r\ P bounds in D. Then D is {n — 2)-ulc at x. 
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Proof. Givea an arbitrary open set XJ containing x, there exists an open 
set V such that x G F C and such that if is a cycle of D A F, then 
^ 0 on a compact subset of D H {U KJ x)] and there exists a compact 
subset K 2 of D such that ^ Q on K 2 • We need consider only the case 
where x E:Ki , 

We may now obtain the cycle 7’*'^^ and the sets Ai and A 2 of Theorem VH 9.1, 
where 7^''' becomes a y^"\ A^ = {M - P) \J F(P) and A^ M n P. If 
cannot be chosen so that it bounds in /S — (M — x), then by Lemma 3.12, 
Ki U K 2 separates points of M — x in S. But this would imply that M x 
is not connected. Hence 7”"^ ^Oin/S-~AfC>S~- (AiP\J[2)7 and by Theorem 
VII 9.1, -- 0 in ;S -- M -- F(P). It follows that 7””' ^ 0 in D H P. 

We can now give a characterization, in terms of accessibility properties, of 
the spherelike ifc-gcm in the spherelike n-gcm. 

3.15 Theorem. In order that a k-dimensional closed subset M of an , 

S, should be a spherelike k-gcm, it is necessary and sufficient that (1) 

— M) = 1, and if F is a proper closed subset of M, then — P) = 

0; {2) if k > 1, S — M is semi-r-connected and M is r-accessible for r n -- k, 

* * • j n — 2; (d) M is regularly {n — k -- 1) -accessible rel. bounding cycles. 

Proof. The necessity follows from Theorem X 4.5 and Theorem 3.3 above. 

To prove the sufficiency, we shall first show that the conditions of Theorem 
X4.5 are fulfilled. We need consider only the case k > Q, since if A; ~ 0, condi- 
tion (1) of the hypothesis implies M is an 

Condition (1) of Theorem X 4.5 is identical with condition (1) of the present 
theorem. To prove condition (2) for r == n — fc, • — , n — 3, we use the method 
employed in the second paragraph of the sufficiency proof of Theorem 3.9. 
To show that S — M is {n -- 2)-ulc, we apply Lemma 3.14. If a; G M, then 
M — xis connected by Corollary VII 3.3, and with (2) of the hypothesis of the 
present theorem, the hypothesis of Lemma 3.11 is satisfied. Condition (3) of 
Theorem X 4.5 is also proved by like methods, using the regular (n — A; — 1)- 
accessibility relative bounding cycles. We conclude, then, that M is an orient- 
able fc-gcm. 

To see that M is spherelike, we have to show that = 0 for s == 1, 

• • • , A; — 1; or what is equivalent, that p'^iS — ikf) = 0 for r = n — A;, • • • , 
n — 2. Suppose Z%n — k^r^n-- 2, is n nonbounding cycle of ^ — M. 
Then by Corollary VIII 8.6, is linked with a cycle Z" of M, 1 ^ s ^ k — 1, 
But this is impossible, since if G there exists by Corollary 3.6 a cycle 
7"* of Tkf “ X in the same homology class of H\M) as Z\ and ^ 0 
on {S-M)\J X, 

The following corollaries are of interest since they afford characterizations of 
the euclidean and in the spherelike n-gcm: 

3.16 Corollary. If M is a 1-dimensional closed subset of an Mi ,2 ? >S, such 

that (1) — M) = 1 and if F is a proper closed subset ofM, p^^^(S — P) == 0, 
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(2) M is regularly (n — 2) -accessible rel. hounding cycles] then M is a spherelike 
1-gcm. In particular, if S is perfectly separable, or an S'", then M is an 

The assumption that M is 1-dimensional may be omitted in the latter cases, 
since it may be shown that if a cycle 2”"^ oi S -- M, where M is compact metric 
and Ic, links M, then is linked with an of M, Cf. Wilder [i]. The case 
where and k = 1 was also discussed by P. Alexandroff [f; 19, Theorem 

IV]. However, Alexandroff assumed regular (n — 2) -accessibility instead of 
regular (n — 2) -accessibility rel. bounding cycles alone; it was actually the equiv- 
alent of the latter which, in the case n = 2, Schoenfiies assumed for the charac- 
terization of the by accessibility properties (IV 7). 

3.17 Corollary. In order that a 2-dimensional closed subset M of a per- 
fectly separable , S, should be a 2-sphere, it is necessary and sufficient that 

(1) p'^~^{8 — M) = 1 and — F) = 0 if F is a proper closed subset of M, 

(2) S — M be semi-(n — 2) -connected and M be (n — 2)-accessible, and (3) M 
he regularly {n — Z)~accessible rel. bounding cycles. 

And the following corollary for the case /c — n — 1 is interesting in contrast 
to Theorem 3.9, where the emphasis was placed on a single complementary 
domain: 

3.18 Corollary. In order that an (n — l)-dimensional closed subset M of 
a spherelike n-gcm S should be a spherelike (n — l)-gcm, it is necessary and 
sufficient that M separate S and be r-accessible for r = 0, 1, • • • , n — 2, and 
that S — M be semi-r-connected for r == 1, • • * , n — 2. 

Proof of sufficiency. Since M is 0-accessible, it is the common boundary 
of aU its complementary domains by Theorem 2.3. Let D be one of the latter. 
That D is ulc'^"^ may be proved by a method similar to that used in the proof 
of Theorem 3.9, and that is (n — 2)-ulc follows from Lemma 3.14. Hence 
M is an orientable {n — l)-gcm by Theorem X 6.9, and condition (1) of Theorem 
3.15 is satisfied for /b = n — 1. 

Now in order to characterize the general k-gcm — that is, the fc-gcm which is 
not necessarily simply-connected in dimensions less than k — we turn, as might 
be expected, to the weaker forms of accessibility. In particular, we shall give 
a characterization that utilizes semi-r-accessibility. As the latter was defined 
(2.16), it is dependent upon the particular point chosen, and is not a uniform 
property. Consider the following definition: 

3.19 Definition. A closed subset ikf of a space S will be called uniformly 
semi-r-accessible from an open subset D of >S — Af if there exists a fcos (S of 
S such that iix G M and Z"" is a compact cycle of D U a: of diameter < (S, then 
Z** ^ 0 on a compact subset of D ^ x. If it is desired to indicate a special fcos 
S for which this property holds, we shall say that M is uniformly semi-r-accessible 
of norm (S from D. 
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It is trivial that uniform semi-r-accessibility implies semi-r-accessibility at 
each point of M. But the converse fails to hold. For in ^ let M be the homeo- 
morph of a plane circular disc and K the image, under the same homeomorphism, 
of the boundary of the disc. Then M is semi-l-accessible at every point, but 
not uniformly semi-l-accessible; no covering of ^ which serves for an x ^ K 
will serve at the same time for nearby points oiM — K. 

3.20 Lemma. In order that a closed subset, M, of an ilC,r+i , S, should he 

uniformly semi-r-accessible from S — M, it is necessary and sufficient that (1) 
M he smooth at every point in dimension n ~ r — 1 and (2) there exist a fcos U 
of M such that if x ^ M, t/ G 11, and is a compact cycle of M — x, then 

^OmodM - U on M ~ X. 

Proof of necessity. (1) follows from Theorems 2.19 and 2.21. Let @ be 
a fcos of S such that M is uniformly semi-r-accessible of norm @ from jS — If. 
Denote n — r — 1 by s. Let x E: M, U Q d, and Z‘ a cycle of If — a:. Sup- 
poseZ’ OmodM - UonM - a:. ThenZ* ^0on(S - U)yj (M IMJ) - x, 
and by Theorem VIII 9.1 there exists a cycle Z' in U r\ (8 — M) \J x which 
is linked with Z‘. But Z’’ is of diameter < @ and therefore Z' ~ 0 on (5 — If) W 
X — whence in the complement of some carrier of Z‘. We conclude, then, that 
Z‘ ~ a mod M — U on M — X. And the desired covering of M consists of 
the intersections with M of the elements of 

Proof of sufficiency. Given U, we obtain a fcos @ of )S in the following 
manner: Each C/ G U may be augmented by /S — flf; the resulting fcos of S 
we caU U'. Now M y ^ S — M, there exist open sets V and W such that 
ySWC.VC.8 — M and such that s-cycles on S — F are homologous to 
zero on /S — IF. If y G ilf , let F denote the intersection of the elements of 
U' that contain y, and let TF be an open set such that 2/ G IF C F and again 
such that s-cycles on 5 — F bound on S — TF. Let $ be a finite collection 
of the sets TF covering 8. 

Now let TF G ^ ^ Af, and Z' a cycle of (8 — M) W a; in TF. Suppose 
Z' ^ din {8 — M) U X. Then by Theorem VIII 9.1, Z' is linked with a Z' of 
M — X. But let U' G U' such that TF C U'. By hypothesis, Z' ~ 0 mod M — 
U in M — X, and hence by Theorem VI 4.6a, for every open subset P of 8 that 
contains M — x, Z‘ 0 mod M — U in P. Ji we let P = 8 — K, where K 
is a closed subset of (<S — M) W a: in TF carrying Z', then Z* ~ 0 mod M — U 
in 8 — K. But this imphes that Z' is homologous, on a compact subset of 
/S — iT, to a cycle 'y’’ on ^ — U, and since y' ~ 0 on /S — TF, this implies that 
Z' 0 in (S — iT. As this contradicts the fact that Z' and y' are linked, we 
conclude that Z' = 0 in (»Si — M) W x. 

Now since M is smooth at x, M is locally r-accessible at x. It follows that 
Z'' ~ 0 in (/S — ilf) U a: by an argument similar to that used in the sufficiency 
proof for Theorem 2.23. 

3.21 Corollary. For closed sibsets of an iTC,r+i , uniform semi-r-accesi- 
bility from the complement is a topological irwariant. 
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The following lemma follows immediately from definitions: 

3.22 Lemma. If a closed subset M of an n-gcm S is r-accessible from an open 
set Pj then M is uniformly semi-r-accessible from P. 

3.23 Theorem. If M is an orientable k-gcm, k > 0, in an Mt^k+i j Sj then 
M is {n — k — 1) -accessible at every point. 

Prooe. Since for every proper closed subset F of M, p^{F) = 0, it follows 
that p^(M “ :c) = 0 and a fortiori that p^{M — a:, ~) = 0 . 

Now if x G -34^, and P is an arbitrary open subset of M containing x, there 
exists an open set Q such that x E: Q (Z P and such that (k — l)-cycles on 
P(P) bound on ikf — Q (Corollary IX 2 . 2 ). Then if Z* is a compact cycle mod 
S — P of M Xj there exists a compact cycle of M — x such that y^ ^ Z* 
mod S — Q) and since 7 ^^ ^ 0 on its carrier, it follows that Z* ^ 0 mod aS — Q 
irxM x; and a fortiori ~ 0 mod S — Q in M -- x. Hence M is by definition 
smooth at every point in dimension k. 

It follows from Theorem 2.23 that M is (n — k — l)-accessible. 

3.24 Corollary. If M is an orientable k-gcm in an , then M is 

uniformly semi-{n — k — l)-accessible from its complement. 

3.25 Theorem. Let M be a k-gcm in an n-gcm S. Then, in case k > 1, M 

is uniformly semi-r-accessible from S — M for r = n — k + 1, 2. In 

any case, if S is an and M is orientable, then M is uniformly semi-{n — k)- 

accessible. 

Proof. By Corollary X 1.8, S — M is r-ulc for r = n — -fc, * • • , n — 2. 
Let @ be a fcos of S such that r-cycles of aS — Af of diameter < (S all bound in 
S — M. Let a; G Af and Z"* a cycle of (S — Af) U x of diameter < (5. If Z' 
has a carrier not containing x, it is trivial that Z** ^ 0 in (aS — Af) U x. Other- 
wise, we may show that Z"" ^ 0 in (aS — M) U xhy an argument similar to that 
used in the proof of Theorem 1.2b. (For the case r = n — k, condition (3) of 
Theorem X 4.6 is needed.) 

For the general orientable A-gcm we can state the following theorem, whose 
proof is left to the reader. 

3.26 Theorem. In order that a closed subset M of an AfJ.t+i , S, should he 

an orientable k-gcm, k > 1 (the case /r = 1 has already been treated in Corollary 
3.16), it is necessary and sufficient that (1) p”"*“^(aS — Af) = 1, and if F is a 
proper closed subset of M, then p’‘"*'"^(aS — P) = 0; (2) Af he regularly 
(n —■ k — l)-accessible rel. bounding cycles, and for some fcos ^ of S, M be uni- 
formly semi-r-accessible of norm (S for r = n — A, — 1; and (3) there 

exist fcos 2) > ^ of S such that hounding (n — k — V)-cycles of S — M 

of diameter < S) bound on compact subsets of S — M of diameter < S', and if 
r = n — A:, * • • , n — 2, r-cycles of S — M of diameter < 2) bound on compact 
subsets of S — M of diameter < S'. 
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For the case ft = w — 1 of Theorem 3.26, the conditions stated may be con- 
siderably weakened, in that (1) may be deleted and (2), (3) applied with 
reference to a single domain: 

3.27 Theorem. In order that a domain D, with nonempty, non-n-dimensional 
boundary, in an , S, should have an orientable (n — l)-gcm as boundary, 
it is necessary and sufficient that (1) F(D) be regularly 0-accessible from D, and 
for some fcos (S of 8, F(D) be uniformly semi-r-accessible of norm @ from D for 
r = 1, 2, •••,»— 1; (2) there exist fcos 2) > @' >* (S of S such that for r = 0, 
1, • • • , n — 2, r-cycles of D of diameter < 2) bound on compact subsets of D of 
diameter < (3) p^~^(D) = 0. 

BrSLIOGRAPHICAL COMMENT 

The contents of this chapter were reported in abstract form in Wilder [Ais, Aie ]. 
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SOME UNSOLVED PROBLEMS 

Below are listed some unsolved problems. Since we have not systematically 
attempted solving any of these, we can make no predictions regarding how diffi- 
cult these problems may be. Perhaps some of them will turn out quite simple — 
may, indeed, be corollaries of results that have escaped our attention in the 
literature on topology. The discerning reader will perceive problems in the 
preceding chapters that are not mentioned below. However, this is not in- 
tended as a complete list in any sense. Moreover, we do not list any problems 
of purely algebraic type, problems concerning homotopy, nor problems con- 
cerning mappings of manifolds which suggest themselves above. 

1. Point set problems. In connection with the material on plane point sets, 
it was mentioned that there remain many unsolved problems concerning non- 
closed subsets of the plane. One such is described herewith: If M is a con- 
nected set and D a subset of M such that M — D is totally disconnected, then 
D may be called a dispersion set of M. If no proper subset of D is a dispersion 
set of M, then let us call D a primitive dispersion set of ikf . 

1.1 Does the planer have a primitive dispersion set"t 

If ikf is a common boundary of (at least) two domains A and B in and 
Af is Ic = lc°, then M is an (Theorem IV 6.6); hence by the Jordan Curve 
Theorem, = M W A VJ R. 

1.2 If M is a common boundary of two domains A and B in and M is 
is = M" U A U R? (Solve by methods valid in an n-gcm?) If the 

answer is negative, can there exist a domain C such that A 9 ^ C B and such that 
M is the boundary of C? (See 2.3a below.) 

1.3 How liberally are the perfectly normal compact spaces supplied with compact 
metric subsets! (See 4.3 below.) 

1.4 What, in general, is the minimal cardinal number always possible for a 
complete set (basis) of open subsets of a perfectly normal space! 

2. Problems concerning homology. It was shown in Theorem VII 4.5 that if 
A and R are disjoint closed subsets of a compact metric space S, and every 
cycle Z"" on A bounds on a closed subset of R — R, then there exists an open 
set U containing R such that every on A bounds on R — Z7. 

2.1 1/ A and B are disjoint closed subsets of a compact space R and every 
recycle on A bounds on a compact subset of S — B, does there exist an open set U 
containing B such that every r-^cycle on A hounds on R — U! 

It was shown in Theorem VII 2.23 that if Z"* is a cycle of a compact space R, 
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then there exists in jS a closed set A which is minimal with respect to being a 
closed carrier of a cycle such that y"" on S; the set 4 is a minimal closed 
carrier of y\ 

2.2 If Z’’ is a Cech cycle in a compact space S, under what conditions does there 
exist a cycle y'^ such that y^ ^ Z"* in S and y"" has a closed^ r-dimensional carrier^ 

If an lc °5 compact metric space is minimal closed carrier of a nonbounding 
1-cycle, then it is an ;S\* in particular, such a space can carry only one lirh 1-cycle. 

2.3 Can an l<fj n-dimensionalj compact space he minimal closed carrier of 
more than one non-hounding Cech n-cycle? (If desirablcj add VIII 3D to hypothesis ) . 

2.3a. Same as 2.3 with “Ic’'” replaced by 

In Theorem X 5.8 it was shown that a ulc* open subset of an orientable n- 
gcm S has an Ic* closure. By virtue of Theorem IV 4.12, every ulc (or 0-ulc) 
subset of a compact space has Ic (or 0-lc) closure. __ 

2.4 If U is a ulc^ open subset of a compact space S is U lc^"l 

The solution of 2.4 would probably not be diifficult if the ^^chain-realization’^ 
process employed above were replaced by a process not dependent upon the 
existence of non-cobounding n-cocycles. In [o] we employed one such process, 
using Vietoris cycles and chains and a finite coefficient field. In this manner 
an affirmative solution of 2.4 was obtained in [q] for the metric case. 

2.5 Set up a geometric realization process analogous to that of [o] for locally 
compact non-metric spaces and arbitrary field SF. 

3. Dimension theory problems. Among the dimension theory problems that 
should be solved is of course the problem already pointed out in connection 
with Theorems X 3.3 and X 6.10: 

3.1 If M is a common boundary of two domains in an n-gcm S, is M (n -- 1)- 
dimensionaVt 

More generally, 

3.2 Are the at most (n — l)-dimen$ional closed subsets of an n-gm S identical 
with the closed subsets that contain no interior points of S? 

And in analogy with a well-known theorem for the euclidean case (see Hure- 
wicz-Wallman [H-W; Theorem IV 3]), one can ask: 

3.3 Must an n-dimensional (not necessarily closed) subset of an n-gm S contain 
interior points of S7 

3.4 State and prove the analogue of the Menger-Ndbeling imbedding theorem^ 
for an orientable n-gcm\ what is the lowest dimension n for which a compact space 
of dimension k can be imbedded in an orientable n-gcm? 

4. Problems concerning generalized manifolds. The following problem arises 
in connection with IX 6: 

4.1 Is every n-gm locally orientable? 

In IX 7.1, in connection with the example of a 3-gcm that is not regular, the 
following question arose: 

^Por references, etc., see Hxirewicz-Wallman [H-W; p. 56, footnote 11], 
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4.2 Do the points of L in the example of IX 7.1 have arbitrarily small neigh- 
borhoods whose boundaries do not have infinite 1-dimensional connectivity numbers^. 

Throughout much of the material on manifolds, it was assumed that the 
manifolds were perfectly normal. The following question has already been 
proposed by Alexandroff [f; 33, Problem IV'] in connection with the Cech 
definition of manifold: 

4.3 Is a perfectly normal generalized manifold necessarily metric? 

Perfect normality was especially needed in establishing duality theorems for 
the case where the sets in question were not assumed to have finite Betti numbers: 

4.4 Establish the Alexander and Poincare types of duality for a generalized 
manifold without use of the perfect normality. 

The following problem was communicated to the author by E. G. Begle: 

4.5 Does there exist a generalized manifold not orientable for any field what- 
soever? 

The following problem has already been pointed out in X 9.5: 

4.6 In S^j let K denote the Alexander ^‘horned 2-sphere^^ and D the domain 
complementary to K such that the fundamental group of D does not vanish. Let 
K' \J D' be a topological image of K \J D under a homeomorphism h such that 
X' = h{K)j D' = h{D), Let K and X' be identified so that for x G X, x == h(x). 
If K\J D KJ D' is then topologized in suitable manner^ is it an S^? (It is a 
spherelike 3-gcm by Theorem X 9.2). 
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lim._ , 147 

-wulc, 344 

Ic, 40 

limsup, 102 

wulcS , 344 

-Ic, 176 

lircoh, 165 



Chain and Homology Groups 

Chain groups are designated by the letter followed by suitable symbols; for example, 

Cycle groups and groups of bounding cycles are designated similarly by use of the 
letters and respectively. Consequently in the table below only the symbols for the 

homology groups are given; to obtain the corresponding chain, cycle or bounding cycle groups 
(where they exist), replace by “Z” or Thus the cycle group corresponding to 

is Hence to look up a group, as M, L; (r),^' instead look up 

M, L] G)” in the index below; the group desired will be found defined on the page cited. 

Betti numbers are generally designated by Thus, to look up the meaning of ^*p^(S: 

Mf L; Ay B),” turn to the page designated for My L; Ay B)J^ Similar remarks hold for 

the cohomology case. However, some Betti and co-Betti numbers are listed below, particularly 
where special definitions are required or a letter different from ‘‘p” (such as is used. 

Individual cycles and cocycles are variously denoted in the text by the letters 

and 'T'' with appropriate indices. Open point sets are denoted below by ”Qy” 

uy,n closed point sets by “A,’’ a single point by Also, both 

below and in the text, the letter denotes a complex, a space, an algebraic field, 

and an abelian group. 

H\K), 54 

ETiM; J, 0), 211 

W{V, V), 235 

H\U), 58 

H\S-, M, L; JF), 136 

hri(P), 235 

H\K-, G), 123 

ir(S), ir(S; 5F), 136 

h\S), 246 

m(K; G), 124 

H^iS: M, L; A, B), 166 h\S: Q; P), 256 

ir(S; G), 130 

CO 

00 

248 

JETCilf, L; G, U), 131 

H'jiS; S, M), 261 

§;(/S), 258 

ITiS; M, L; Cf), 132 

WjXM), 262 

H”ix; P, Q), 190 

H”(M, L; G), 133 

E^iM, SF), 172 

G”(M; /, 0), 211 

ITiM, L), 133 

A^P;JF), 185 
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HJiK-, Gf), 150 
Hn(P, Q;g=, tt), 150 ff 
Hn(8; P, Q; tF), 152 
Hn(S; P, Q), 152 

f(K, 2), 55 
p\K; SF), 126 
P'(U, 2), 58 
p’'(S), 163, 319 ff 
p’‘(8, =), 169 
p’‘(x;P), 191 
P”(^; P, Q), 190 
P'(^)> P'iS, x), 191 
g''{x;P, Q), 192 
gXx^P), 192 


SJJP, Q), 152 
152 

H,(S:P,Q; U, V), 166 
Hn(x;P, Q), 191 

g\x), 192 
gXM] J, 0), 211 
g\K)P, Q), 240 
g'{K-,P),m 
g'(K), 240 
g(K; CT), 240 
p'{U), 290 
p'(S - M, x), 291 
p'iU, x), 293 


hr(S), 248 
^r(jS), 247 
260 


g'(S - M, x), 292 
q\U, x), 293 
qXU, x; G), 296 
q'iU, X, ~), 331 
Pn(S), 163 
p„(x; P), 191 
Pn{S, x), 191 
pj^x), 191 
Pr{V, a;), 293 
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Abstract space, 11, 13 
Accessibility, 13 
arcwise, 66 

by closed and connected sets, 110 

by continua, 110 

from all sides, 116 

local r-, 362 

r-, 362 

regular, 116, 353 
regular r-, 354: 
regular r-, rel. (r’’, 359 
semi-r*-, 368 

theorems, 110 ff, 116 XII 
uniform semi-r-, 377 
Acyclic, 85 

Addition theorems, 60, 64 ff, 241 ff 
Alexander addition theorem, 60 
Alexander duality theorem, 14, 63 
for an 7i-gcm, 263 ff 
Algebraic topology, 12, 52 
Analysis situs, 10 
Annihilator, 159 
Arc, 27 

characterizations of, 30 ff, 43 ff 
open, 27 

Arcwise connected, 81 
locally, 81 
through a space, 81 

Arcwise connectedness of domains of a Peano 
space, 81 
Augment, 121 
Avoidable point, 229 
almost r-, 231 

in the relative sense, r-, 281 
locally r-, 218 
r-, 218 

Avoidable set 
almost completely r-, 238 
almost locally r-, 238 

Barrier, 216 
Base, homology, 136 

Base of cycles relative to homology = a set of 
cycles consissting of one cycle from each 
element of a homology base. Base of 
cocycles relative to cohomology is defined 
similarly. 

Basic set, about which a space is irreducibly 
connected, 23 


Basis, homology; see Base, homology 
Basis, countable (of open sets), 70 
Betti group; see Homology group 
Betti number, 12 
around a point, 291 
CO-, 163 

local, local co-; see Local connectivity 
numbers 

mod 2, of a euclidean complex, 55 
of a space, 163 
of K over 0, 124 
of open subsets of 58 
Boundary 

of a set of points, 16 ff. The boundary of a 
point set M is denoted by the symbol 
F{M ) ; the boundary of an eneighborhood 
of a point a: in a metric space by F{x, «). 
of a chain, 54, 122 
Boundary cell, 62 
Boundary chain, 121 ff 
Boundary operator, 121 
Boundary point, 16-17 
Brouwer property, 47 
possession of by 60 

Canonical pair of neighborhoods, 192 
Canonical sequence of refinements, 145 
Cantor-connected (== C-connected), 338 
Cantor product theorem, 24 
Cantor ternary set, 74 
Cap product, 153 

of compact cycles and infinite cocycles, etc., 
247 ff 

of C-cycles and cocycles, 157 ff 
special, 154 
Carrier 

approximate, 205 
minimal, 205 
of a C-cycle, 204 
of a compact cocycle, 248 
of a compact cycle, 246 ff 
of a homology, 204 
Cauchy sequence, 4 
C-cycle = Cech cycle 
Cech 

absolute — cycle, 132 
cycles, 130, 148 
cycle mod L on Af, 132 
unrestricted— homology theory, 169 
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Cell, 11, 15, 120 f 

characterization of closed 2-, 92, 242 
closed, 31, 55 
closed 2“, 92 ff 
n-, 31, 38, 52 
c-equivalence, 18 
Chain, 12 
augmented, 123 
cellular, 53 
deformation-, 128 
group, 54, 122 ff 
product, 153 
r-, 53, 54, 121 ff 
Chain-homotopic, 129 
Chain-mapping, 127 ff 
Chain-realization, 177 
extension of, 177 
partial, 177 

Character. A point rc of a Hausdorff gpace S 
has countable character at a; if some 
countable collection of open subsets of S 
is equivalent to the set of all open sets 
relative to x, (The obvious generaliza- 
tion to character of type a where a is 
any cardinal number). 

See 73 
Closed, 5 

Closed cantorian manifolds, 207 
Closed curve, 13, 14 
quasi-, 32 
simple, 31 

Closed Jordan curve, 31 
Closure of a point set, 5 
Coboundary, 150 

Cochain realization, 252; may be abbreviated 
to ‘^co-realization” 
partial, 252 
Cocycle, 149 ff 
compact, 248 
fundamental, 250, 255 
infinite, 247 
of a space, 152 

Coefficients (of chains), 12, 121 ff 
integral, 12, 125 ff 
mod 2, 12, 52 ff, 124 ff 
mod Pj 12, 126 
rational, 12, 126 
Cofinal (directed systems), 147 
Cohomology, 151 
compact — group, 248 
group, 149 ff, 166 
infinite — group, 247 
Combinatorial topology, 11 


Compact, 34 
countably, 8 
locally, 29 

locally peripherally countably, 29 
Complement, 1 

Complete family of coverings, 130 
Complete space, 4 
Completely normal, 50 
Completely r-avoidable, 229 
almost, 231 
sets, 238 
Complex, 11, 53 
associated — of a chain, 53 
augmented, 121 
cone-, 126 
deformation-, 128 
infinite, 126 
n-dimensional, 120 
oriented, 121 
unrestricted, 120 
Component, 18 

Condensation, r-dimensional, 356 
Connected, 7 

in the sense of Cantor, 337 
space, 16, 19 
strongly, 227 

Connectedness, relation of homology to, 141 ff 
Connectivity, 11 

number, 12, 15, 124 (see Betti number) 
number about a set, 193, 240 
Constituant. Defined exactly like component 
(18) except that two points x and y are 
called c-equivalent if there exists a com- 
pact, connected set containing x and y, 
(Compare strongly connected). 
Continuous curve, 13. See Peano continuum. 
Jordan’s definition, 69 

Continuum = nondegenerate, compact and 
connected, 36, (Beginning with Chapter 
IV, a continuum is always a Hausdorff 
space.) 

Convergent sequence of points, 73 
Coordinate of a Cech cycle, 130 
Countable. A set is called countable if it is 
empty, finite or denumerable (q.v.) 
Countable base of open sets, 70 
Cover, To, 33 
Covering, 13, 129 
neighborhood, 171 
regular with respect to a set, 134 
theorems, 11, 35, 106, 129, 133 ff, 140, 145, 
169 ff, 173, 202 
unrestricted, 168 
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Cut point, 10 
Cycle, 12, 54 
absolute, 132 

approximately on a set, 172 
bounding, 12, 54, 123, 130 
compact, 246 
Cech, 130, 148 
essential, 140 
fundamental, 250, 255 
group, 54 
infinite, 248 
non-trivial, 142, 216 
relative, 131 
0-, 54 
Cyclic, 85 
element, 82 
Cyclicly connected, 85 
Cyclic connectivity theorem, 85 

Declinable, r-, 371 

Dedekind Cut Axiom, 29. A simply ordered 
set S is said to satisfy the Dedekind Cut 
Axiom if for every decomposition S ^ A 
U B such that A 9^0 7 ^ B and A < By 
either A has a last point and/or B has a 
first point. 

Deformation-chain, 128 
Deformation-complex, 128 
Dense, 83 

Denumerable. A set is called denumerable if 
there exists a (l-l)-correspondence be- 
tween its elements and the natural 
numbers 1, 2, • • • , n, • * • . In the 
terminology of cardinal numbers, a set 
is denumerable if the cardinal number of 
its elements is aleph-null. (See Count- 
able.) 

Diameter of a point set M = lub p{Xy y)jXj y 
G Af. Denoted symbolically by 5(M). 
Diameter 
of a chain, 178 
of a C-cycle, 222 

of a point set in a metric space, 53 f 
of a point set in general space, 106 
Difference of sets, 1 
Dimension 
of a chain, 121 
of a covering, 195 
of a space, 195 ff 
Directed system, 147 
Disconnect, 10 
Disjoint, 1 

Distance between two point sets, 58 f 


Distance function, 4 

Domain == open connected subset of a space, 
14 f, 52 f 
Dot product, 153 

of compact cycles and infinite cocycles, etc., 
247 ff 

of Cech cycles and cocycles, 162 
Dual bases, 161, 164 ff 
Dual homomorphism, 148 ff 
Dual pairings, 162 
orthogonal, 162 
Duality 

simple local, 274 
Duality theorems 

between homology and cohomology groups 
of a space, 163, 166, 247 ff, 256 ff 
between Ic and avoidability properties, 340 
between Ic and S properties, 320 ff 
between Ic and weak S properties, 339, 343ff 
between Ic and wulc properties, 344ff 
between S and avoidability properties, 
331 ff 

between S properties, 316 ff, 327 ff 
between ulc and coulc, 294 
for a complex, 161 ff 
for local Betti numbers, 191, 193, 291 ff 
for in 5", 61 ff 
Poincar5 type of, 253, 259 
Pontrjagin type of (linking), 266 ff, 302 
relation to separation of space by closed 
sets, 212 ff, 225 ff 

End point 
of an arc, 27 

of a Peano continuum, 82 
Equivalent neighborhood systems, 3 
relative to a set, 72 

Euclidean plane, topi characterization of, 280 
Extendible, r-, 224 
in the relative sense, 281 

Face, 11, 53, 120 
Flat, 136 

Fundamental parallelepiped of Hilbert space, 
71 

Fimdamental system of cycles, 145, 186 ff 
metric, 218 

of infinite r-cycles, 258 
of infinite r-cocycles, 260 

Generalized closed manifold, 244 
Generalized closed n-cell, 287 
Generalized manifold of dimension n, 244 
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Generalized manifolds, 15 
Generalized n-cell, 287 
Geometria situs, 10 
Group 

of n-chains of K over G, 123 
of n-cycles of K over (r, 123 

Hausdorjff axioms 
First, 2 
Second, 5 
Third, 6 

Fourth (separation axiom), 69 
First countability axiom, 73 
HausdorJff space, 69 
Homeomorphic, homeomorphism, 8 
Homologous cycles, 124 
Homology, 11, 14, 55, 124 
base, 136 
relation, 55, 124 
relative, 131 
unrestricted, 169 
Homology group, 123 ff 
approximately on a set, 172 
Ceoh, 130, 147 
compact, 246 

examples of mod 2, mod m, etc., 124 ff 
infinite, 248 

infinite fundamental, 258 
invariance of, for a complex, 12$, 146 
mod L on ikf, 132, 166 
of a euclidean complex, 55 
of an open subset of 8”, 58 
of K over G, 123 
relative, 131 
Homotopic to zero, 287 
Homotopy 

local connectedness, 199 
manifolds, 287 

Imbed, 9 

In (as applied to chains being in an open set), 
150 

Incidence number, 121 

Incident, 11, 120 

Indexed systems, 147 

Infinite fundamental homology group, 258 

Infinite manifold, 

characterization of 2-dimensional, 280 
Interior, 17 
point, 17 

Intersection of sets, 1 
Inverse systems, 147 
Irreducible continuum, 209 


Irreducible Ic-connexe about a point set, 42 

Irreducible membrane, 209 

Irreducible 

relative to carrying a non-bounding r-cycle, 
207 

relative to carrying an r-cycle non-bounding 
on M, 207 

Irreducibly connected, 21 
Isomorphic complexes, 89 f 

Join, 127 

Jordan-Brouwer separation theorem, 14 ff, 
52, 63, 217, 294 
Converse of, 296 ff, 307 ff 
Jordan curve, 31 

Jordan Curve Theorem, 13 ff, 44, 52, 6Sj 68, 
88, 211, 214, 217, 286, 290, 353 
Converse of, 67, 298 

Klein bottle, 125, 246 
Kjonecker index ( ~ Ki), 56 f, 122 

Limit point, 2 

Limit superior ( ~ Lim sup), 102 
Lindelof theorem, 72 
Linear graph, 11 
Linear independence 

relative to homology ( = lirh), 55, 124, 126, 
136 

relative to cohomology (~ lircoh), 165 
Linear isomorphism of vector spaces, 136 
Link, 62, 266 

of a simple chain of sets, 33 
irreducibly, 296 
Linking integral, 10 
Linking, theorems on, 266 ff 
Local co-connectedness, 189 ff 
characterization of, 192 
Locally connected spaces, 
characterizations of, 102, 104, 106 ff, 224, 
227, 234, 318, 320 ff, 339 ff 
Local connectedness, 12, 40 
Local connectedness in higher dimensions, 176 
characterizations of, 178, 193, 197, 210, 
229 ff, 233, 238 

Local connectivity numbers, 190, 192, 291 ff, 
296 

Local non-r-cut point, 228 
Local separating point, 276 
Locally arcwise connected, 81 
Locally r-avoidable, 218 
almost, 231 
sets, 238 
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Locally orientable, 281 

Locally peripherally countably compact, 29 

Locus of concentration, 205 


N eighborhoods 

defining system of, 3 
equivalent systems of, 3 
equivalent systems of relative to a point 
set, 72 
of a point, 2 
Non-cut point, 10 
Nondegenerate set, 2 
Non-r-cut point, 218 
almost, 231 
local, 228 

Norm of a chain-realization, 178 
Normal, 49 
completely, 50 

Normal sequence of refinements, 218 
Nucleus, 129 

On (as applied to chains on a point set), 131 
Open 
arc, 27 
set, 5 

Order of a covering, 195 
Orientable, 125, 246, 249 
Orientability, 249 
Orientation, 11, 120 

Pair, 234 

Peanian == having the properties of a Peano 
space (q.v.) 

Peano continuum, 13, 69, 76 
See ‘‘Locally connected spaces'' 


Peano space, 13, 76 
Perfectly normal, 168 
Perfectly separable, 70 
Phragmen-Brouwer property, 47 
of 60, 68, 242 
Poincar6 space, 245 
Point set, 2, 12, 15 
Positional invariant, 13, 290 
Product 

of chains, 153 

of cycle and cocycle of a space, 157 
space, 37 
I*rojection, 129 
Projective plane, 246 
Property S, 106 
weak, 339 
Property Sn , 235 
duality of, 316 fi 
rel. G, 235 
weak, 342 

^-equivalence, 18 
Quasi-closed curve, 32 
Quasi-component, 19 

relation of homology to, 141 ff 
Quasi-locally connected, 40 

Real numbers, space of, 3 
Refinement, 129 

adjusted to a set, 172 
closure, 133 
normal, 140 
star-, 133 
Regular, 105 
n-manifold, 283 

S, see Property S. 

Scalar product of chains, 159 
Schoenflies extension theorem, 94 
Schoenflies-Moore Theorem, 117, 323 
Semi-locally-connected, 233, 333 
Semi-7i-connected, 167 
Separable, 24 
perfectly, 70 
Separate, To, 10 
Separate sets, separated sets, 8 
multiwise, 20 
pairwise, 20 

Sequential limit point (== sip), 73 
Sets, 1 

Cantor theory of, 11 
finitely additive collection of, 70 
Set-theoretic method, 12 


Manifolds. The various types are listed ac- 
cording to descriptive terms, such as 
“generalized," “regular," etc.; see also 
15, 16 

2-Manifold, 94 fi 

characterizations of, 95, 221 ff, 225, 272, 
280, 286, 349, 374 ff . 
closed, 95 
infinite, 95 
Mappings, 5 ff 
bicontinuous, 8 
closed, 70 
continuous, 7 
topological, 8 
Metric space, 4, 13 
Metrizable, 71 

Metrization theorem (Urysohn), 72 
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Simple chain of sets, 33 
Simple chain theorem, 33 
Simple closed curare, 31 
17-alteration of, 115 
Simplex, 120 
Homology groups of, 127 
Simplicial mapping, 127 
Homomorphisms induced by, 128 
Simply n-connected, 168 
Smooth, 369 
Space, 2 

Irreducibly connected about a subset, 21 
Space-filling curve problem, 12 
Span, 88 

1- Sphere 

Characterization of, 31 ff, 43 ff, 67, 114 ff, 
221 ff, 225, 271, 298, 307, 365, 376 

2- Sphere, 87 ff 

Characterization of, 88, 220 ff, 280, 307, 
365, 374, 376 ff 
n-Sphere, SI, 38 
open subsets of, 58 
subdivision of, 52 
Spherelike, 244 
Spherical neighborhood, 4 
Star-finite, 122 
Star, 120 
Subdivision 
derived, 52 
elementary, 52 
of a chain, 58 
of a euclidean complex, 57 
Subspace, 3 
Successor, 138 

Topological invariant, 8 
Topological property, 8 


Topology, 8 
algebraic, 12, 52 
combinatorial, 11 

Torhorst theorem, 114, 119, 325, 333, 340 
Torsion, 125 
coejSicient of, 125 
Totally disconnected, 13 
Triangulation theorem, 98 
Two-sidedness, 126 

Unicoherence, 47 
of the n-sphere, 60 

Uniform local co-connectedness (= r-coulc), 
190, 292 ff 

Uniform local connectedness 
in dimension r (= r-ulc), 65, 292 
in the sense of Cech, 178 
in set-theoretic sense ( = ulc), 65, 109 
of domains complementary to a A;-sphere in 
the n-sphere, 66 

of domains complementary to submani- 
folds of a manifold, X 
of neighborhoods in a Peano space, 77 
of open subsets of a manifold, X 
weak (= r-wulc), 344 
Union of sets, 1 

Universal coefficient group, 126 

Vector space, 135 
Vertex 

of a covering, 129 
of a simplex, 120 

Weak Hausdorff space, 41 
Weak separation axiom, 17 
Weakly locally connected, 40 
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ERRATA 


In each instance, the first number refers to the page. “Line — n” refers to the 
nth line from the bottom of the page. 

62 Line 23. Insert “of | Z""" 1” after “(n ~ r)-cells” 

76 Line —21. Change “Lemma 2 A” to “Lemmas 2.3 and 2.4” 

128 Line 17. Insert “as in 6.3” after “K'” 

158 Line 20. Insert “and C-cycle 2 :”” after 

180 Line 15. Insert “(2?^)^^ after second “ 2 ’’” as well as before “P” 

191 Lines 5 and 7. After “all” insert “arbitrarily small” 

206 Line 1. Before insert “sncA that for some closed set K containing M, 

y"' 0 mod K”; and before ^^such” insert “anc? contained in X” 

237 Line —10. Before “base” insert “interior (relative to the a; 2 /-plane) of the” 
283 Line 23. Insert “small enough” before “neighborhood” 

292 Line —13. The exponent of “^” should be “n — r — 1” 

303 Line 8. Insert before “ope?^” 

304 6.1 Lemma. Insert “compact” before “space” 

327 3.1 Definition; 3.2 Definition. Insert “and Q is compact” before comma. 
368 Line 1. Before the second period insert “and Mo = {(0, 0, 2:) | 0 < 25 ^ 1}” 
389 Between “Moore, R. L.” and “Poincar4, H.” insert 
“Mullikin, a. 

[a] Certain theorems relating to plane connected point sets. Transactions of 
the American Mathematical Society, vol. 24 (1922), pp. 144-162” 










